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1. BBEJIEHUE

B pesynpTaTe ocBOEHUS TUCHUIIUHBI «MaTteMaTnkay oOyJaromuics JOKeH
yMeTh!

— BBINOJHATH apudMeTUYECKHE IEUCTBUS HaJl YUCIaMU;

— HaxoJUTh MPUOIMKCHHBIC 3HAYCHUS BEJIMYMH U MOTPEIIHOCTH BBIYUCICHUN
(aOcontoTHasE M OTHOCHTEINIbHAS); MOJIb30BAaThCA MNPUOIMKEHHON OIIEHKOM Ipu
NPAaKTHYECKHUX pacyeTax;

— HAXOJUTh 3HAYCHUS KOPHS, CTENEHH, Jorapupma, TPUTOHOMETPUUYECKUX
BBIDAKEHH HA OCHOBE  OIpPEACICHMS, WCHOJb3Yysd IPU  HEOOXOAUMOCTH
WHCTPYMEHTAJIbHBIE CPE/ICTBA;

— BBINIOJIHATH MPe0Opa30BaHusl BBIPAKCHHUHN, TPUMEHSSI (DOPMYIIbI, CBSI3aHHBIC
CO CBOMCTBaMU CTETIEHEH, JIOTapu(hMOB, TPUTOHOMETPUICCKUX (PYHKIINIA;

— BBIYUCIISITh 3HAUEHHE (YHKIMHU IO 3aJaHHOMY 3HAYEHUIO apryMeHTa IpH
Pa3IMYHBIX Ccrloco0ax 3a1anus PyHKINY;

— OIPEETSATh OCHOBHBIE CBOMCTBA YMCIOBBIX (DYHKIIMH, WIUTFOCTPUPOBATH WX
Ha rpadukax;

— CTpOUTh TpadUKu H3YyUYCHHBIX (YHKIHM, WUIIOCTPUPOBATH MO TrpaduKy
CBOMCTBA AJIEMEHTAPHBIX (PYHKITUH;

— UCTIOJIB30BaTh MOHATHE (YHKIMH JUIS ONMUCAHUS M aHajin3a 3aBUCHMOCTEH
BEJIMYUH;

— pemiatb paloHaIbHbIE, NOKa3aTeJbHBbIE, jgorapupmMuueckue,
TPUTOHOMETPUYECKHE YpaBHEHUS, CBOJAIIMECS K JIMHEHHBIM M KBaJpaTHBIM, a
TaK)Ke aHAJIOTUYHbIE HEPABEHCTBA U CUCTEMBI;

— HCIIOJIB30BaTh rpauecKuii METOI PelIeH!s] ypaBHEHUH U HEPABEHCTB;

— n300pakaTh HA KOOPAMHATHOW IIJIOCKOCTH  PEIICHUS  YpaBHEHWUI,
HEPABEHCTB U CUCTEM C JIBYMsI HEU3BECTHBIMU;

— COCTaBJNATh W peIIaTh YpPaBHEHUS ¥ HEPABEHCTBA, CBSI3BIBAIOIINEC
HEM3BECTHBIC BETMYMHBI B TEKCTOBBIX (B TOM UMCIIE MPUKJIAIHBIX) 3aa9ax;

— HaxoJUTh NPOU3BOIHBIC ANEMEHTAPHBIX (PYHKIIHIA;

— WCIIONIb30BaTh TMPOW3BOJHYIO Ui W3YYCHHS CBOUCTB QYHKIMA U
NOCTPOEHUS rpauKOB;

— NPUMEHSATh MPOU3BOAHYIO JJII MPOBEIEHUS NMPUOIMKEHHBIX BBIYUCICHUH,
pemarh 3aJauyd  MPUKIAJAHOIO XapakTepa Ha HaX0XJAEHHWE HauOOJIbLIEro U
HauMEHBIIIETO 3HAUCHUS;

— BBIUUCIATH B IPOCTEUIINX CIyYasX MJIOLATU U 00BEMBI C UCIIOJIb30BAHUEM
OTPENIETICHHOTO UHTErpaa;

— pacmo3HaBaTh Ha dYepTexax M MOJEISIX MPOCTPAHCTBEHHBIE (POPMBI;
COOTHOCHUTBH TPEXMEPHBIE OOBEKTHI C UX OMUCAHUSIMU, H300PAKEHUSIMU;

— ONUCHIBATh B3aUMHOE pACIMOJIOKEHHE TPSMBIX M IUJIOCKOCTEH B
IPOCTPAHCTBE, ApTyMEHTUPOBATH CBOU CYXACHUS 00 3TOM PacHOIOKEHUH;

— aHaJU3UPOBATh B MPOCTEHUIIUX CIydyasX B3aMMHOE PACIIONOKEHHE 0OBEKTOB
B IIPOCTPAHCTBE;

— M300pakaTh OCHOBHBIE MHOTOTPAHHUKH U KPYTJble TeNa; BBIMOTHSITH
YepTEeXH 10 YCIOBHSIM 33/1a4;
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— CTPOUTH NPOCTEUIINE CEUEHUS KyOa, MPU3MBI, TUPAMUIbL;

— pelaTh IUIAHUMETPUUYECKUE U MPOCTEUIINE CTEPEOMETPUYECKUE 3a1a4l HA
HaXO0X/I€HUE T€OMETPUUECKUX BEIMYUH (JUIUH, YIJI0B, IUIOIIaield, 00BbEMOB);

— MCIIOJIb30BaTh pu pemeHnu CTEPEOMETPUUYECKUX 3aaa4
IJIaHUMETpUYeCcKue (PaKThl U METO/BL;

— pemiarh NpocTeiliine KOMOMHATOPHBIE 3a/1a4l METO/IOM Iepedopa, a TaKkxke
C UCIOJIb30BAaHUEM H3BECTHBIX (POPMYIL;

— BBIYHUCIIATH B MPOCTEHIINX CIIydasxX BEPOATHOCTH COOBITUH Ha OCHOBE
II0ZICYETA YUCIIa UCXOI0B;

— IPOBOJAUTH AOKA3ATEIIbHBIC PACCYKICHUS B XO/€ PELICHUS 3a/1a4.

B pe3ynbraTe 0cBOEHUS TUCIUIIIUHBI 00YYaIOIIUICs JOJKEH 3HATD:

— 3HaUYE€HHE MAaTEMaTUYEeCKOW HayKH IJi pelleHus 3a7ad, BO3ZHHUKAIOLIUX B
TEOpUU W TPAKTUKE;, MIMPOTY MU B TO K€ BPEeMsS OTPAaHHMUYEHHOCTh MPUMEHECHHS
MaTeMaTUYECKUX METOJOB K aHAJIM3y M HCCIEIOBAHUIO IPOLECCOB U SIBJICHUHM B
IpUPOJE U OOLIECTBE;

— 3HAYCHHE MPAKTUKU U BOMPOCOB, BO3HUKAIOIIUX B CAMOW MaTeMaTHKE IS
(GopMupoBaHMs U Pa3BUTHS MAaTEMaTHUYECKOW HAyKH; UCTOPHUIO Pa3BUTHUS MOHATHUSA
YHClia, CO3/IaHUs MaTEMATHUYECKOTO aHAIN3a, BOSHUKHOBEHHS M PA3BUTHSI TE€OMETPHUH;

— YHUBEPCAIBHBINA XapaKTep 3aKOHOB JIOTUKH MaTeMaTUYECKUX PaCCyKICHUM,
UX IPUMEHUMOCTb BO BCEX 00JIACTSIX YEJIOBEUECKON J1€ATEIbHOCTH;

— BEPOSITHOCTHBIN XapaKkTep pa3IMYHBIX IPOLECCOB OKPYKAIOLIET0 MUPA.
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IIpakTnyeckas padora Nel
HorpemHocTy NpudIMKEHUN U BHIYUCTCHUMN

Pa3nen 1. JlelicTBUTE/IbLHBIE YKNCIA
Tema 1.1. AeiicrBuTebHbIe Yncia. [Ipu0anKEéHHbIC BBIYUCTCHUSA U
BbIYMCJINTEIbHbIC CPEICTBA.
Hean padorsr: OnpeaeneHue aOCOMOTHON U OTHOCUTENILHOU MOTPEITHOCTEH,
MPUMEHEHUE MTPABUIIA OKPYIJICHUS U 3alIUCH MPUOIMKEHHBIX YUCET

KparTkas Teopus

OnHYM U3 caMbIX OCHOBHBIX NIOHSITUM B MATEMATHUKE SIBISIETCS YUCIIO.
Harypanbnbie uncia: ¥ ={L23.4....},
Lenbie uncna; & ={-~3.-2-10,1,2,3...}
Parmmonaneubie yncna: Q = { m/n, riae m — mejioe Yucjao, a N — HaTypaJIbHOE | .
PanrionanpeHbIe yncna - 3T0 OECKOHEYHBIEC TIEPUOAUIECKUE JECATUIHBIE TPOOU.
HppanroHansHble 4uciaa — 3TO 4YMCJIa, HE MPEACTaBUMbIE B BHJIE OOBIKHOBEHHOM
npoOu, T.e. OECKOHEYHBIC HETEPUOIUYECKUE NecaTUUHbIe Apobu. Hampumep: m =
3,1416...,e=2,7182...;V2=1,4142...
Bce a1u yncna Ha3pIBalOT NEHCTBUTEIBHBIMU YUCIaMH — R.

{a, eoamt = 0

Onpenenenue MOy YACIA: -, eoma <0

ar ot

OCHOBHOE CBOICTBO IpoOHU: be b,

2L mwd=be

OcHOBHOE CBOICTBO mponopuuu: + 4
Omnpenenenue nporenra: 1% - ato 1/100 gacTs yucina.

[Iycth X - TOYHOE 3HAYEHUE HEKOTOPON BEJIUYWHBI, & X - HaWJIyyllee W3
U3BECTHBIX €€ MPUONIKEHHBIX 3HadeHWud. B sTom ciydae morpentHocth (WiH
omudKa) NPUONIKEHHS X oOmpenensieTcss pa3sHocThio X-x. OOBIYHO 3HAK 3TOU
OIMUOKHN HE MUMEET PEIIAIOIIEro 3HAYEHUsI, TOATOMY PAaCCMaTPUBAIOT €€ a0COIIOTHYIO
BEITUYHHY:

e, =|X —X.

Benuunna e,, Ha3zbBaeMas aOCOMIOMHOU NOSPEUHOCTbIO TIPUOIMKEHHOTO
3HaYeHUs X, B OOJBIIMHCTBE CIIy9aeB OCTACTCS HEW3BECTHOW, TaK Kak JJid ee
BBIUMCJICHHUSI HYXKHO TOYHOE 3HaueHue X. Bmecte ¢ TeM, Ha mpakTHKE OOBIYHO
yIaeTcsl YCTAaHOBUTH BEPXHIOK TPAaHUITY aOCOJFOTHOW IMOTPEITHOCTH, T.€. Takoe (IT0
BO3MO>KHOCTH HAMMEHBIIIEE) YUCIO AX, JJIsi KOTOPOTO CIPaBeJINBO HEPABEHCTBO

AX >|X = X.

Yucno Ax Ha3BIBACTCS HpedenbHOU abCONOMHOU  NOCPeWHOCMbio, WU
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eparuyell abcoOMHOU NOZPEULHOCIU NPUOTUNCEHUS X.

[IpenenbHast abCONIIOTHAS MOTPEIIHOCTh MPUOTUKEHHOTO YHUCIA X - 3TO BCAKOE
YHUCJIO AX, HE MEHbIIIee a0COOTHON MOTPEUTHOCTH e, ITOTO YKCIA.

HepaBeHCTBO Ax>|X —x|. MO3BOJSET YCTAaHOBUTh NPHUONMKEHUS K TOYHOMY
3HAUYECHMIO X MO HEJIOCTATKy U U30BITKY:

X—AX < X <X+ AX,
KOTOpbIE MOTYT pacCMaTpuBaThCs KaK OJHA M3 BO3MOXHBIX Iap 3HAYCHHM
cooTBeTcTBeHHO HMKHeH rpanunibl (HIY) u Bepxueit rpanutbl (BIY) npubmmkeHus x:
HI', = X—-AX; BI', =X+ AX
Bo mMHOTrUX ciyyasix 3Hau€HHs TPaHUIIBI A0COTIOTHON OMIMOKK AX, TaK K€ Kak

Y HAWIyYIllhe 3HAYCHMs MPUONMKEHHS X, MOJYy4YaloTCsl Ha MPAKTHKE B PE3yJIbTaTe
n3mepenui. Ilycrts, Hanpumep, B pe3ysbTaTe MOBTOPHBIX U3MEPEHHUM OJHOM WM TOMN
K€ BEJIMUMHBI X TIOJy4YeHbI 3HaUeHus: 5,2; 5,3; 5,4; 5,3. B 3ToM cilyyae eCTEeCTBEHHO
OPUHATH 32 HAWIydllee MPUOJIMKEHUE U3MEPSeMOl BEIUYMHBI CPEJHEE 3HAUCHUE
x=5,3. O4eBUIHO TaKke€, YTO TPAHUYHBIMU 3HAYCHUSIMH BEJIUYMHBI X B JAHHOM
ciyvae Oynyt HI x= 5,2, BI'y = 5,4, a rpaHuiia abCOJIOTHON MOTPEIIHOCTUA X MOXKET
OBITH OIpejiesieHa KaK IOJOBMHA JIMHBI MHTEpBaia, 00pa3yeMoro rpaHUYHBIMU

3HaueHussMu HI 'y u Bl Y,

54-52
Xx=""""

T.C. =0,1.

[To aOconOTHON MOTPEIIHOCTH HENb3s B IMOJHOM MEpe CYyIUThb O TOYHOCTH
U3MEpEeHU UM  BbluMciIeHUd. KauecTBO mNpuONMKEHHs — XapakTepusyeTrcs
BEJTUUMHON OmMHOCUmMeNbHOU no2peutHoCmy, KOTopas ONpeaesieTcsl Kak OTHOILLEHUE
OIMOKU e, K MOAYJT0 3HaueHus X(Korja OHO HEU3BECTHO, TO K MOJIYJIIO
NPUOJINKCHHUS X).

lIpedenvHoti OMHOCUMENILHOU NnO2PeuHOCmbIO (nm epanuyeu
OMHOCUMENbHOU  No2pewHocmu) 6k  TPUONMIKEHHOrO0  Yucjia  Ha3bIBaeTcs
OTHOLLUEHUE TpeneNbHON a0COMIOTHON MOrPEIIHOCTH K a0CONIOTHOMY 3HAYEHUIO
NPUOJIMKEHUS X'

®opmyna 1o3BOJISIET OpU  HEOOXOAMMOCTH  BbIpaXkaTb  aOCOJIIOTHYIO
NOTPEUTHOCTh YePe3 OTHOCUTENbHYIO:
AX = |x|* &.
OTHOCUTENBbHYIO IOTPEIIHOCTh BHIPAKAIOT OOBIYHO B IPOIIEHTAX.
3apaum:
1. HaiiTu aGCOIIOTHYIO MOTPEIIHOCTh MPUOIMKEHUS yncia 3,9 yuciom 4.
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2. 3ammcaTh OIIEHKY BEJIMUMHBI N B BHUJE JBOMHOI'O HEPABEHCTBA, €CJIM N =
0,385 + 0,001.
3. Oxpyrnuthb uncio 734,256 10 AeCATHIX.

4. HailTu OTHOCUTEIBHYIO MOTPEIIHOCTh TPUOIMKEHUS Yucia % YUCIIOM
0,14.

5. Bamucate yucio 0,00018 B cranmapTHOM BHUJIE.

6. Haiiti 3HaYeHHE BBIPAKCHHUS (2,5°10%): (510 %)

7. HailiT aGCOMIOTHYIO MOTPENTHOCTD MPUOIMKEHUS yncia 7,4 uuciom 7.

8. 3amucath OIIEHKY BEJIMYMHBI N B BUJE JIBOWHOTO HEPABEHCTBA, €CIM N

= 2,34 + 0,01,
9. Oxpyrmutsb yuciao 5641,8563 o coteH.

. 2
10.HaiiTu OTHOCUTENBHYIO IOTPEITHOCTD MPUOIMKEHHS YnuCiia 3 YUCIIOM

0,7.
11. 3ammcars uncio 3,610 ° B BHAE AECSATHUHOIN TpoOu.
12. HaiiTi 3HaueHNe BRIPOKCHUS (1,6 107°) (4°-10%).

IIpakTnueckas padora Ne2
Pemienue ypaBHeHHMH M HEPABEHCTB NIEPBOIl U BTOPOH CTENEHH.
Paznen 1. JleiicTBUTEILHBIE YHCIA
Tema 1.2. YpaBHeHNS 1 HEPABEHCTBA NEPBO M BTOPOIi CTeNeHH
Heab padoThl. 3aKpernseHre HABbIKOB PEIICHUS! YPABHEHHU 1 HEPABEHCTB MEPBOM U

BTOPOU CTEICHHU.
Teopus

Jluneiinvle ypasnenus

VYpaBHenue Buaa ax + b = 0, rue X — mepemenHas, a © b — HEKOTOpbIE
JEeMCTBUTEIIbHBIEC YUCIIA, HA3bIBAETCS YPAaBHEHHUEM CTCIICHH HE BBINIE TepBoit. Eciu

a=Db =0, to periennem ypaBHenus ax + b = 0 sBistercs aro60e ynciao. Ecima=0 u

b#0, To ypaBHeHHe KopHed He mmeer. Ecim a#0, To ypaBHeHue ax+b =0
&
xr=—-
o c
Ha3bIBACTCS IMHEHHBIM U UMEET POBHO OJHO pEIIeHHE
Keaopammuvie ypasnenus
2 _

YpaBHeHue Buaa ax” + bx + ¢ = 0, rme X — IIepeMCcHHas, 4, buc — HEKOTOPbIC
JEHCTBUTEIBHBIC YKCIIa, HA3bIBACTCS YpPaBHEHHWEM CTEIICHH HE BbIIIE BTOpoi. Ecim
a = 0, To ypaBHeHue npumeT Bu bx + ¢ =0

Onpedenenue: YpaBHeHHE BHAa ax’ +bx+c=0 (1), B xoTopom JeBas
4aCTh — MHOTOYJICH BTOPOU CTETICHN OTHOCUTEILHO HEM3BECTHOTO, a MpaBas — HYJIb,

Ha3bIBACTCA YPaBHCHHUEM BTOpOfI CTCIICHN WJIM KBaAPATHBIM.
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B HopmansHOM  BHIE KBaJpaTHOE ypaBHEHHUE 3alKCBIBAIOT  TaK:
ax’ +bx+c =0, rae az0, 6 U ¢ — MOOBIE JEHCTBUTEILHBIC YHCIA, 4 X — HEU3BECTHOE.
Eciu B ypaBHeHUUM a =1, TO ypaBHEHUE HA3BIBACTCS NPUBEOCHHBIM.
OHO OOBIYHO 3aIUCBIBACTCS B TaKOM BHUAC: X’ +px+Qq=0, rme P u q —
a00ble  YHCIA.
Bcesikoe  ypaBHenue Bujga (1) MOXHO clenarbh NPUBEAEHHBIM; JJIS 3TOTO
JOCTATOYHO BCE €r0 WIEHbl pa3leiauTh Ha a.
Yucno D=b’-4ac Ha3pIBaeTCS JAUCKPHUMHHAHTOM KBaJPaTHOIO TPEXUICHA
ax? +bx +c, a TaK)Ke JUCKPUMUHAHTOM YpPaBHEHHs ax’ +bx+c=0.
B 3aBucumocTu OT 3HaUeHUS! AUCKpUMUHAHTa D BO3MOKHBI TpH cliydas:
1. D<0, To ypaBHEHUE HE UMEET AEHCTBUTEIbHBIX KOPHEM.

b
2. D=0, To ypaBHEHHE UMEET €IMHCTBEHHOE PEUIEHUE X = ——— .

2a
—b+
3. D>0, To ypaBHEHUE UMEET JIBa KOPHSA: X, = bz_—\/ﬁ,a #0.
’ a

Eciu Bropoii koddduuuent b vernsii (b=2k), To I HaXOXKAEHHUS KOPHEH

5 _ —k+vk*—ac
yI0OHO MOJIB30BaThC GOPMYNIAMU: X, , = ) ,a#0.

CrapaiiTecb 10 BO3MOXKHOCTU «paboTaTh» C KBaJpPaTHBIM TPEXWIECHOM, Y
KOTOpPOro cTapmuii Ko3((UUUEHT a MOJOXKHUTEJIEH. ODTOro BCErAa MOXKHO
NOOUTBbCST  MpU  PEIIEHUH  YpaBHEHUW, HEPaBEHCTB C  YHCIOBBIMU
KoddpurmeHTaMu.

Eciu a=0, To ypaBHeHHe ax’ +bx+c=0 sBJsI€TCS JUHEHHBIM, bx+c=0 (ecnu

b=0, TO x=—£)
b

OyZeT ypaBHEHHEM CTEIIEHU HE BHINIE MEPBOIM, KOTOPOE paccMOTpeHO BhImie. Ecnu
a # (0, To ypaBHEHHE pacCMaTPUBAEMOTr0 BUJAa HA3BIBACTCS KBAJIPATHBIM YPABHEHHEM
(M1 ypaBHEHUEM BTOPOM CTEIICHH ).

Henonnvle keadpamuvie ypagneHus

VYpaBHenue Buna  ax’ +Bx=0.
Pemum HemoyiHOe KBaJpaTHOE ypaBHeHHME ax’ +ex=0 B oOmem BHIE.
Briaecss  x 3a ckoOkwu, mosryyum: x (ax+e)=0.

1) x, =0; 2) ax+6=0, oTKy1a X2=—g.

B wactHocTH, ecnu 6=0, To monyuum: X ,=0, TO €CTb ypaBHEHHE UMEET JIUILb
OJIUH KOPEHb.

(Bamanuwe sl ydamuxcs: MPUBECTH MPUMEPHI 2-3 HEMOJHBIX KBaJpaTHBIX
ypaBHEHUH JAHHOTO BUAA U PEUIUTH UX).

Vpasuenus euoa ax* +c=0.

[lepeneceM CBOOOIHBIN YjieH C B MpaBylO YacTh M pa3/ieliuM ypaBHEHUE Ha
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c
a; TOTJIa MOJIyYuM YpaBHEHUE X’ =——, PABHOCWJIBHOE TAHHOMY.
a

PaccMoTpuM clieyronire BO3MOXKHBIC CITydau.
Cnyuan 1. Tlycth a w® ¢ — OAMHAKOBOTO 3HaKa (TO ecTb JuMOO 00a

C
ITOJIOXMUTCIIbHBI, 1mbo oba OTpI/II_[aTeJIBHBI); TOorga — C€CTbhb ITOJOXHTCIIBHOC 4YHCIIO,
a

c
-~ — orpumarenbHoe uyncino. Ho Mbel 3Haem, 4to x°>0, a TOTOMYy HE MOXET
a

PaBHATHCS OTPULIATEIIBHOMY YHCITY; B 3TOM CIIy4ae YpaBHEHHE HE UMEET PELICHU.

Tak, Hanpumep, ypaBHeHHe 2X * +3=0 HE UMEET PEIICHHIA.

Cnyuau 2. Ilycts ¢=0. Torna ypaBaenue npumeT Bu: X ° =0. O4eBHIHO, YTO 3TO
paBEeHCTBO OyAeT BepHbIM TOJbKO mpu X=0. 3HauuT, pu c=0 ypaBHEHUE HMEET
€AUHCTBEHHOE penieHue x=0.

Cayuau 3. YUucna a ¥ ¢ UMEIOT MPOTUBOIOJOXHBIE 3HAKU (OJHO W3 HHUX

c
IIOJIOKUTENBHO, a  JIpyroe OTpuLareiapHo). Torga 4ucio — OTPULATENbHO, a
a

C
IMPOTHUBOIIOJIOXHOC €My YHUCJIO - — TIIOJIOKHUTCIILHO.
a

c
B orom ciyyae ypaBHeHHME = X’ =-— UMEET JIBa KOPHI: X=1, |-

<
a a
CreoBaTeIbHO, U HCXOJHOEC YPAaBHCHUE UMEET JIBa KOPHSI.
[Ipumepsr:
1) 9x* -4=0;x, = —%,xz = %.2) x* -169 =0;x,,,=+13.

3) x?-5=0;x,,,=+/5.

Pewenue HepaeeHcme

Lenb: [IpuMeHeHne OTyYEeHHBIX 3HAHUM ISl PELICHHS] HEPABEHCTB.

HepaBeHncTBOM Ha3bIBaeTCs 3aMKCh, B KOTOPOU (YHKIIMU COCTUHEHBI 3HAKOM
(MJIM HECKOJIBKMMU 3HAaKaMH ) OTHOIIECHUS (), ), «», >N,
[TpuMepsl TAKUX HEPABEHCTB:
f(x) > 9(x),f(x) < g(x), f(x)=g(x), f(x)=9(x).
Hepasencta f(x)>g(x), f(X)<g(X), Ha3bIBarOTCS CTPOTUMH, a HEPaBCHCTBA
f(X)=g(x), f(X)=g(X) — HEecTporumu.

PemenneM HepaBeHCTBA HA3bIBAECTCS BCIKOE 3HAUYCHHE NEPEMEHOM, MpH
KOTOPOM JaHHOE€ HEpPaBeHCTBO BepHO. Hampumep, pemieHueM HepaBEeHCTBA

f(x) > g(x) sABmseTCA BCAKOE 3HAYCHUE IMEPEMEHHOW X = a, IPU KOTOPOM

crpaBe/UTMBO HepaBeHCTBO f(a) > g(a), wm Qyukusa f(X) mpu X = a nmpuHUMaAeET
OonblIee 3HaUeHUE, 4yeM PyHKIuU g(X).

3aganue "pemuTh HEPAaBEHCTBO'" O3HAYaeT, YTO TPEOYyeTCs] HAWTU MHOKECTBO
BCEX €ro pelieHuil. IT0O MHOKECTBO MOKET OKa3aThCsl MYyCThIM — B CiIy4ae, KOrjaa
pemieHnii HeT. MHOXKECTBO BCEX peIIeHUN HepaBeHCTBAa OyaeM Ha3bIBaTh €T0
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OTBETOM.
BriaensitoT Tpu OCHOBHBIX CBOMCTBA HEPABEHCTB:

1. MoxHO MepeHecTH JIF00O0M YjieH HEPaBEHCTBA M3 OJHOM YacTH HEPAaBEHCTBA B
JIPYTYIO C TPOTUBOMOJIOKHBIM 3HAKOM, ITPY 3TOM 3HAK HEPABEHCTBA HE MEHSIETCS.
2. MoXHO yMHOXaTh WM JIEIUTh 00€ 4YacTH HEPaBEHCTBA HAa OJHO U TO K€
MOJIOKUTEIIBHOE YUCII0, IIPU ATOM 3HAKa HEPABEHCTBA HE MEHSETCS.
3. MoOXHO YMHOXXHUTbh WM pa3eiuTh 00€ YacTH HEPAaBEHCTBA HA OJIHO U TO JKE
OTPULIATENILHOE  YMCJIO, TMpPH 3TOM 3HAK HEPABEHCTBA  MEHSETCS  HaA
MIPOTHUBOIIOIOKHBIH.

Hanbonee yHuBepcaibHbIM CIOCOOOM pPENICHUS HEPABEHCTB SIBISIETCS METO]T
uHTepBasioB. OH TMO3BOJISIET CBECTH pelieHue HepaBeHcTBa f(x) > 0 (=.=,=) K

pemenuto ypasHenus f(x) = 0.
Merton 3akiarouaercs B CIEAYIOMIEM:
1. Haxoautcs O3 HepaBeHCTBA.
2. HepaBenctBo mnpuBoautcs k Buay f(x) > 0(<, <, >) (T.e. mpaBasi 4YacTb
MIEPEHOCUTCS BJIEBO) U YIIPOIIAETCS.
3. Pemaercs ypaBaenue f(x) = 0.
4. Ha 4ucIIOBOM OCH OTMEYAIOTCS TOYKH, COOTBETCTBYIOIIME KOPHsIM ypaBHeHUS (X).
Touku OyayT HE 3aKpalleHHBIE, €CJIM HEPABEHCTBO CTPOTO€, M 3aKpallleHHbIE, ECIH
OHO HECTpPOTOE.
5. Bce Touku, ormeuennoie Ha OJI3 u orpanuumBaronue €ro, pasOUBAIOT 3TO
MHOKECTBO Ha TaK Ha3blBa€MbIE MHTEPBAJIbl 3HAKOMOCTOSAHCTBA. Ha KaxxoM Takom
WHTEpBaJIe orpesensercs 3Hak GyHkun f(X).
6. OTBET 3aMUCHIBACTCS B BUJIE€ OOBEIMHEHUST OTIEIBHBIX MHOXECTB, HA KOTOPBIX
f(x) wuMeeT COOTBETCTBYIOIIMA 3HAK. TOYKH, OTMEUEHHBIE 3aKpalICHHBIMHU
KpY>KKaMH, B OTBET BXOJISIT, OTMEUCHHBIE IMyCThIMH - HET. Touku OJ13, sBistontuecs
TPAaHUYHBIMU, BKJIFOYAIOTCS (MM HE BKIIIOYAIOTCS) B OTBET IMOCJE JIOMOJHUTEILHON
MIPOBEPKH.

.::E—al
PaccMOTPHM HEPABEHCTBO,Z _cozp —
Pemenue:
Paznoxxum yucinuTens Ha MHOXKHUTENH (x — 2)(x+ 2), a 3HAMEHATeNb ITyTeM pelIeHUs
KBaJpPaTHOIO ypaBHEHUS x° — 5x+ 6 =0 Ha MHOXHUTEIU (x — 2)(x— 3).

(x—2)x+2)
(x—2)(x—3) =0.

[lepenuiiem HEPABEHCTBO B BUJIE

OTMeTHM HYJIH MOJIyY€HHOTO HEPaBEHCTBA Ha KOOPAMHATHON OCH. DTO TOUKH X=-2,

X=2, X=3.

- 2 3

OTBeToM OymyT SBJISITHCS T€ MHTEPBAJIbI, HA KOTOPBHIX CTOUT 3HAK MHHYC, TaK Kak
HCXOJHOE HEPABEHCTBO COJIEPIKUT 3HAK ().

v
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OtBet: x € [—2;2) U (2;3).

3aganus
Pemmnts ypaBHeHU: 1)2x* +3x-5=0 PCEHI:ITbsHepaBeHCTBa
X8
1) 2-3(x+2)=5-2x 2)5x* ~7x+2=0 1) x-7 =%
2) 3-5(x+1)=6-14x 3)3x* +5x-2=0 5 x—4 >0
3) 0,2-2(x+1)=0,4x 4)2x2 ~Tx+3=0 ) (2x-5)(3x-1)
4) 4x-55=5x-3(2x~-15) ) 12— x
_ 5)6x* +x-1=0 >
5) 4-5(3x+25)=3x+95 ) 3) (18x —3)(9x — 2)
— 2
% 5E2+1,5x))—0,5x—24 6) —x*+2x+8=0 4) 2x-5<4-3(x—2)
310,5x—4)+8,5x =18
x x 15 7)=x*+7x-10=0 5) x?—5x+4<0
8 3t 8) (10x — 4)3x + 2) = 0
- - 6) x*>3x-2
X X 3
9) 127872 9) (3x+1)(6-4x)=0 7)x*—7x+12>0
10)2_%:_3 10)(3x+18)Y2-x)=0 8) x?+4>5x
1) X9 x4 11) (6-x)5x+40)=0 9) 4x—6>1-2(x+1)
3 omox+2
X—4 X 12)(3x —1)(x+2) = 20 T TITe
12)=——+=>=5 lyox-3
3 2 X X
L3y X1 4+2x 13) 18x-3x* =0. 10)
AT x—3
)% "3 14) 4x? —20x=0. 1) ;5=0
x—4 X
14) = —-2=2 15)  3x?+4x=0, 12)
L (x—1)P2 >x*4+2x—3
15) 5(4x +2)=2x-1 13)

(x +2)° <=x>+8x+5

IIpakTnueckas padora Ne3

Bbiuuc/ieHue onpeaeuTesae.
Pemennii cucremM JIMHENHbIX YPABHEHU I

Paznea 1. JlelicTBUTEJIbHBIE YHUCIA
Tema 1.3. Onpenenurenn

Heab. DopMupoBaTh YMEHUS U HABBIKM BBIYMCIICHHUS ONPENIEIUTENIEH BTOPOTO U
TPETHETO IOPAJKA, PEIIATh CUCTEMBI JBYX JINHEMHBIX YPAaBHEHUH C ABYMS
MIEPEMEHHBIMU C TTIOMOIIBIO ONPEIETUTEIIEH.

OnpenenureneM N-TO TMOpsAJKa Ha3bIBA€TCA YUCIO A, COCTaBICHHOE MO
OTIPeICICHHOMY MPABUJIY U 3aMMChIBAEMOE B BHUJI€ KBaIPATHOM TaOIUIIBI
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all a12 a'1n
a, a, .. a
A, = a1 %2 2n (1)
a, a, .. a,
I'me apq, a19, 413, ...- YUCITOBBIC KOIDPHUITUEHTHI

3HadeHue onpeaenuTens A, HaXOIUTCS 1O CICAYIOIIeMY TTPaBUITy.
Hnan=2

a a

A, = . 2= 818, — 85,8, (3)
ady Ay

Ipumep 1.

Berauciaute OIIPCACIINTCIIb:
2 4

A, = =2-6-4-8=12-32=-20
8 6

Ortser: -20

JI71s1 BBIUMCIIEHUS OIIPEAESTIUTEINIEN TPETHETO MOPSJIKA CYLIECTBYET TAKUE MPABUJIA.
IIpaBuiio TpeyroibHUKA

CxeMaTu4ecKH 3TO MPABUIIO MOXKHO U300pa3UTh CIEAYIOIIUM 00pa3oM:

«» W=

[IpousBeeHHE 3IEMEHTOB B IIEPBOM OIPEIETUTENE, KOTOPbIE COCTUHEHBI NPSIMBIMU,
Oepercs co 3HaKOM "TUTIOC"; aHAJIOTUYHO, ISl BTOPOTO ONPEIETUTENS -
COOTBETCTBYIOIIME IIPOM3BEICHUS OEpyTCs CO 3HaKOM "MUHYC", T.e.

ap;; 4 dg
Ay Ay Qyg| = Ag1QypQgs + A1y y30s + Q130 A5 — Aq1Ap303 — A1y A5 — A3 A3

Ay dzp  dg

Ilpumep 2. BpMUCIUTE ONPEACTUTENH METOJIOM TPEYTOJIHHUKOB.
Pemenne.

3 3 -1

4 1 3[=3.1.(-2)+3-3-1+(-1) -4-(-2)-3-3:(-2)-3-4-(-2)-(-1) -1.1=-
1 -2 -2

6+9+8+18+24+1=54 OTtBert. 54

[IpaBuno Kpamepa st cuCTEMBI € IByMsI HEU3BECTHBIMU

ax+by=s

Paccmotpro cucrtem aBHEHUU
p yyp a,X+b,y=s,
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a, b
Ha nepBoMm miare BEIYMCIIIO ONIPEICIIUTEND A = ! bl , €T0 HA3bIBAKOT 21ABHbIM
a2 2
onpeoenumesnem CUCmeMmbl.
B cnyuae ecnu A=0 npasuio Kpamepa ne nomoxer. EcmuA =0, TO

CUCTCMAa UMCCT CIMHCTBCHHOC PCIICHUC, N JJISI HAXOXKACHUA KOpHCﬁ MBI JOJIXKHBI
BBIYUCIIUTD CHIC ABA OIIPCACIUTCIIA:

5 & A &
- s
1 5

5y by
KopHu ypaBHEeHMS HaX0uM 1O (popMyiam:

Moo=

.4

pele B
A 7T
IIpumep 3.

. . |x—2y=1
Pemnth cucteMy TMHEHHBIX YPAaBHEHUN
3x—-4y="7

Pemenue: Pemmum cucremy no ¢popmynam Kpamepa

1

X ji =1.(-4)-(-2)-3 = -4+6=220

A=

Omnpenenurens A= (0, caea0BaTeNbHO, 3aJJaHHAs CUCTEMa MOXKET OBITh pelIeHa
metonoMm Kpamepa.

Brruuciaum onpenenutens Ay, IS 3TOTO 3aMEHUM TIEPBBIN CTOJOECI] B 21a8HOM
onpedenumerie Ha cToN0€1 CBOOOAHBIX YWIEHOB, OJIYYUM

1

2 -_ —_ -
, L =1.(-4)-(-2)- 7 = -4+14=10,

A= |

AHaJIOTUYHO, 3aMEHSIsI BTOPOU CTOJIOCI B 21a8HOM onpedenumesie Ha CTON0eI]
CBOOOJIHBIX YJICHOB, MOJTYYUM

Ay:‘ ; ’; =1.7-1.3=7-3=4

Hanee no dhopmynam Kpamepa HaxouM HEU3BECTHBIC IEPEMEHHBIE:

A
ﬁ:@:sa __y:ﬂzz
A 2 A 2
OtBer: x=5, y=2

lIpasuna Kpamepa onsa cucmemvl mpex ypagHeHUuli ¢ mpems Heu38eCmHuLMU.
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X i o =5
@7 it =5

X Hix tok =5

Haxoaum riiaBHbINA ONPEAETUTEN CUCTEMBI:

a b ¢
A=la, b, c,
a; by ¢

EcouA #0 , TO CUCTCMa UMCCT CAMHCTBCHHOC PCIICHUC U IJISI HAXOKIACHHA KOpHeﬁ
MBI JOJIKHBI BBIYUCIIUTD CIIC TPHU OIIPCACIUTCIIA:

s, b ¢ a S, C a b s
Ay =1s, b, ¢y, A, =la, S, Gy, Ag=la, b, s,
s; b, ¢ a, S, C, a, by s,
A, A, A3
X, =—,  X,=—% ,  Xy=—
A A A

Ciy4ail «Tpu Ha TpW» NPUHLUHUIUATBHO HUYEM HE OTIIMYAETCS OT CIIyvas «IBa Ha
JIBa», CTOJI0€1] CBOOOAHBIX WICHOB IOCJEA0BATEIbHO IIPOTYIUBAETCS» ClIeBa
HaIpaBo MO CTOJIOIAM TIIaBHOTO OMPEISTUTENS.

Pemuts cuctemy no ¢popmynam Kpamepa.
3 —ix, +dx, =21

2x == =10

Pemenue: Pemry cucremy mo ¢popmynam Kpamepa. O06o3Hady riaBHBIN
onpeaenutens D, Torna
= -2 4

4 -2 B -2 |3 4
D=p 4 -2=3 +2. +4. -
1 =1 “p =1 Tz -1
> -1 -1

=3 {-4-2)+2.(-3+4)+4.{-3-8)=-18+2-44 =60 = 0 spaunt, cucTeMa uMeeT

CANHCTBCHHOC PCIICHHC.

21 -2 4
4 -2
D=% 4 -2=21.
1 -1
0 -1 -1
=21 {—4-2)+2 (- 9+20)+4 (- 9-40)=-126+ 22— 196 = —300

0 -1 0 -1

8 -2 8 4

D, _-300 .,

n=—-= =
D =80
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3 021 4
8 -2 2 -2 ER
=3 % -Z=3 -:21 +4. =
0 -1 = -1 2 10
2 10 -1

=2 (~9+20)-21. (- 3+4)+4. (30— 18)= 33-21+48= 60

D, 60
}{22—:—:—
o —&0
3 -2 21
4 9 -2 21 2 21
D=3 4 5%=3 -3 +2- =
-1 10 -1 10 4 9
2 -1 10

=2 (40+9)-32 (- 20+ 21+ 2. (- 18-84) =147 -3 - 284 =60

x3_D3=;m=1
D =40

OtBeT: X1=5, Xx,=-1, X3=1.

[Tpu pemieHny cUCTEMBI JIMHEWMHBIX YPaBHEHUN memodom Kpamepa MOryT
BCTPETUTHCSA TPU CIIydas:

Econ A #0, cucrema NMHEHHBIX YPABHEHUN UMEET €MHCTBEHHOE PEIICHUE
(cucTema COBMECTHA U OTpEIeIEHHA)

X

Ecom  A=0, A, =A, =..=0, cucTeMa JMHEHHBIX yPABHCHUN HMECT

0ECKOHEYHOE MHOXECTBO PEILICHU (CHCTeMa COBMECTHA M HEOIIPEEIEHHA)

Ecin A, #A_ #..#0, TO CHCTEMA JIMHCHHBIX YPABHCHUH PEIICHUH HE UMECT
(cucTeMa HECOBMECTHA)

Wrak, cucteMa JTMHEWHBIX YPABHEHHUH C HA3bIBAETCA HECOBMECMHOU, €CIIN Y HEE HET
HU OJTHOTO PEIICHUS, U COBMECMHOU, €CIIA OHA UMEET XOTS Obl OJTHO pEIICHHUE.

CoBMecTHas CHCTeMa ypaBHEHUH, MMEIOIIast TOJIbKO OJTHO PEIICHHE, Ha3bIBACTCS
onpeodenéntoil, a 6oJee 0JTHOTO — HeONnpeoeNEHHOII.

3aganug.

Pemmits cucremy merogom Kpamepa:
2ax—=3by+ecz=10

3ax—6by+5¢z = 2abe
Sax — 4by + 2cz = 3abe

1)

ax—=3y=1
2) 2x+ay=2



1.
2.

3.
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2x—y+3z=9
3x=5y+z=-4

4x=Ty+z=5
3)

x+2y—-z=2,
2x-3y+2z=2,

5) 3x+y+z=8

IIpakTnueckoe 3ansaTue Ne4
Onpenenenue cBOMCTB PyHKIUMN 110 TpaduKy QyHKIUU.

Pasneu 2. [locnenoBaTenbHOCTH M QyHKIIMN
Tema 2.1. Uucnosas ¢pynkius, e€ cBoiicTBa U rpadux

Heanb: [IpumeHeHne moy4eHHBIX 3HAHUM JIJIS1 UCCIIeI0BaHUsI TpadUKOB (DyHKITUH.
3ananme: VccrnenoBars GyHKIMH.

Iopsimoxk U MeTOAUKA BbINOJTHEHHUS 3aJaHUM:

1. [ToBTOPUTH TEOPETUUECKU MaTEpHUAI MO TEME MPAKTUUECKOTO 3aHSATHUSI.

2.  Odopmuts uccienoBanue PyHKIIUU B TETPAJIH.

Bapuanr 1
Haiitu o6nacth onpeaenenus GyHKIU Y =X °.
Ha pucynke 1uzo0paxen rpadux pyHkuun y = f(x).
VYkazare, IpU KaKUX 3HAYCHUAX X PYHKIIUS YOBIBACT.
YA

4
X+

¥

Puc.1
VYka3zath QyHKIHIO, TpaUKOM KOTOPOH ABJsETCS runepooia.

_3 _x _x 3
1) Y= 2) y=1 3) y= 3 4) y=x
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4. VYkazatp QyHkiuio, rpagukom koropoid HE sBnsiercs npsimast.
1) y=2x-8 2) y:X+2 3) y=x*+2 4)
y =8X
5. CootHecTH aHanUTHYECKOE U rpadudeckoe 3aganus GyHkui (puc.2 a —r).
YA
YA YA
\ i -
\ / , |
\ / 0 X ]
5)
YA R
\ / | 0 4
s o .
X X |

a)

B)

r)

Puc.2
1) y=x’ 2) y=x' 3) y=+x 4) y=¥x
6. Ha pucynke 3 nzobpaxen rpaduk GpyHkuun y = f(x)
[Tpu KakuX 3HAYEHUSX X, BHIOIHSIETCS HEpaBeHCTBO f(x)<07?
YA
4
A WA
0 5
7 7 7 3
/ \
Puc.3
7. Ykazarb QyHKIUIO, KOTOpasi yObIBAET HA BCE YMCIOBOM MPSIMOA.
1) y=¥x 2) y=+x 3 y=x* 4) y=-x'

8. 3amare aHanuTHYECKU (PYHKIHIO, TpadUK KOTOPOH N300pakeH Ha pUCyHKe 4
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YA

P~

I
N

——

Puc.4

Bapuant 2
1. Haiitu o6nacth onpenenenus GyHKuuu Yy = (x—1)72.
2. HaiiTi MHOX€eCTBO 3HaYeHUM QyHKIUH Y =X -5,
3. Omnpenenutsh QyHKINIO, KOTOPAs SBISETCS YETHOM.

1)y=x3+£2 2) y=—x3+1 3) y=x*-2x+5 4) y=x"'-22
X X
6
4. Yxazarb NPOMEXKYTKH BO3pacTaHusi PyHKIIUU Yy = e
X —_
1) 1+ ) 2) (~0;1) U (L+w) 3) (—o0;+ ) 4)
(—o0;1)

5. Ha pucysnke 5 n3zobpaxena yacth rpaduka GyHKIuu y = f(X).
Haiinute f(6), ecnu U3BECTHO, yTO QyHKIMS Yy = f(X) HEUYeTHas.
YA

Puc.5
6. Ha pucynxke 6 uzodpaxen rpadguk GpyHkuun vy = f(x).
OnpenenuTs, TpU KaKWX 3HAYCHUSIX p ypaBHEHHUE f(X) = p UMEET OJJUMH KOPEHb.
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Puc.6
7. 3agaTh aHAMUTUYECKHU (PYHKIMIO, TpapuK KOTOPOM M300paKeH Ha JTAaHHOM
pucyHke 7.

\
\
\
ol \| 2
\
\
\
Puc.7
1) y=—(x+2)*-1 2) y=—(x-2)°-1
3) y=(x-2)°-1 4) y=—(x-1)°+2

8. ®ynknus 3agaHa GopMyIon y = L4 Onpenenuthb 3HaYeHUE KO3 duirenta K,
X+

€CJIM U3BECTHO, UTO Tpaduk GyHKIIUU MPOXOIUT Yepe3 TOUKY (—8;2,4).
IIpakTnueckasi padbora NeS

Boruncienue npeaesioB mocjie10BaTeJbHOCTEH U QPYHKIMM.
Pa3nean 2. [TocinenoBarensHOCTH U QYyHKITHH
Tema 2.3. [Ipenen pyHKIuUU.
Heab. DopMUpoBaTH YMEHUS U HABBIKU BHIYUCIICHUS IPEICIIOB.

Kparkas Teopus
Teopemvi 0 npedenax.

1. m(T (x)+¢(x)) = im T (x)+/imp(X)
2. 4IM(T (x)-@(x)) =£Im T (x)- (imp(x)
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f (X) /im f (X)

_ Xx—a

i " limg(x) o [0 20

Creocmeusi.
1.IToCcTOSSHHBIN MHOKUTEH MOKHO BBIHECTH 34 3HAK MPEIEIa:

tiirg(c- f(x)=c- tilrg f(x).

2. Ecnu N- HaTypaiabHOE YUCIIO, TO élm x"=a" €|m \/_ = \/_

IIpasuna packpvimus HeonpedenénHocmei:

. 0
1) YUToOB1 pacKpbITh HEONPEAEIEHHOCTD BUIA  — , IOCTATOYHO YUCIUTEIb U
0

3HaMEHAaTeJb IPOOU Pa3I0KUTh HA MHOXKHUTEIHU U 3aTEM COKPATUTh HA MHOXKUTEJb,
MPUBOAALINN K HEONPEAECIEHHOCTH.

o0
2) UtoOBI pacKpbITh HEOTPEIETCHHOCTh BUJa  — , 3ABUCSIIYIO OT
o0

UppaIMOHAIBLHOCTH, JOCTATOYHO MEPEBECTU UPPALMOHATIBHOCTD (UITH
MPPalMOHATIBLHOCTH) U3 YUCIUTENS B 3HAMEHATEb WK U3 3HAMEHATEJ B YUCIUTEIb
U COKPATUTh HA MHOXHUTEIb, TPUBOJAIINN K HEONIPEAEIEHHOCTH.

3amanus. 1.Beriunciure npeneibl NOCiae10BaTeIbHOCTEM:

1) lim 2n+1 2)“mB—Zn 3)“mlOn+3
nswo 3N+5 nsw N+6 nseo  1+2N
2)li i 4n+16 5)“m(B—n)2+(3+ n)?* 6 Iim(n +1) *+(n-1)*
e ON oo (3=n)2=(3+n)®  nse (n-1)°—(n+1)°
3f 3 _ 3 2
D M gy (AT )
2.Beraucnute npeaensl PyHKITHN:
X —25 3
im—— Zim =
) x->5 x-—-5 8) X—>0 2.X'+1
. x*—=3x-10 2x% —3x
/im— = flm— =
2) X—5 x-=5 9) X—>0 3.X +5x
vim > —5x—-24 sim> * 4+ 3x? +2
3) X—>=3 x+3 10) X—>00 4x3_6
Jim 3x° +x B
4) x—0 X B
3
5) sim > +1 _

x>-1 x+1
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2_
6) timZ 9:
X—3 X —
3_
7) sim>2 64:
Xx—4 x—4
. x—-4 . 2x
/im = /im =
l) X—>4 x2_16 8) X—>00 X—4
. oxt =3x8
/1m = /I ——— =
2) 50 -8 9) e 352 — 2
2
. x°=36
/1m =
3) X—6 x—6
. 3x%+2x . 5x*+5x -3
/im—m—— = /im =
D D4 e 10) e 1-10x% + 2x
ox3 =27
/im =
) x>-3 x+3
6 gimx2+5x—14_
) x>7 x4+
7y fim— S

IIpakTnuyeckasi padora Ne6
Pemienue cucrem ypaBHeHHH.
Paznean 2. [locnenoBarenbHOCTH U QyHKUIUA
Tema 2.4. CucteMbl ypaBHEHHI.
Heab. OTpaOoTka HaBBIKOB PELIEHUS CUCTEM

Kparkas Teopus

1. MeTtoa noCcTaHOBKHA
2. Meton anreOpandecKoro CIOKESHHS
3. Merox BBeeHUS HOBBIX IIEPEMEHHBIX

4. TI'paduueckuit MeToq

1. MeTtoa noacTaHOBKHA


https://www.yaklass.ru/p/algebra/9-klass/sistemy-uravnenii-9129/metody-resheniia-sistem-uravnenii-9131/re-4201126f-025e-4aa8-9394-07db91dae861
https://www.yaklass.ru/p/algebra/9-klass/sistemy-uravnenii-9129/metody-resheniia-sistem-uravnenii-9131/re-af2f3599-d5c4-489e-9c62-a401c8ca3a14
https://www.yaklass.ru/p/algebra/9-klass/sistemy-uravnenii-9129/metody-resheniia-sistem-uravnenii-9131/re-8e420026-a1c2-403e-a580-b77bd2512221
https://www.yaklass.ru/p/algebra/9-klass/sistemy-uravnenii-9129/metody-resheniia-sistem-uravnenii-9131/re-0f129c21-19e9-4b4d-8f10-6d9a91a4a518
https://www.yaklass.ru/p/algebra/9-klass/sistemy-uravnenii-9129/metody-resheniia-sistem-uravnenii-9131/re-4201126f-025e-4aa8-9394-07db91dae861
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Aneopumm pewtenus cucmemsl 08YX YPAGHEHUU C 08V ML NEPEMEHHBIMU X;Y MeMOoOoM
NOOCMAHOBKU.

1. BeIpazutb 0JJHy IIEPEMEHHYIO YEPE3 APYTYIO U3 OJJHOTO YPABHEHUS CUCTEMBI
(6omnee mpocToro).

2. IloacTaBUTh NOJIYYEHHOE BBIPAXKEHUE BMECTO 3TOM EPEMEHHOU B IPyroe
YPaBHEHHUE CUCTEMBI.

3. PemnTh N0JIy4eHHOE ypaBHEHUE U HAUTHU OJIHY U3 IEPEMEHHBIX.

4. IToncraBUTh MOOYEPEAHO KAXKIBIM U3 HAMJECHHBIX HA TPETHEM LIAre KOPHEU
YPaBHEHUS B ypaBHEHUE, IIOJyYCHHOE HA IIEPBOM LIare, 1 HAUTH BTOPYIO
IIEPEMEHHYIO.

5. 3ammcaTh OTBET B BUC Nap 3HaUCHH, Hanipumep, (X;Y), KOTOpbIe ObUIH HalICHBI
COOTBETCTBEHHO Ha TPETHEM M YETBEPTOM IIArax.

IIpumep 1

. {w=6
Pemnth cucteMy ypaBHEHUM

x—y=171

Pemenne
1. Beipa3um X yepes Y u3 BToporo (0ojee mpocToro) ypaBHEHUS CUCTEMBI X=5+Y.
2. IloncTaBuM MOTYYEHHOE BHIPAKEHUE BMECTO X B IEPBOE YPABHEHHE
cuctemsl (5+y)-y=6.
3. Pemnm nosy4yeHHOE ypaBHEHHUE:
(5+y)y=6;
Sy+y2—6=0;
y2+5y—6=0;
y1=—6,
y=1.
4. IlonctaBUM MOOYEPETHO KAXKIO€ U3 HANUJEHHBIX 3HAUCHUH Y B YpaBHEHHUE X=5+Y,
TOT/1a TOJIYYHM:
ecinu Y,=—6, To X;=5+(—6)=5—6=—1,
eciu Y,=1, To X,=5+1=6.

5. Iapwr uncen (—1;—6) u (6;1) — penieHus CUCTEMBI.

Oter: (—1;-6) u (6;1).

2 Merton anre6pandecKoro CIOKEHUS

Aneopumm pewenus cucmemul 08YX YPAGHEHULL ¢ 08YMs NepemMeHHbIMU X,y Memooom
CILOMCEHUSL!

1. YpaBHsATh MOIyIH KO PUIIUESHTOB IIPU OJTHOM U3 HEU3BECTHBIX.

2. CH0WUTh WU BBIYECTh YPABHEHHSI.

3. PemmmTh nony4yeHHOE ypaBHEHHE C OJJTHOM MTEPEMEHHOM.


https://www.yaklass.ru/p/algebra/9-klass/sistemy-uravnenii-9129/metody-resheniia-sistem-uravnenii-9131/re-af2f3599-d5c4-489e-9c62-a401c8ca3a14

24

4. IloacTaBUTh MOOYEPEAHO KKABIN U3 HAWJICHHBIX HA TPEThEM I1are KOpHEH
YPAaBHEHHMS B OJHO U3 YPAaBHEHUM MCXOAHOM CUCTEMBI, HAUTH BTOPOE HEU3BECTHOE.
5.3anucarh OTBET B BHJIE IIap 3HAUCHHMI, HapumMep, (X;Y), KOTOpbIe ObLIN HAMICHBI.

Ipumep 2.

L [xP-yr=21
Peumts cucremy ypaBHeHun § , 7

x“+y =29

Pewenue
CnoXuM ypaBHEHHS U PELIUM MOJYyYEHHOE YPAaBHEHUE C OJTHOM MEPEMEHHOM:
2-x°=50):2
x*=25;
x=%5.
[ToxcraBum OOYEPENHO KaXKAbIM U3 HAWJIECHHBIX KOPHEN YpaBHEHUS
B OJIHO M3 YPABHEHUI UCXOJHOW CUCTEMBI, HATPUMED, BO BTOPOE, U HANAEM
BTOPOE€ HEU3BECTHOE:

X2+y?=29.

ecau X=—5, To eciu X=b, To
(—5)*+y?=29:; 25+y?=29:
25+y*=29: 25+y*=29:
y?=29-25; y?=29-25;
y2: 4: y2: 4:
y1=2,y,=2 Y3==2,y4=2

[Maper uncen (—5;-2), (=5;2), (5;-2) u (5;2) — pelIeHns CUCTEMBI.

OtBet: (—5;-2), (-5;2), (5;—2) u (5;2).

3 MGTOI{ BBCACHHA HOBBIX IICPCMCHHBIX

[Ipu pemennn cucTem AByX YpaBHEHHUH C ABYMS IEPEMEHHBIMU METO/I BBEACHUS
HOBBIX MIEPEMEHHBIX MOKHO MPUMEHSATH IBYMs CIIOCOOAMHU:

1. BBOIUTCA OJJHA HOBAA IICPCMCHHAA U UCIIOJB3YCTCA TOJIBKO B OJHOM YPaBHCHHHA
CUCTCMBI,

2. BBOIATCA ABC HOBBIC IICPEMCHHBIC U MCITOJIB3YIOTCA OATHOBPEMCHHO B o0oux
YPaBHCHUAX CUCTCMBI.
IIpumep 3.
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{(x_v): —16xy+39=0,
x* ¢ 9% =10.

IIycts XY =1t

HO_’ICT&BII.\I HOB}'IO nepe.\erHyro H peIIuM I'IO.'I}"-IQHHO€ }'paBHeHHeZ
t?—16t+39=0

t:=13

Brimo1HEM 061)211'1{}'}0 3aMEHY H PEIIHM IMOTYYHBIIHECA CHCTEMBI:

-
[y
[

=
o
Il

OTBeT: (1. 3)* ('19 '3)! (3'! 1)'! ('39 '1)

4 T'paduueckuii MeTON

AJNTOPUTM pelIeHUsI CUCTEMBI ABYX YPaBHEHHH C ABYMsI HEU3BECTHBIMHU
rpa@UIeCcKUM METOJOM:

1. ctpouM rpaduk nepBoro ypaBHeHUs;

2. ctpouM rpaduK BTOPOTO YPaBHEHMUS;

3. HaXOJMM TOYKH TiepecedeHus rpaduKoB (KOOPAMHATHI KaXKI0H TOUKH
NEPECEUEHUS CITy’KaT PEIICHUEM CUCTEMbI yPaBHEHUH ).
IIpumep 4. Pemuth cucremy
{xz +y?=9

x—-y=-3

[ToctpouMm rpadguku QyHKIUI:
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Otser: (3;0) u (0;-3).
3aganus.

1. PemuTE CHCTEMEI YPAaBHEHHH METOJOM ITOJACTAHOBKH.

Ix+y= 2x+y=12 y—2x=4
1){—5x+ 2y=3 2){7x— 2y = 31 3 t?x —y=1
4 { 8y—x=17 {2x=y+0,5 6 { 2x+5y=0
Nox-21y =2 ) 3x -5y =13 N-8x +15y =7

2. PemHTE CHCTEMEI YPaBHEHHH METOJOM CI0KEHHA

1 {40x+ 3y=10 2 { 5x — 2y =12 3 {33x +42y=10
) 20x—T7y=5 ) 15x -3y =-3 ) 9% +14y =
4 {13x—12y=14 - { 10x—9 =38 6 {9y+8x=—2
N11x-4=18y )21y +15x = 0,5 N5y = —ax—11
3. PemHTh CHCTEMEI YPaBHEHHHE rpadHIecKHM METOAOM:

x-y=1 x+2y=4 x+y=0
D {Zx-*- 3y=9 2) {—2x+ 5y =10 3){—3x +4y=14
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4 Pemure CHCTEMY A\'paBHGHHIUI METOOM 3aMeHbI IEPEMEHHDIX!

xy(x+y) =6,
xy+(x+y)=235;

6 43(::- y)? + 2(x + 2y)? =5,
2(x+2y)-x+y=1;

5) o(x + y) + 4xy = 32,
xy(x+y)=12;

2 "
9 {2(x+y) +8(x + 2y) = 5,

3(x+2y)-2x -2y = 5.
IIpakTuyeckas padora Ne/
Pemenne ypaBHeHMii M1 HEPABEHCTB C MapaMeTPaMM.
Pa3nean 2. [TocinenoBarensHOCTH U QYyHKIIUU

Tema 2.5. YpaBHEeHHs M1 HEPABEHCTBA € ITAPAMETPAMU

Ieab. PopMupoBaTh YMEHUS U HABBIKU PELLICHUS YPABHEHUM U HEPABEHCTB C
IapameTpaMu.

Kparkas Teopus
YpaBHEHHE, KOPEHb YpaBHEHHS, MOCTOPOHHUN KOpPEHb, PABHOCHUIIbHBIC

yYpaBHEHUS, HEPABEHCTBO, PEIICHHE HEPABEHCTBA, PaBHOCUJIbHBIC, HEPABEHCTBA,
00J1aCTh JOMYCTUMBIX 3HAUEHHI MEePEMEHHOM.

Ecniu B ypaBHeHUM (HEpaBEHCTB) HEKOTOpbIE KOI(P(GULMEHTHl 3aJaHbl HE
KOHKPETHBIMU YHUCJIOBBIMM 3HAaYEHUsIMH, a 0003HaueHbl OyKBaMH, TO OTH
KO3(PUIIMEHTHl HA3bIBAIOTCS IMapaMeTpaMu, a YypaBHEHHE (HEPAaBEHCTBO) —
yYpaBHEHUEM C TTapaMeTpamMu (HEPaBEHCTBOM C IMapaMeTpaMu).

[Tpu pemieHny ypaBHEHUs WM HEPABEHCTBA C apaMeTpaMH HEOOXOIUMO:

1) onpenenuTh, MpH KaKKX 3HAYCHUSAX [MAPAMETPOB CYIICCTBYIOT PEIICHUS;

2) HAaWTH MHOXECTBO PCIICHUH, COOTBETCTBYIOIICE KaXKIOW JOIMyCTHMOMU
CUCTEME 3HAYCHUN [TapaMeTPOB.

OCHOBHOM  IPUHUMII  PEHIEHUS ypPaBHEHU C  MIapaMeTpaMH  MOYKHO

chopmynupoBaTh Tak: HEOOXOAUMO pa3OUTh OOJACTh W3MEHEHHUS MapaMmeTpa Ha
TaKWe TMPOMEXKYTKH, YTO TPH M3MEHEHHHM I[apaMeTpa Ha KaXJIOM U3 HUX
MOJIYYArOIINECs] YPABHEHUS PEIIAUCh OJHUM W TeM ke MeTofoM. OTHenbHO IS
KKJIOTO MPOMEXYTKA HAXOISATCS KOPHU ypaBHEHUS, BEIPAKCHHbBIC Yepe3 3HAUCHMUS

napamerpa. Mcnomp3yeMble IpU 3TOM NPUEMBI TAKUE K€, KaK U NPU PEIICHUU
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ypaBHEHUH C YUCIOBBIMHU KOdhDUIIEHTaAMU.

Ilpumep 1. Perium ypaBHeHue (a+2)X =a’ —4 1J1sl KOKI0r0 3HAYCHUS TapaMeTpa d.

PaccmoTpum nBa ciydast.

1) Ilycte a=-2, TOrna gaHHoe ypaBHeHHE uMeeT BU: 0- X = 0. DToMy
YPaBHEHUIO yIOBJIETBOPSET JIF000€ IEHCTBUTEIBHOE 3HAUECHHE X.
2) Ilycte a#-2, TOraa JaHHOE YpaBHEHHE SABISACTCS JTMHEHHBIM YpaBHECHUEM U
€ro €IMHCTBEHHBIM pElIeHHe: X=a—2.
OTtBeT:x — J1I000€ YUCIIO IPU a=-2,Xx=a—2MpHa # —2.

IIpumep 2. [Tpu kakux 3Ha4YCHUSX, @ ypaBHEHHE 4* —(a+3)-2* +4a—4 =0umeer
OJINH KOpPEHB?

PaccmarpuBas naHHOE ypaBHEHHME KaK KBaJpaTHOE YPABHEHUE OTHOCUTEIBHO 27,
YCTaHaBJIMBAEM, UTO OHO PABHOCUJIBHO COBOKYIIHOCTH YpaBHEHUW 2" =a-1 u

2" =4. YpaBHeHue 2" =a-lnpua=>5 UMEET OJHO PELICHUE, A IPU a <1 HE UMeeT
peueHus.

VYpaBHeHue 2* =4 mnpu J000M 3HAYECHUU, @ UMEET €IMHCTBEHHOE PElICHUE.

1 11 1
IIpumep 3. PemiuMm ypaBHEHHE: —+ =4+ == ———
a X a+b+x

3ameudaeM, yTo 3HaYeHust 0 © — (a +b) HE ABJISAIOTCSA JTOMYCTUMBIMUA 3HAYCHUAMU JIJI51
x. [TapameTtpsl a u bToxxe HepaBHBI HY/1I0. OCBOOOKIaeM YPaBHEHHE OT
3HameHaresneu. [lomyyaem:

(a+b+x)bx+(a+b+x)ax+(a+b+x)ab—abx=0

(a+b)x*+(a+b)’x+(a+b)ab=0

Ecimn a+b=0, To ypaBHeHnwuto (1) ynoBneTBopsioT Bce 3HaUeHHs X, kKpome x = 0.

1 1
HcxonHoe ypaBHEHHE B 3TOM CIy4yae IPUHUMAET BUJI: — = —.
X X

Eciu a+b =0, 10, paznenuB ypaBHeHue (1) Ha a+b, moryduM KBajpaTHOE
ypaBHeHHE: X’ +(a+b)x+ab=0.Kophau ero: x, =-a,
OTBer: M1000€ NelcTBUTENbHOE YKCIIo, KpoMe x =0 npua+b=0; x=—-au x=-b

npu a+b=0.

Ipumep 4. Pemum ypaBHeHHE +1+ax —+/1—ax = X

JlormycTrmple 3HaYEHHS IEPEMEHHON X U MapaMeTpa, @ B JAHHOM YPaBHECHUU
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OIIPCOCIIATOTCA CHUCTEMOU HCPABCHCTB!

i |ax| <1.

l1+ax >0,
l1-ax=>0

Kpowme Toro, ecnu a u x UMEOT OAMHAKOBbIE 3HakU (0 < ax <1), TO

V1+ax —+/1-ax > 0M peleHreM YPaBHEHUS MOKET OBITh TOJIBKO MOJI0KHUTETLHOE

3HAa4YCHHC HepeMeHHOﬁ, a 3TO 3HAYUT, 4TO K a > 0. Ecau a u x umeror Pa3HbIC 3HAKHU

(-1<ax<0),T0 Jl+ax—-+l-ax<0n pelieHueM YpaBHEHHUS MOXKET ObITh TOJIBKO

OTpHUIATCIbHOC 3HAYCHHUC HepeMeHHOﬁ, HO ITPpH OTOM TAKXKC U a > 0. Takum

00pa3oM, ypaBHEHHE UMEET OTIUYHBIC OT HYJIS pelIeHus, eciu a>0;x=0npu a = 0.
[lepenuiiem ypaBHEHHE B BUAE 1+ ax = X++/1—ax ¥ BO3BeAEM 00€ €ro 4acTu B
kBazpat. [locie npeobpa3oBaHuii ModydnM: X(X +2+/1—ax —2a) =0, OTKy/a:

1) x, = 01npu NPOU3BOJIbHBIX 3HAYCHUSAX d;

2) x+21-ax-2a=0,umn 2+1-ax =2a-x.

[Tocnegnee ypaBHEHHE UMEET pEIIEHUs, €ciiv 2a — X > 0. Bo3BeiéM 00e yacTu 3Toro
ypaBHEHUs B KBaJIpaT | MOCJIC YIIPOIIECHUS OJIyduM: X° = 4(1—a)?, OTKyAa pu

la| <1Haxomum:

X, =-241-a%, x, = 2J/1-a*. HaiineHnHple 3Ha4eHUs1 Oy1yT KOPHIMHU JAHHOTO

ypaBHEHUSI, €CIIU:

a>0, 0O<acx<il
al <],
4 WIN ++41-a’ <a,
x < 2a,
2
ax<1 £ 2aVi-a?|<1
OTtcroa NoJIy4YuM:

O<ac<l], O<ac<l],
1-a%<a?, WA 1-2a%<0

2 2
aZ(l_aZ) S% (2a —1) Z 0

TpeTLe HCPABCHCTBO HOCJ'IGI[HGfI CUCTCMbI HCPABCHCTB BBIIIOJIHACTCA ITPHU

ar00om 3HadeHuU a. [loaTomMy pereHrnemM nocieiHeld CHCTeMbl HEPABEHCTB SIBIISCTCS
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oO1mree penreHre HepaBeHCTB 0<a<l m 1-2a’ <0T.e. <a<l

V2
2
OTBGT:% <a<l

IIpumep 5. Perium HepaBeHCTBO X° +ax+4 > 0.
JIMCKpUMUHAHT ypaBHeHHsT X° +ax+4=0 Oymer D=a’-16.
Paccmorpum Tpu ciywasa: D<0,D=0,D > 0.

1) Ilpy D<0 wm a’-16 <0mnoayyaem: —4<a<4. CiaenoBaTenbHO, s
KaXJI0ro a e (—4;4) 1aHHOE€ HEPABEHCTBO UMEET PEILICHUE U €T0 PEIICHUEM
SBJISIETCS JTI000€ JEHCTBUTEIBHOE YHCIIO.

2) Ilpu D=0wumu a’-16 =0mnony4aercsa: a=4u a=-4. CruenoBaTesbHO, 371CCh
TaKXKe U KaXKJA0ro a=4u a=-4JaHHO€ HEPABEHCTBO UMEET PEUICHUE U €T0
pelIeHuEM SIBIISIETCA JII000€ NeUCTBUTEIBHOE YUCIIO.

3) llpuD >O0wmnm a’—16 > 0monyuutcs: a>4u a<-4. CiaenoBaTenbHO, HA
KaXK0M U3 IIPOMEKYTKOB (—o0;—4) U (4;,+o0) TAaHHOE HEPABEHCTBO UMEET
pPEIIEHUE U €T0 PELICHUE UMEET BUI: (—o;X,] U [X,;+w), TOe:

. _—a-+a’-16 . _—a++a’-16
1~ 2 '

2 2
OT1BeT: x — J1I000€ NEUCTBUTEIIBHOE YUCIIO TIPU a € [—4;4]

—a-+a*-16 —a++va?-16
ae|—o; 5 v > ;400 |TIPU A € (—o0;—4) U (4;+0)

IIpumep 6. Perum HepaBeHCTBO: X +3 > —a’.

Pemenne. 1) [Ipu a = 0 mpaBasi yacTh HEpAaBEHCTBA OTPHUIATENIbHA, TOT/Ia TIPH
J1000M 3HAYEHUU X JIeBask YaCTh HEPABEHCTBA OOJIbIIE TIPABOM.

3) IIpua = 0 ucxoaHOMY HEPABEHCTBY yIOBJIECTBOPSIOT BCE IEHCTBUTEIBHBIC
qHciia, KpoMe
x=-3.

3aganus

1) Pemmre ypaBHEHHE

a _3
2a—X
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. 5
OtBet: pu a = 0 HET pemieHui, npu a =0, x= ga

2) PemmTe ypaBHEHUE

a _3
a—2x

a .
OtBet: mpua#0, x= 3> PH, a=0, HeT peneHuu

3) Pemute ypaBHEHUE
a

2a—X

=2

3 .
Oteer: npua#0,x=—=a, npu a=0, HET peLICHUN
2

4) Pemmre ypaBHEHUE

a _5
a—2x

a .
OtBet: npua=0,x = 2> P a =0, HEeT penieHuin

5) HaiiguTe Bce 3HAYEHUS  d, IPH KOTOPBIX YHCIIO X = 2 SBJIIETCS KOPHEM
ypaBHEHUS
|x+2a|~x+l—a:0.

OTBeT: 3HAUCHUM, a HET

6) Haiigure Bce 3HaUCHUS g, IPU KOTOPBIX YKCIIO X = - 3 SBIIIETCSA PEMICHUEM
HEpaBEHCTBA
4-— |x - 2a| < X2

OtBeT: (—o0;+0)

7) HaiiguTe Bce 3HAUEHUS  d, IPH KOTOPBIX YUCIIO X = - 2 ABISETCS KOPHEM
ypaBHEHUS
|x—a|-x+1—2a:0

3
OtBeT: a=-——
4
8) Mosker i1 ipy KakoM-HHOYIb 3HAUYCHUH, @ ypaBHeHHE 2x° —x*-a’ =1 uMmeeT

TpU KOpHSA?
OTBeT: HET



32

9) HaiinuTe Bce 3HAUCHUS @, TPH KOTOPBIX YUCIIO X = 2SIBJISIETCS KOPHEM

ypaBHEHUs (a—3x* —sin % X)+/11—3ax

OrtBeT: u

10) HaiinuTe Bce 3HAUCHHMS TTapaMeTpa d, TaKKue, YTOObI ypaBHCHHUE
X|X +2a|+1=auMeno 2 pa3INYHbIX KOPHSI.

OtBeT: a=-2a= —%

IpakTnueckasi padora Ne§

Bbiuuc/ieHHe 3HAYCHUH MOKA3aTeJIbHbIX BbIPAXKEHHUH.
IIpeoOpa3oBaHue NOKa3aTeIbHBIX BbIPAKEHHH.

Pasnean 3. [loka3arenbHas, norapupmuyeckas u crenendas pynkuuu Tema 2.4.

Cucrembl ypaBHEHU.

Tema 3.1. CrenieHn u €€ CBONCTBA
Hean.
Hayuwnrs:

a) HaxXOJWTh 3HAUYCHUE CTENEHU C pAIMOHAJIBHBIM  IIOKa3aTeJieM Ha OCHOBE
ONPENCIICHUN U OCHOBHBIX CBOWCTB;
0) BBITIOJIHATH TOXKJICCTBEHHBIC IMPEe0Opa30BaHUsI CTCIICHHBIX BBHIPAKCHUH,
Kparkas Teopus

OCHOBHBIE CBOIMCTBA CTEIIEHU

Da’=1 2) a* x a¥=a**y 3) :—:=ax‘y 4)
]
a 23
X— A XX ayx_a* X X
5) (ab)™=a’b 6) (E) =x 7) (@")’=a"
8) %:aﬁ
9) *"Vc2k+1i=¢ ce R,k € N 10) “Ve2k =|c|.
3aganus

1)3anuiuTe B BUJE CTEIICHU C pallMOHATBHBIM MTOKAa3aTeIeM:
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a)W)FF)FF)FFH) 3§/_)a\/— )ff
W e e e Ve e
2)3anuunTe B BUJE CTENEHH C PALIMOHAILHBIM IIOKA3aTEIEM:

8 b*YB)fb7:6) RbTYT FbT:B) bUB)ub:r) NbTozf bt i ) RbPor o
(b?%/b_“)?bﬁ;;x) (%/b_7b3Fi/5

3) 3aHI/IH_II/ITe KaK CTCIEHb 2:
. 6) Y32 B)Q/Er)if)ﬂe)ifx)f\
f f Y4 316 3128 3/32

4) Pacnionoxxure uncia B HOpiII[Ke BO3paCTaHUA:

D) La(1) 2t 0) w L)1) im0 i La( )

a

5
r) Miy“‘“(\?@) :1: ) (éj :(\E)S;(\%)s;l;zsd;e) (\é) 4 (V2 Gj 1;
K) (ﬁ)a;(gj (Vafa9

5) Boruucnure:

0 2s ({550 (G e () e

1

2 L o(g - 0 (e
o (3523

6) Haitnure 3HaueHNE BbIPAXKEHUS:
a) 4% *4* npu a =%; 0) 8® *8° npu b= %; B) h2° Zb_o's,npu b :%;

r) 16**16% npu azé; o) 9°%:97% npu a:%; €) 4%*4% pnpua=

1
K) 16" *167% npua=—
) pua=

7) Yupocture:

a) (kﬁ —mﬁ).(kﬁ +mﬁ); 0) (aﬁ —bﬁ)-(aﬁ +b£); B) (a”ﬁ )lfﬁ;

r) (bﬁ‘ﬁ)ﬁ+f,z[) m¥2 —n )(m +n ) €) (1+£)l_ﬁ;
x) (a +b£)(aﬁ bﬁ)
8)Brrunciure:

1
8) o1+ /35 /552115 0) JIZ5E2-513 B) 512 *\B*42;
30

2 1
r) 3/108*16-4/8*162 ; ) 3/32:2° —\121; €) 125*52-3/216;
K) 4/(-3F *2*4/8*9
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9) Yopocture BolpakeHHeE:

4 2
a) Jab*3at/sb’ 4 f;;bi ; 0) V16ab® :3/2a’b° ; B) 5/8” ' 5[ AM” -
a m n

2 9 2
r) 51/8L:51/d_3;ﬂ) V242" 432a°° ; €) 3|20 - 4fgn *3/30¢ ;
d Vac 3n*
567a°
x) 4| 222 *39a° *3/3p*
F\hbﬁ

10) Beruucnure

a) 3fov—27 *4/27+9v11*4/8; 0) 4/8y10 —24*4/24+8,10 */64 ; B) 38— /28 —\8+ 28 ;

T) 4810 -16*4/16%8410 *4/54 5 1) 3/647 —12*3/6+347 *3325 €) 49y10 —18*4/6+ 3410 *4/128 ;
K) a-2/2*46+42

IIpakTuyeckas padGora Ne9
Borunciienue 3HaYeHUH JIOrapu(PMUIECKUX BbIPAKEHUH.
IIpeoOpa3oBanue JorapupmMuvecKux BbIPAKeHHI .
Pasnean 3. [loka3arenbHas, jorapupMuyeckasi U CTeleHHast QyHKIUU

Heab. PopMupoBaTh YMEHUS ¥ HABBIKW BBIYMCIICHHS U IPEOOPA30BaHUS
JA0rapu(PMUUECKUX BbIpaXKEHHUH.

Tema 3.2. Jlorapudmsl 1 ux cBoicTBa
Kparkas Teopus

log,b=x
Jloeapughmom Xx mosioxKurensroro uncna b mo ocuosanmio a, rne @ > 0, a # 1, naseiBaror
noxasameib cmeneHu, B KOTOPBIA HY)KHO BO3BECTH YHCIIO ¢, YTOOBI OIyIHTH Ynciio b, T.e.
a*=>b

.qlog.b — b b
OcHnognoe nozapugmuueckoe moiscoecmeso . =Dbronea>0,a#1,b>0

log,pa=1lga

Jlorapudm yucna no ocHoBaHuio 10 Ha3bIBAETCS 0ecAMUUHbIM 102APUPMOM:
Jlorapudm uncna no ocHosanuio e (4UCA0 € =~ 2,71 —skcrnoHeHTa) HasbIBaeTCA

log.b=1Inb

HamypanoHbIM 102APUPMOM:
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Caoiictea norapugma
mpr a>0 a#1,b>0 x>0, y>0

a"%b=p
log a=1
log,1=0
log, xy =log, x+log,y

log

X
On(;]_ logax_loga}"

log, b* =klog, b

3aganus.
1.  Berumciure 3Ha4eHHE Jorapudma:
1) log, J3;
9

2) Iog4 i;
32

3) IOg4 i;
32

4) Iogiﬁ 1;
7

5) logy, % )

6) Iog 25 i ;
125

7) log, 1
128

2. Bpruucnure 3HadeHue jJorapudma:
1) log,, log,125;

2) log, log, ¥5;
1
3) Iogﬁlogig;

3

4) log, log, 27;
3

5) log,, log, 81;
6) log,log,9
7) logy, log,; 16

3. Bbluucnure 3HaYEHUE YUCIIA;

l) 125 logs 20 ,
2) 81Iogg 4
3 49 log, 49
4) 25I095 9
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5) 125 Iog 25 36
6) 27 logg, 64
7 8 1Iog 94

4. Bpraucaure:

1) log,,144 —log,, 36
2) log,;3+log,; 75
3) log,162 —log,6

4) log,, 3+log,, 4
5) log,192 —log, 3
6) logg12 —log, 192
7) log,,36 +1log,, 48

5. Bebruncnure 3HaueHue yucia:
2+logqg 2
1 4

2)
3)
4)
5)
6)

160,5+Iog8 5
42+Iog16 2
49 0,5+log,5
22—Iog45
490,5+I0g7 3

1—Iog3 7

7 273
6. BbluucauTe 3HAYEHUE YUCIIA;
3

1) 32|095 4
1
273|0916 81

2)
2

3) 64I0998
4

2Iog%S
1

5) 492Iogg 7
1

6) 643Iog 278
) 12575

7. HaiiguTe 3HaYeHNE BBIPAKCHHUS:

4)




10.

1)
2)
3)
4)
5)
6)

7)
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log. 27 —2log. 3

log; 45+ log. 0,2
2log, ;4 +log, ;0,5

log,6—log, ;12
3log, 2—-log, 24

log,3+log, 9

log;12 - 2log, 2

log;18+1log; 0,5

log,3—log, 75

log, 45+ 2log, 3

lgld—Ig7

Ig0,5+3lg4

log,9+log, 3

log, 24 —-3log, 2

Haiigure norapudm npu ykazaHHOM YCIOBUU:

1)
2)
3)
4)
5)
6)
7)

OHpe,I[eJ'II/ITC, IIPpU KaKUX 3HAYCHUAX X UMECT CMBICJI BBIPAKCHHUC!

log, 125, ecau log 25 =38
|Og%273, ecau log, Ja=45
log, 81, eciu log, Ja=4
log, 34,3, ecrulog ;49 =8
log, 6, ecru log, Ja=4
log,25,ecnu log 125 =4
log,27,ecuulog 9 =2

1) log, , (x2 +X— 6)
2) Iogm(x2 +2x+7)
3) log 27X(x2 - 49)
4) log, (x* +x* —2x)
5) log ~—< 2
X—4 X + 3
6) log,., (x2 —4x+ 3)
7) log, (x* +x* —6x)
Beruucnure:
1) log, 216 log, 24
log;3  log,,3
2) 2log; 3—log, 27
log; 0,2 + log, 45
3) log,; 576 log, 64
IOg 72 3 Iog 216 3
4) log,56 log, 7
Iog 28 2 Iog 224 2
5) log;135 log,5
109,53 109,05 3
6) log; 21  log, 7

loge; 3 09,4 3
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7) log,135 log,5
IOg 45 3 IOnglS 3

IIpakTuyeckas padora Nel(
ITocTpoeHnue moka3aTeJbHbIX J0rapu(PMUYECKHX H CTENEHHBIX IPaGUKOB (PYHKIHUH.

Pa3nen 3. [okazarenpHas, morapudmuueckas U cTerneHHast pyHKINUN

Tema 3.3. [lokazarenbHas, JorapudpMuueckas ¥ cTerneHHas GyHKIIUH, UX CBOMCTBA U Tpaduku
Heab. @PopMHupOBaTH YMEHHS M HaBBIKM IIOCTPOCHHS TpapUKOB W ONPEICICHHS CBOWCTB
NOKa3aTeIbHOH, JOrapu(pMUUECKON U CTEICHHON (QYHKITHI.

Kpartkas Teopus

1. ITokazamenvroti Ha3LIBAIOT PYHKLUIO BUAa Y = a*,Iue a — ocHOoBaHue, a > 0,a # 1;

X — mokazarens, X €R.
I'pagpuxu noxazamenvnou pynkyuuy =a', a# 1, a>0

YA yca" .V*
b=af at=b
y=a*
/ ! \0;“’
c 0

0

Y

CaoiicTBa 1okasareipHol GyHkuun y=a‘;a#1,a>0

1. D(x) = (-o0; +o0),
E(y) = (0; +0).
Hyneii He umeer;
Touka nepecedenus ¢ ocbto Oy:(0; 1),T. k. y(0) = a’=1.
ITpu a > 1 pynxus Bozpacraet; npu 0 <a < 1 ¢pyHkuus yobiBaer Ha R.
Hu uérnas ¢pyHkuus, H1 HeyETHasL.
He orpannuena cBepxy, orpaHndeHa cCHu3y npsimot y = 0.
He umeeT Hu HanOombIIEr0, HU HAMMEHBIIIETO 3HAYEHUH.
HenpepriBha.
10 Brimykia BHU3.

WoNohkWN

. =1 X
2. Jloeapughmuueckoti Ha3bIBAIOT QYHKIIMIO BUA y =109, , TJIc 2 — OCHOBaHUe jorapudpma,

a#1 a>0 XER:
I'paghuxu nocapugpmuveckou hynxyuu

y

(1) y=logsx,a>1

(2) y=logx,0<a<1




Ceoticmea nocapugmuueckoni pynkyuu Yy =

(x) = (0; +o0),
E(y) = (-o0; +o0)

Hymu dysakuum: y =0 npu x = 1;

ok owhE

Hu yetnas ¢yHKIMS, HU HEYETHAS.
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Touek nepeceueHus ¢ ocbio opauHat Oy HeT.
. IIpu a> 1 pynkmus Bo3pacraet Ha (0; +0);
npu 0 < a < 1 ¢pyaknus yosiBaet Ha (0; +o0).

log.x, a#1,a>0:

7. He orpanuueHa cBepxy, He orpanudeHa cHu3y. Ocb Oy sBisSeTCS BEpTUKAILHOU

ACUMIITOTOM rpaduka JorapuGMuaeckoi GyHKIUH.

8. He umeer Hu HaI/I6OJIBIHeFO, HHY HaUMEHBIIIETO 3HAUYCHUM.

9. HenpepsiHa.

10. ITpu a > 1 pynkmus Beimykia BBepx; pu 0 < a < 1 (yHKIMS BBITYyKJIa BHU3.

[Mpumepsr Gynknuii: y = logsx; y =

logix; y =
5

logs x.

— P .
3. Cmenennas gpynkyun Y = X~ |p — 3a1aHHOE IEHCTBUTEIBHOE YHCIIO

ceolicmea
p
D(y) E(y) yemnocms | eozpacmaem |  ybvieaem
p=2n R y >0 yemnas x>0 x <0
7 |
1] y=
p=2n-1 70 'z R R Heuemmas R _—
p=-2n X =0 y>0 yemnas x<0 x>0




Tlonooicumenvu

oelicmeumeibi
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p=-(2n-1)

X =0

y #0

HedYemHas

x>0

x<0

oe 1

m<n

oe Heyeoe

qucio

Ompuyamenvh
oe
oelicmseumesbt

oe 4ucio

x>0

y>0

x>0

3amanus.

1. H3o0pa3ute cxemaTnuecku rpaduk GyHKIMM U HAIUIIUTE €ro CBOMCTRA:
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1) y=x° 9) y=x°

2) y=logosx 10) y=x\2

3) y=2% 11) y=log, x
4) y=2\x 12) y=0,5*

5) y=x"° 13) y=0,2"

6) y=3" 14) y= logo 25X
7) y=logsx 15) y=x"

8) y=x" 16)y= - x°

2. Haiigute o6nacTh onpeneneHus pYHKINN:

1) y=logex (x+5) 5) y=10gxs6) (X+7)
2) y=10g (3 (x+1)° 6) y=I10gis (x+2)°
3) y=log(s.x (x+6) 7) y=10g@+x) (X-5)
4) y=10gas) (x+3)° 8) y=logiy (x+2)°

IIpakTuyeckas padora Nell

PelieHne moka3arejbHbIX YPABHEHH U HEPABEHCTB .
Pa3nen 3. [lokazarenpHas, morapudmudeckast U CTeeHHast PyHKIUN

Tema 3.4. [lokazarenbHble ypaBHEHUS U HEPABEHCTBA

Henb. ®opmupoBaTh YMEHUS U HABBIKM PELICHUS [T0KA3aTEIbHBIX YPABHEHUI U HEPABEHCTB.
Kpartkas Teopus
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Omnopubie GopMyIBI H lpadukn pyHKumMmny =a* (a>0)

COOTHOIICHIA do pPmMmynbl

m.gn — am-l—n

ﬂ'm

0<acxl

a a>1

— am—n

(g“m)n =a™ Ya N
Yam® = aw
a®-b" = (ab)"

Z*: = (g)n 1

Niwob6an eospacrarowasn
(yboiBatowan) Ha npomesryTre

A

bYHKUMA NPUHUMMAET Kaxao0e CBoe
3HaueHUe TO/bKO B OQHOM TOUKe U3
3TOrO MPOMEKYTKa

a®=b
ax0,a= 1,b >0

Bospacmaem Vbbieaem

MocmoaxHan

CxeMa BEBITIOJIHEHHIA PaBHOCHIIBHBIX HQ806QaBOBaHIIfI HQOCTEﬁD]IiX IIOKa3aTeIIbHBIX ypaBHeI-[IIﬁ H
HEPABEHCTB

YpasHeHus HepaseHcmea

/) = qI® a>o0,a =1 a/® > g9

a=o
a =1 a=1 a>1 0<a<1
f(x) =g(x) X — nioboe f(x) > g(x) f(x) <g(x)

yucno uz 043

3HaK HepaBeHCTEa He
MeHAETCA

3HaK He paBeHCTEBa
meHAeTCA Ha
npoTu BOMONOMHbIN

Ecmu B neBoil 1 B Hp&BOfI YacTH 33aJTAaHHOT O [TOKAa3aTEINbHOT 0 YPpaBHEHHA (HepaBeHCTBa) CTOAT TOIBKO
IIPpOH3BEOCHHIA, YaCTHERIS, KOPHH HIIH CTCIIEHH, TO 3TO YpaBHEHHE (HepaBeHCTBO) HEIIOCPEOCTBEHHO

CBOJHTCA K HpOCTeﬁmEMy C MOMOIBIO HCTIOJIB30BAHHA OIIOPHBIX (bOpMYJ'I HIIA penaeTca

nmorapudMIpoBaHHeM 00enX JacTeli ypaBHEHNS.
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IIpumeps! peuienii npocmeriuilx NOKA3AMeTbHbIX ypacHe il

1. 2x*1=g 2. 5¥3=1 3. x4 = _3

Pemenne. 2%t = 23 Pemmenue. 53 = 5° Pemenne. Kopaeil Het
x+1=3. x=2. X -3=0.x=3. (T.x.3" > 0 14 Bee.

O1ger: 2 O1get: 3. OTBeT: KOpHEIl HeT.

4, 771 =3
Pemrenmne. x — 1 = log, 3
x=1+log;3

Otser: 1 + log; 3

100*1
3107

102()(—1)
-
L 1B
2(x-1)—§ =x. x=3.

OtgeT: 3.

PeweHwe:

S. HpIIBe,I[eHIle K OOHOMY OCHOBaHHKO

2% - 5%,

(2-5)% 102D-3 = 10,

1
5x . 3*=15.

1+logs 5+ (1-logz 5)

2
Otset: 1; logs 5.

6. Jlorapudmupoanne obenx gacTell ypaBHeHN

PeweHune. 0A3: x = 0. Norapudpmupyn obie yactu no
OCHOBaHWIO 3, NONYY4aeM PaBHOCKM/IbHOE YpaBHEHUE

§10g3 54 x = log5(3-5). logs5+ x> = x(1 + log; 5).

PeweHue 3toro KBaApaTHOIO ypaBHeHMA!

X= .x=1 uamn x=log, 5.

CxeMma IIOHCKa pe]I[eHIIfI IIOKa3aTeJIbHBIX YQaBHeI—]Iiﬁ ,HE CBOAINIXCS HEIIOCPENCTBEHHO K

TpocTefim

1. Hzb6aensemcs om wicioesix

TIpumep 1.

44 7-2-2=0.

CJldederblX B IIOKa3aTerax

CTeNeHeH(HCIoNb3ya OIOpHBIe
dhopMyImIET)

2. Ilpobyem ece cmenenii (¢
TIlepeMeHHOI B II0Ka3aTelie)

' PellleHNe CHCTEMBI

npueecmi K OOHOM'_‘L" OCHOGAHUIO

1 BBINOJIHUTE 3aMeHy
IepeMeHHOIl

OtBeT: —2.

2 =t,t >0, J]aeT{

1
= t:Z' OoOpaTHas 3aMeHa naeT 2%

t >0,

Pemenne. M30aBassCE OT YHCIOBOTO CIIATAEMOI0 B II0Ka3aTelle
cTenenu, umeeM 4- 4* + 7 - 2 — 2 = 0. IlpuBemsa Bce CTEEHH K
OIHOMY OCHOBaHHIO, ITOIydaeM 4- 22X 1 7.2% — 2 = 0. 3amena

42 + 7t — 2 =

t=-2,

1
t==
4

t>0

1 _
= ;» OTKyza 2%¥ =272 re. x=2.

3. Ecnu Henw3s IPHBECTH K
0JTHOMY OCHOBaHHIO, TO
TpoOyeM TIPHBECTH BCE CTENEHU 2
K 06YM OCHOGAHUAM TaK, YTOOHI
NOJYYUTOCH 0OHOPOOHOE

VpaeHeHe

Ilpumep 2. 4-

2
HmeeM 4— —

3X

t,t >0, ,uae’r{

OtBeT: —2.

X 2)(3}(

3

4t2 -t —-18=0

2% — 6% = 18- 3%,

Pemenne. Pa3zgennu J1eBYIO IpaByio YacTh YpAaBHEHHS HA
2 2x 2\ X 2\ ¥
18=0. 4(5) _ (;) — 18 = 0. 3amena (5)

2x

t>0.

* Pemenne cucTeMEr [

32x,

t=-2,
9
t—; -

t=>0

X
t::'i. OOGparHas 3aMeHa ,z[aeTG) = ;, OTKyJa X = —2.

- w

IIpuMeps! peleHNil NPOCTENIINX [TOKa3aTelbHEIX HePaBeHCTB

1. 2¢*1~8
Pemenne.2*t! > 23 Tk
y = 2% — BospacTaromad, To

x+] = 3. x=2.
OtBerT: (2; ®0)

1\*1 1
2(;) >
Pe[gg}ime. .
) >G) 1=y=()-
vyOwBatomas, x-1< 2, x< 3.
OtBeT: (—oo; 3).

2

3. 33t < -3
Pemenne. Kopreil Het
(T.x.3' > 0 mmst Beex t).

OTBeT: peleHIIil HeT.

1
4. 7x > -3
Pemenne. T.x. 7 > 0 nus
BCeX t, To X - moboe
IeilcTBHTEIBHOE HIICIIO 13

QI3.T.c. x+ 0.
OteeT:R, x = 0.
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Pemenne mokazaTelbHBIX HEPABEHCTB, HE CBOJANIHXCH HENOCPEACTBEHHO K HpOCTeﬁ]I[IIM

C IIOMOINBIO PAGHOCUTBHBIX Npeobpazoeanii (110 CXeMe pellleH s I0Ka3aTeIbHBIX YpaBHEeHHIH )

3A0AHHOE HEPAGEHCINGO CEOOUNCA K U3GECINHOMY IMUNY HepaeeHcme (KBaIpaTHOMY, IpoOHOMY H T.1.) H
TIOCIIe pelIeHns IOIyYEHHOTO HepaBeHCTRA MIPHXOINM K IIPOCTEMHIINM IIOKa3aTENBHBIM HEPABEHCTBAM .
4+ 4 7.2% — 2 > 0. PeweHue. BbinonHMB Te ke npeobpa3zosBaHua, 4To U B npumepe 1,

At2 47t —2>0
t > 0.

TIpumep 3.

nmeem 4- 4% +7-2% — 2 > 0. 3amena 2 =t,t > 0, ,ﬂ,aET[ ' PelleHWe cuctembl

,[m—z.
==

4
t>0
x> -2,

1 1 _
=t> " ObpaTHana 3ameHa gaet 2* > 2 OTKYAa 2% > 272, T.x. y = 2' — Bo3pacTaromas, To.

OtseT: (- 2; )
IToka3aTeabHO — CTENEeHHbIE YPAaBHEHHA I HEPABEHCTBA.

®yHKuMA y = f(x)9™) He aBnAeTca NokasaTenbHO. CyliecTByeT ABe TOUKM 3peHMsA, OLEHWBalOLLMe
obnacTb onpeaeneHuns gaHHon GyHkuMK. MNepBas ncxogut 3 Tpebosanms f(x)> 0, BTopasa nossosseT
f(x) npuHMMaTL OTpULATENBHDBIE 3HAYEHUS NPU YCI0BUK, YTO g (X) NMPUHMMAET LieNble 3HaYeHus,
unu f(x)= 0 npu ycnosun g(x)> 0.

{g('x)=h(x),
f(x)=0;

{ fl)=1,
g(x),h(x)— onpejeneHsl.

9™ = F@)"®

3aganus.

1.Pemure ypaBHEHHE

7 j5x2+24 (11j3x2—56
A = = 2x-0,5
11 7 9) [1J _4f3

15) 521 +4.5* —1=0
16) 9" +3? 18 =0
17) 2" +4* =80
18) 4% + 21 =80
19)3-9" +11-3" =4

§jSXZZX ~ (§)x2+5

1) \3 5

2)

3) fj3x2+9x B (Zj5le7x
7 4

20) 4 -10-2**-24=0
21) 4772 3.4 -1=0

1
13) 252" Y — 5125

14) 4}16X73 :i

2
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2.Pemure HEpaBeHCTBO

l) 2—x2+3x<4 9) (X-I—l)xz_lSl
) x2-2 9 29

2) | = >= 10) (x+3 <1

) @ > ) (x+3)

12) (x+3) <1

, 1
2x+1 13) (X +1)X 25 >1
4) [lj e <5 , 1
5 14) (x-2) 9 <1
ﬂ 1 2
5) 3225 15) (x-3) * <1
, 1
1Y 1\ 16) (x-5) 1 >1
o i) <(5)
8 32
xt
7) (%JHZ <9

6x-1 2
8) (0,5)sx > (lj
2

3.Pemmnte ypaBHeHHE
1) 52X+5 _ 22><+10 + 3*52X+2 _ 22X+8 — 0
2)4*32)( _ 22)(—1 _32X+l _ 22X — 0
3) 34X+524X+7 _ 34X+3 _ 24X+4 — o
4)4*72X+4 _32X+6 + 2*72X+3 +32X+3 — 0
5) 25x+6 _ 75x+2 _ 25x+3 _ 75x+l — O
6)5x +5x+1 + 5x+2 — 3x + 3x+1 + 3x+1

7) 34x+5 _ 24x+7 _ 34x+3 _ 24x+4 — 0
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IIpakTuyeckas padora Nel?

Pemenne siorapuMuyecKux ypaBHeHUii 1 HEPABEHCTB.
Pa3znean 3. [lokazarenbHasi, JorapupmMuyuecKas 1 CTerneHHas QyHKIHH

Tema 3.5. JlorapudmMudeckne ypaBHEHUS! 1 HEPABEHCTBA

Heas.
Kparkas Teopusi

1.Memoovl pewtenus noeapupmuueckux ypagHeHuiL:

®opMupoBaThH YMEHUS U HABBIKH PEIICHUS JOTapu(PMHUUECKUX YPaBHEHHUI U HEPABEHCTB.

Meron pemeHust

Bun HepaBeHcTBa

Pemenue

1. Ilo onpenenenuto
Jorapudma.

log,x =b

x =a?

2. TloTeHuupoBanue

log, f(x) = log, g(x)

{f(x) >0
gx)>0

fx) =gx)

3. BBenenue HOBOI
MEPEMEHHOMN

k-logix +m-log,x+n =0

log,x =t

kt?4+mt+n=0

4. JlorapudpmupoBaHue
o0enx yvacteit
yYpaBHEHHUSI.

x'9%+3 = 10000

[gx'9%+3 = [g10000
D:x >0
(lgx + 3) - lgx = 1g10*
(lgx+3)-lgx =4

lgx =t
(t+3)t=14
t24+3t—4=0

tl = _4', tz =1
lgx; = —4; lgx, =1
x; =107*=0,0001; x, =101 =1

5. IlpuBenenue
OJIHOMY OCHOBAaHHIO.

logsx —2logix =6
3

D: x > O,HepeﬁueMKOCHOBaHmo3
2log. x
log; x — —931 =6
log3§
logzx +2log;x =6
3logz;x =6

log;x =2
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x=3%2=9

6. OyHKIIMOHAIBHO -
rpa)UIeCKU METO/I.

log,x=3—x

fixi=logax

o) =3-x

e R L SR
L e L
A

Jlocapughmuueckue nepasencmea:

Hepasencmea, komopuie cooepacam nepemeHHyro noo 3HAKOM 102apudma uiu 8 e20 0CHO8AHUU,

HA3bleAOmMCcH JZOdeMngM’i@CKZ/lMM.

[Ipocreiiniee norapudMuyecKoe HEPABEHCTBO

log, f(x) >log, g(x)

CBOJHUTCA K OIIHOI>'I M3 IBYX CUCTCM HCPABCHCTB!

I caywati, npu a > 1: 1T

2cayuar, nppu 0 <a <1: |

f(x)>0
g(x) >0,
f(x) > g(x)

f(x)>0
g(x) >0,
f(x) < g(x)

log;(5—2x) > 2
log;(5 — 2x) > log; 9
2x >0

5=2x>9

OI3: 1).—2x> —5
x <25
2).—2x > 4

x <=2

xe(—o0; —2)

log1(5 —2x) > =2
3
log:(5 — 2x) > log:9

5+2x>0
5—-2x<9

oa3: 1).—2x> -5
x <25

2).—2x< 4
x>—=2

xe(—2;2,5)




3amanusda.

1.Pemure ypaBHEHHE

log, (x-1)=2
1) 4

4) log,(5-x)=-2

3

7) logy(x —2)=2

10) log, (4 +x)=-1

2

13) log,(x +3) =1

16) log, (7+x)= -2

2

19) log, (x - 2)=3

2

2.Pemure ypaBHEHUE

1) log,’x—log,x* =4
4) log,’ x~log, x* ~4=0
7) lg®x-Igx®+1=0
10) Ig” x+1gv/x =05

13) log,” x—log, X" +10=0
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J21

2) log, (x+6)= Iong

4

5) log, (x+7)=log 2
% 64\/5

1
8) log, (x+4)= IogaE

2

11) log, (x+4)=1log ;81

4

1

14) Iogl(x +10) = log ; a1

2

17) log, (x+9) = IOQS%

3

20) log, (x+6)= Iogmz—l7

4

2)
5)
8)
11)

14)

3) log,(4x +2)—log, 2 = log, x?

6) log,(x+14)+log,(x+2)=3

9) Ig(2x-9)-Igx =Ig(x-3)

12) 10g,(x +3)+log,(x —1) = log, 2

15) log, x + log,(x — 4) = log,(x + 2)

18) Ig(x* +75)-lg(x— 4) = 2

21) log,(x+14) = log, 64 — log, (x + 2)

3) log,” x—log, x° +8=0
6) log,”x—log,x*+5=9
9) 2log,” x—log,x" =3
12) log,’ x-log, x* =2

15) log,’ x-3log, x+2=0
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3.Pemmte HEpaBEeHCTBO

1) Iog;(xz -5x+7)>-1 2) logy,(x* ~5x+7)20
3) log, ,(x* - 2x-3)<0 4) log;(x2 ~4x-8)>-1
) '09;(2— 2x-x)2 -2 6) log,;(x* +4x—5)>0
7) Iogllo(xz +x+4)<-1 8) log, ,(3-x—x’)<-1
9) logy(X? +3x)< 2 10) log, (x*~3x +1)>0

3

IIpakTnuyeckas padora Nel3

M300paskenne yrjios Ha eIMHHYHON OKPYKHOCTH.
Onpenenenne 3Ha4YeHUsA TPUTOHOMETPHYCCKHUX (PyHKIMI 110 eIMHUYHON OKPYKHOCTH.

IIpeoOpa3zoBanne TPUTOHOMETPHYECKHX BbIPAKEHHUIA.

Pazpmea 4. ”{_pI/IFOHOMeTpI/IquKI/Ie byHKITIN
Tema 4.1. ToxxnecTBeHHBIEC TIPE0OPa30BaAHUS

Heab. 3yueHne 0CHOBHBIX MOHITHI TPUTOHOMETPUH U OTPaOOTKa HaBBIKOB PaOOTHI C
TPUTOHOMETPHUUECKUMHU (HOPMYJIaMU TIPU PEIICHUU PA3IUYHBIX 3aJaHHH.
Kpartkas Teopust

Onpedenenust cunyca, KOCUHycd, 3naxu mpuzconomempuyeckux yHKyul
MAH2EeHCa U KOMAH2EeHCd. sin ¥ Cos ¥

v ) s s

1 3 3

Fp---2 Fe

: +|+ - |+
U NN
-1

v

.
Pa, (%5 ¥)

¥ = COS o +

¥ = Sin o >
||:Dsor.|5 1 Q—_/ X
lsine|= 1

tg ®, ctg ®

sino. n

tgo = ,o#* —+qk , k eZ
coSc
coso.

ttgoe= —— o= ak,k 2
sine.

Tlepexox OT rpaaycHOH Mepsl K pamgmanHoil x=na/180°, rie X — BenMuMHA yria B paguaHax, o —
BEJIMYMHA yTJIa B rpajycax.
[lepexon oT paguaHHON Mepsl K TpaagycHoi  0=180 O%/m, rme o — BenuuMHA yIJia B rpagycax, X —
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BCJIMYMHA yIJIa B paJuaHax.

rpaaycos| 0° | 30°| 45°| 60°| 90° | 180° | 270°| 360°
ajJauaH 0 I z z I T 3—7[ 2n
pan 6 | 4 |3 |2 2
sin() o |1 E E 1| o | -1 0
2 2 2
cos (a) 1 E E 1 0 -1 0 1
2 2 2
3
tg(a £ —_— —_
g() SRR 0 0
ctg(a) - ﬁ 1 E 0 | — 0 —
3
TpHroHOMeTpHYECKHe TOXKIESCTBA CHHYC. KOCHHYC.
‘ngdr‘zzla‘-k'_‘c'qshzq» =1 TAHTeHC H KOTAHTeHC VIIOB O H -0

sin?% + cos?% = 1 Wl ks L

cos(—a) = cos a

tga-ctga =1
) =-tga

1 + t 2(1 - GESSSHAR RSS2 SR L AUERRESiS R - Sadn S S RS
g cos’a ctg(—a) = —ctg a
2 _ 1
l1+ctga= e 7%
DopMyIBI CTOKEHHS CHHyC. KOCHHYC. TAHTEHC H KOTAHTeHC
cos(a + B) = cos acos B F sin asinf JBOMHOIO yria
sin(a £ p) =sinacosf tcosasina | . __Sin2a =2sinacosa
tg attgp cos 2a = cos’a — sina
tg (a i B) e [t M/ B R b3 O
1¥tgatgP 2tga
tg2a = —
1-tgla
CHHYC. KOCHHYC, DopMy.Ibl TOHHKEHHS CTeNeHH
TAHTeHC H KOTAHTeHC MOJOBHHHOIO VIja sin?a = 1-cos2a
_ 2a_ . 2@a s o e O
cos a = cos” 7 — sin®; 2. _ Ltcosta
1+ cosa = 2cos?% Bl S .
RSO 7 2 ORI 2: ipps——, ¢ 2« _ l—cosa
1—cosa=25nz; § 93 —_1+co_s&a
. 2tg= 1-tg%= 2tgs
— 4— — p—s
sina Tregil cos a —51“925 tg a —%l_tgzi
3aganus.
1.JlaHHbIE YIIIbI IEPEBEAUTE B PAJUAHHYIO 2.JlaHHbIE YTJIbI IEPEBEIUTE B TPAAYCHYIO MEPY C
Mepy ¢ TouHocThio 10 0,01 TOYHOCTBIO 10 1°
DL 6 w9
o. o . o a) —, —, B T
D) w77 9L w
o. o o a T, —, B —,
2) a)6° 0)56° B)L75 6 18

3 3
3) a)24°,6)320° B)3° Y @ =6 1Z7r B 77



4) a)72°6)5° B)140°

5) a)26°6)2° B)290°

6) a)8°6)72° B5)331°

7) a)23°6)7° B)125°

8) a)64° 6)160° B)5°

3.0npenenute 4eTBEpPTh, B KOTOPOU JIEKUT

JTAHHBIA YTOJI
1) a) Z: 6)-156°8) 12
12’ )

2) a) %,6)3150;3)-2

217

a)-——; 06)160° B)1,5

3) 4
37 .

a) —; 0)320° B)-23

4) 8
1T

a) 223°,6)-—; B)0,3
5) 6

a) 39—”; 0)432°; B)-5
6) 10

7) a)-264°; 0) %7[ ; B) 4

8) a)624°; 6)777[; B) -2,7

5. 3anummTe BCE yIIIbl, HA KOTOPBIE HY’KHO
noBepHyTh Touky P(1,0), 4ToOBI MOTY4YUTH
TOYKY C KOOpIANHAaTaMH1

1) a (ﬁ;_ﬁ]  6)(-1,0)
2 2

2) a) (1;0);6)(1;‘@J
2 2
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4) a) %[,6) 2%7: B) 57

5 a) %,6) ?ﬂ B) 11r7.
6) a) %»6) %ﬂ B) 37
N2 %: 6) 5?”; ) 97
8) a) 157; 6)777[; B) %;

4.IlocTpoiTe Ha YUCIOBOM OKPYKHOCTU TOYKH ,

COOTBETCTBYIOILME IaHHBIM yrjiaM (4Hciiam)
1) a)-264°;6) %7[ ;B) 4
ir
2) a)624°; 6)7; B) -2,7

3) a)- %” 6) 316°;

B) 1.4
3 .
4) a) ?,6) 148°;, B)-1,2

5) a) 7?”; 6) -259°; B)7

6) a) %; 6) -156°; B) 12

117
7) a) —X,6)315°;8) -2
) a) o ) B)

a)-le”; 6) 160° B) 1,5

8)
6.Haiinure KoopAMHATHI TOUKH, TOJTYyYEHHON
noBopotoM Touku P(1,0) Ha naHHbBIN yroa

1) —3—7[+27m
2

2) —7x+2mn



3) a [_‘@;_1];6)(0;1) 3) 7 om

2 2 2
4) a (0;—1);6)(_‘5;‘Ej 4) 9_”+2,m

2 2 2

5) a ( _ZJ 6)(~10) 5) 5z+2mn
6) 2 (1,0); 6)[1 _IJ 6) %’Hzﬂn
7) 2) (_i_ij 6)(0;1) 7) 117z + 220
8 _£ _21;6)(0;-1 8 i 2
) o (-2 fio0-1 ) -

7. Omnpenenute 3HAYCHUS 8. Ompenenure Mo TPUrOHOMETPHUECKOMY KPYTY

TPUTOHOMETPUYECKUX (YHKIIHI ¢ BCE YyIUVIBI ¢, JJIs KOTOPBIX:

MMOMOIIBIO TPUT'OHOMETPUUICCKOI'O KpyTa

1) a)sin%” 6)(303(_5?”) B)tgz'T” 1) a)sinazﬁ; 6)cosa:—£; B)tgoz:i

r)sin(-315°) 1) cos150°e) tg (-240°) ? ? V3

2) a) sinZF 6)cos(—%)e)tg % R L
r) sin(~120° ) cos315° e) tg (-225°)

3) @) sinZo)cos(—%) mtglF 3 Dsing-—T2; Oeosa—-1i Biga -3
r) sin(-210°) 1) cos120’e) tg (-300°)

4) a) sin & 6)cos(——) )tg3” 4) a)sina:_*/;; 0)cosa =1; B)tga:_i
r) sin(-315°) 1) cos150° e) tg (-240°) V3

5) a) sinZ6)cos(— %) v)tg%F 5) a>sina:f; 6>cosa:f: B)tgar = -1
r) sin(-120°) ) cos315°e) tg (-225°)

6) a) sin%6)cos(—%) pytglF 6) Dsina——1i Gcosq 32 Diga=- L
r) sin(-210°) ) cos120°e) tg (-300% 3

7) a) sin3Z& 6)cos(——) B)tg7T” 7) a)sing=-1; 6)00505:_%; B)tga:_%
r) sin(-a00°) €0s225° ) tg (-150°) ’

8) a) sin“f6)cos(—4) ) tgF ) Wsina=; 6>cosa:_f; B)tgar = -1

r) sin(-150°) m) cos135%) tg (-210°)



1)

3)

5)

HaiinuTe 3HaueHne BhIpaKEHUS:

1)

2)

3)

4)

5)

6)

7)

1)

2)

3)

4)

5)

6)

2sina++2cosa—3tga IPA 4 =~
4

3sin a +0,5c0s & —0,25ctgr IIPU ¢ = 60°

23in%+cosa¢—3tg%npl’I a=rn

10. Jlokaxute TOXKIECTBO

(ctg?ar — tg7a) = 20024
sin‘ 2a

(1-tga)cos2a = (L+tga)(1—sin 2a)

0s2a +5in 2 = (sina + cosax)? — 2sin’ &

(1-tga)cos2a = (1+tga)(L—sin 2)

cos2a  l+tga
1-sin2a 1-tga

1-tga 1-sin2a
l1+tga  co0S2a

cos2a  l+tga
1-sin2a 1-tga

12. Ympocture BEIpakeHUE

tg(% + a) -cos(a — z)- sin(% - aj

ctg(a + 2x) ~sin[% - a} . 005(37” + a]

o5l 5 vefsn(aT)
sSinf ——a |-t —+a |-sinf o ———
2 2 2

cos(a —2rx)-ctg(57 + @) sin(% + aj

Ctg[s—ﬂ - ozjcos(Z + ajtg(a - 1)
2 2 2

cos(2z — a)tg(a — 377[)5"'1(72' + )

tg(%Jr a)cos(a —ﬂ)-sin(%—a]

ctg(a + 2x) - sin(% - aj . cos[%r + a]

ctg(%[ - ajcos(a —27)-sin(z —a)

tg(27 + a)sin(% + a)cos(37z +a)

. (7 3z . T
sin| = —a |-tg| —+a |-sin| a ——
(2 j (2 j ( 2]

cos(a —2rx)-ctg (57 + a)sin(% + aj
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1)

2)

3)

4)

5)

6)

7)

2) sin2a-2cos9a —3ctga IPU o =30°

4) —sin2a+3cosa—0,5tga IIPU Z%

6) sin 2a ++/3 cos a —tga TIPH a:%
11. Haiinure

T
sing;tgg,eCJIPI cow:—l,—<a<7r
2 "2 2 2

sing;ctgg, CCIH cosﬂ:—\f:%<ﬁ<7z
S'ing'tgg ecTH sing == 37T<oz<27r

2! 2! —_ 2

Bgl comn cosp—_Y2 %

Zitg L, cosf=—— —<f<nm
COSZ g2 p 2 2 p

a a . 1~
cos—;ctg—, €M sing=——:"<ag<
2993 2’27

3
cosg;ctgg, eCH sinﬂ:—‘fvﬂ<ﬁ<£

2

sina'tga ecim 1T a<n
D) ] CcOoSs = ——1 _
2'%2 “=73

13. Omnpenenure, BEpHO JI PaBEHCTBO

1) sn5cos7 — sin10cos2=-sin5c0s3
2) c0s4cos6 — sin1sin3=c0s7c0s3

3) sinlsin3 - cos4cos6= - c0s7c0s3
4) cos6cos4 — sin3sinl=cos3cos?

5) sin3sinl — cos6cos4= - c0s7¢0s3

6) co0s4cos6 - sinlsin3=cos7cos3
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cos(a — 27)ctg (57 + &) Sin(z N “J c0s6c0s4 — sin3sin1=cos3cos7
2

ctg[%r — a}sin(a — %)cos(Zﬂ +a)

IIpakTuyeckas padora Nel4

IMocTpoenue rpadukoB U onpeejeHne CBOICTB TPUTOHOMETPHUYECKNX (PYyHKIMM.

Pa3nen 4. Tpuronomerpuieckue GyHKIIUNA
Tema 4.2. CBoiicTBa U rpa)Ku TPUTOHOMETPUUYECKHUX (PYHKIUH
Heas. [TocTpoenne u uzyuenue rpadukoB TPUTOHOMETPUUYECKUX (PYHKIIUHA.
3aganusd.

1.  Tloctpouts rpaduk y=COSX U HamucaTh CBOWCTBA.

2.  Iloctpouth rpaduk y=SiNX 1 HamucaTh CBOMCTBA.

3. [Toctpouts rpaduk y=tgX u HamMcaTh CBOWCTBA

4.  TloctpouTs rpadux Y=CtgX u HanmcaTh CBONCTBA

IIpakTnyeckas padora Neld

HccnenoBanue TPUroHOMETPHYECKUX (PYHKIUIA.
Pa3nen 4. Tpuronomerpuueckue GyHKIIUU
Tema 4.3. Bo3pacranue v yObIBaHUE TPUTOHOMETPUICCKUX (DYHKITUH. DKCTPEMYMBbI
Heas. opmupoBaHue u 0TpabOTKa HABBIKOB IIOCTPOEHUS U MPe0Opa30BaHUs JTHOOBIX
TPUTOHOMETPUUYECKUX (QYHKLUH.
KparTkas Teopus
Jnst moctpoeHust rpaKOB TPUTOHOMETPHUYECKUX (PYHKIIMH HEOOXOJMMO 3HATh, KaK CTPOSITCS
rpaduku mpocTedmux GyHKINN, TAKUX KaKk ¥V = Sinx, ¥ = cosx, v = tg x, Vv = ctg x.
JanpHeiime npeobpa3zoBaHus BBIIOJIHSAIOTCS C YYETOM CJEIYIOLINX MPaBUIIL:
— rpaduk ¢pyHkumMu y = f (x+6) nomyudaerca u3 rpaduka GyHKUUU y = f(X) mapauieIbHbIM
HIEPEHOCOM Ha(-6) €IMHUIL BJIOJIb OCH a0CIIUCC;
— rpaduk ¢pyHkuMH y = f (x)+a nomydaercs u3 rpaduxa GyHKUUU y = f(X) mapauieIbHbIM
NEPEeHOCOM Ha (@) eIMHUI] BJIOJIb OCH OpJIUHAT;
— rpaduk Gyakuuu y = f (kx) momyqaercs u3 rpadpuka QyHKIUHU y = f(x) myrem ero cxarus B K
pa3 (pu k>1) Brosb ocu aberuce;
— rpaduk ¢ynkuun y = f (kx)nonmyuaercs u3 rpapuka GyHKUMHM Y = f(x) myTeMm ero
pactspkenns B K pas (mpu 0<k<1);
— naust moctpoeHus rpaduka ¢pynkuun y=Kf(x) Hamo pactsayth rpaduk ¢pynkuun y=f(x) B k
pa3 B/I0JIb OCU OpJIMHAT.
3aganus
1. JlononHUTE MpEeATOKESHUS
1) T'padux PpyHkumm y=2sinx momydaercs u3 rpaduka GpyHKIUU y=sinx
2) TI'pacduk ¢pyHkmu y= 1/2 sin X momydaercst u3 rpapuka QyHKIUH y=sinx
3) I'paduk ¢pynkum y=sin(x+60)nomxyyaercs u3 rpapuka GyHKIHHA y=sinx
4) T'paduk ¢pynkum y=sin(x-30) nomaydaercs u3 rpapuka QyHKIUH y=sinx
5) I'paduk GpyHKIMM y=sin2X nonxydaercs u3 rpaduka GyHKIHH y=sinx
6) I'paduk pynkmmm y=sin( 2 1 x) momydaercs u3 rpapuka QyHKIUH y=sinx
7) T'paduk pyHkmu y=sinx+2 nomyyaercs u3 rpaduka GyHKIHN y=sinx
8) I'paduk pyHKIMM y=sinx-3 mosy4aeTcs u3 rpaduka GyHKINU y=sinxX
2. Tloctpouts rpaduk pyHKIUN

1) IIocTpoiiTe rpaduk GyHKOuM y = sinx — 1;



ITocrpoiiTe rpaduk GyxHOUH y = COS (x - E];

3)
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6

ITocrpoiiTe rpaduk GyHKIUM Y = sin(x - Itﬁ-] + 2;

4) Ioctpoiite rpadur dyExkouu y = sin x + 0,5;

5)

Ilocrpoiite rpadux GykHINK y = cOS ( x+ E];

3

IIpakTuyeckas padora Ne 16

Pasnen 4. Tpuronomerpudeckue GpyHKuuu .
Tema 4.4. PemieHne npocTelInX TPUrOHOMETPUUECKUX ypaBHEHUI

Hesb. 3HaTh METOIBI PEIICHUSI TPUTOHOMETPUIECKUX YPaBHEHHM, (POPMYIIBI IS HAX 0K ICHUS
KOpHEH, YMETh HUCIIOJIb30BATh ITOJYYEHHBIE 3HAHUS [IPU PEIICHUH YPABHEHUM.

Kpartkas Teopus

Pemienue TpuroHoMeTpu4ecKux ypaBHeHUH

Tabmmma | Pemrenie npocTellmix TPHTOHOMETPITIECKHX YpaBHEHIIT

YpasHeHHE TopMy Il pellleHAd JacTHBIE CTYVIaH
sinx=0; x=mk_ kez
inx=1; x=2+27k, k
- siny =1; x=— £z
. TIpH |c:r|£l.\':[—lfarcs1na+m‘r,ker ’ 2 T
sinx=a .
npH |n|>l - peImeHH HeT sinx=—1 x=—L49
2
=
- el 2 -
pH |a|£l X =tarccosa+2m, ne : cosx=0; x=—+2m, ne:
cosx=a . -
MpH |c:r| >1 - peloeHHH HeT cosx=1;x=2m, 6 ne:
cosx=—1;x=a+2m ne:z
lex=a a - m000e UHCIO X = arciga+ ke z -
- 0 ' = | o -
cter=a a moboe UHCIO X =arcciga+ ik,
ke

Tabmmma 2 TpuroHoMeTpHtecKIe YpaBHEHHIS

(CHHYCBI H KOCHHYCEI) BHIA
asin® f(x)+bsin flx)+c=0

OTHOCHT2IBHO CHHYCA (KOCHHYyCA)

YpaeHeHHE Crocod penreHHs PopMyIEL
1. VpapHeHHe CcOJEp:KHT TOIBKO | YpaBHeHHe CBOJHTICH K| sin“a=1-cos o
CHHYCEI HIIH KOCHHYCHI | KBagpaTHOMY  (OHKBAZpaTHOMY) cos = 1—sin &

a’ +bx+ec=0

tex

. - -b++D
acos” flx)+bcosflx)+c=0 -‘=T
HT.I

2. OmnopomHOoe  ypasHenHe I | Jlenenme oDeHx gacTeif Ha sing ;
=7e
CTelleHH BHJa cosx = 0. ITomygaeM: cosa
asinx+becosx=0 argx+b=0
(a=0, b=0)
3. OguopomHOoe  ypaBHeHHe II | JlemeHHe obDeHx uacTell Ha sin e
CTeII8HH BHIA cos x=0. ITomy4aem: " cosa
.2 ) . i .
asin® flx)+bsin flx)- atg’ flx)+ btgx+k=0 P
-cos flx)+kcos” flx)=0 = cos’
4. YpasHeHHe BHIA YpaeHeHHe CBOTHTCH K| fgx-crgx=1
atgx+betgx+c=0 KBagpaTHOMY OTHOCHTENIEHO
TAHTeHCA 3aMeHOH agr=-——
1 &x
ctgx=—
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3aganus.

1. Pemute ypaBHEeHuUs

1) sin(3x—%)=§ 2) 2cos’x-sinx—1=0 3) sinx=2cosx 4) sin4x+sin?2x=0
P 7) sinx—2cosx=2

5) tg(3x—z)=—1 6) 2sin®x—cosx—1=0 8) 4cos® x+c0s2x =5
11) sin x+~/3cosx =;

9) cos(2x+7é)=\/2E 10) 3cos® x—sin x—1=0 ) 12) 1+sin? x =sin 2x
15) 2sin x+cosx =2

13) cos(2x+7g)=\/2E 14) 4cosx—sin?x—4=0 16) sin 2x—cos X =0

3 19) sin x —2cos x = 2
17) cos(3x + ) = 18) 4sin x—cos*x—4=0 20) 4sin?x—cos2x =5
21 T \/§ -2 . . ) .
)tg(3x—§):? 22) sin“ X —2c0S X = -2 23) sin X = 2¢c0s X 24) 2cos® 2x —1=sin 4x

27) sin x+cosx =1

25) sin(3x—%) =§ 26) 4cos® x—3sinx =3 28) sin 4x + cos® 2x =2
31) 2sin x+cosx =2

29) ctg(3x+ ) = —/3 30) 2cos® x—sinx—1=0 32) sin2x+4cos? x =1

2. Pemmte ypaBHeHHe

1) cos3x—cos5x = sin 4x 2) cos® x—3sin xcosx+1=0

3) sin5x+sinx—sin3x=0 4) sin?x—10sin xcos x +21cos’* x =0

5) sin3x+sin x = 2sin 2x 6) 1-4sinxcosx+4cos’x=0

7) cosx+cos3x—4cos2x =0 8) 2sin®x—4sin xcosx+1=0

9) sin 7x—sin x = cos 4x 10) 5sin’ x +3sin xcos x —3cos” X =0
11) sin 3x +sin X+ cosx =0 12) 3sin?® x —5sin xcos x +2cos’ x =0
13) €OS X + C0S 3X = 4.€0S 2X 14) 1—8sin xcos x+6¢0s” x =0

15) oS 3X — 0S5 —sin 4x = 0 16) cos’ x—3sin xcosx+1=0

17) COS 7X = COS5X +sin x 18) 2sin xCcos X +3cos’® x =sin” x

19) sin 7x —sin x — cos4x = 0 20) —3sin xcos X +cos’ Xx+1=0

21) sin 7Xx — cos 4x = sin X 22) 2sin® x—4sin xcosx+1=0
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IIpakTnueckas padora Ne 17

PeunleHue TpUroHoMeTpH4YeCKUX HEPABEHCTB

Paznen 4. Tpuronomerpuueckue GpyHKIMH

Tema 4.5. PemieHne npocTeiinx TPUroHOMETPUUECKUX HEPABEHCTB

I_Ie.m,. 3HaTh METOABI PEMICHUA TPUTOHOMETPUUCCKNX HEPABEHCTB, YMETDH MCIIOJIb30BATH

MOJTyYEHHbIE 3HAHUS MIPU PEIICHUN HEPABEHCTB.

KpaTtkas Teopus
HepaBeHcTBa:

COSX=a,C0SXza, COSX<4g,C0sSX<£a.

(a<1]

COS ¥ > a <> — arccos a + 2xn < x < arccos a + 2nn,
nedz

a

nez

@ = arccos @; = 2r - arccos a

1

IIpuamep : COs X < 5 .

5 .
Otser: (%‘f‘ 277-’(;%4‘27?-’(},]{6 Z.

B obmeMm Buze:

COS X=>-a, a>0 n-arccos a+2qk

-r+arccos a+2nk

Otser: — T +arccosa+2axk <x < —arccosa+2nx ke Z.
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HepaBeHcTBa :sin X >a,sinxXz2a,sinx<a,sinx<a

Sinx>ae&arcsina+t2mn<x<mw-arcsina+2mn, neZ

o = arcsin a; p = w-arcsin a.

sinx<ae -m-arcsina+2mn<x<arcsina+2wmwn,ne’Z

@ =-T-arcsin a; p=arcsin a.
Ipavep | Pemmre HepaBeHCTBO sin x> 1

. 1
Ha eguHHYHOII OKpPYKHOCTH NPOBONUM IPAMYIO V = E , KoTopas IepeceKkaeT OKpPYXKHOCTEL B
Toukax A uB.

1
Bce 3nauenns y Ha mpomexyTke NM Oosbire 57 Bce Touku ayru AMB yrmoBmeTBOpsrOT
T St .
JTaHHOMY HepaBeHCTBY. IIpn Bcex yriax moBopora, 00IbImx 5 HO MEHBIIX =’ sin X Oymer

1
IIPHHUMATE 3HAYCHIA 6oibIIe E (HO He OolplIe BJ]IIHIIIIBI).

sinx> ¢
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HepaBeHcTBa:

tgx>a;tgxza;tgx<a;tgxsa.

tgx>a tgx<a
arctga + »rn < x < »n/2 + nn, -n/2 + nn < x < arctg a + nn,
nel2 ne
tgx>a tigx-<a
arctiga + nn < x < n/2 + nn, -n/2 + nn < x < arctg @ + nn,
neZ nelZ

S

3aganusa

1.Pemutes ypaBHEHUS

1) sin 2x > = : 12) cosXs_ 1
2 2 2
2) sinx<£' 13) c055x<£;
<S5 5
3) sinxz0; 14) c052x<—§;
4) sinx <1; 5
2.
5) sinx>1; 15)cosx27,
. 1,
6) sinx<=; J2
3 16)cosx>—7,
7 sinx<0;
) < .
17) cos— < ——
. 2 . 2 2
8) sinx<——;,
2 18) cosx > 0;
9) sinx+%20; 19) cos2x < 0;
20) \2cos2x < -1;
_x 3,
10) sin—<—; 4
2 2 21)cosx<g;
. 3x 42
11 ==
) sin=-> 2 22)cosx<—5

22
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IIpakTnueckas padora Ne 18

FCOMeTPI/I‘leCRI/Iﬁ U MEXAaHUYECKHUIl CMbICJI IPOU3BOIHOM.
eomeTnuueckyii cMbIC TG depeHnualia.

Paznea S. IuddepennmanbHoe HCUUCICHIE

Tema 5.1. [lonsiTie o mpou3BoHOM. [IpaBuita BEIYUCICHHS TPOU3BOAHON (DYHKITMH

[ean. 3HaTh OCHOBHBIE OMPEIETCHUS TPOU3BOIHOM, TEOMETPUUECKUN U MEXaHUYECKUN CMBICI
npou3BoHOM. OTpaboTKa MOJYYSHHBIX 3HAHUM.

Kparkas Teopus

IIpou3soonas u ee mexaHuueckuil CMulCIL.

N3 popmyel (1) chopMmynupyeM mexanuueckuti cCmvici BPOU3BOOHOLL:

Mexanuueckuti cmblc IPOU3BOIHON 3aKIIFOUAETCS B TOM, UTO MCHOBEHHASL CKOPOCMb
MamepuanbHot Mo4Ku 8 Momenm epemenu t pagna npouseo0HOl 3aKOHA NYMU O8UNCEHUs. ITON
TOYKU:

v(t) = s'(t)

Ipumep 1.

BoruncnuTh MTHOBEHHYIO CKOPOCTh MaTepuaibHONW TOUYKM B MOMEHT BpeMeHH t=1, nBurarornieiics
110 3akoHy S(t)=t>-3t+1

Pemenue

[To onpeneneHno MEXaHUYECKOT'0 CMBICTIA MPOU3BOAHOMN MOTYYHM 3aKOH CKOPOCTU MaTepuaibHOU

TOYKU:
v(t) = s’ ()=(?-3t+1) '=2t+3

v(1)=5
Omeem:5

[Mycte dpynknus f(X)onpeneneHa Ha HEKOTOPOM IIPOMEXKYTKE, X- TOUKA ITOTO MPOMEKYTKA U YUCIIO
h=0, Takoe, X+h Takxe mpUHAIICHKUT JAHHOMY ITPOMEIKYTKY.

Onpeoenenue 2.

npu h — 0 (ecam 3TOT mpeaeN CyIECTBYET)

t+h)—f(t
TIpesien Pa3sHOCTHOTO OTHOMIEHHUS w

Ha3bIBAETCH npouseo0Hol pynxyuu f(X) 6 mouxe x n o6o3navaercs  f'(X) (uuraercs «IP mWTPUX OT

ukcey). Takum oO6pazom,
FO=1mESTE @

B dopmysie (1) uucimo h=0, MoxeT ObITh Kak MOJOKUTEIBHBIM, TAK U OTPHUIIATEIBHBIM, IPU 3TOM

X+h 10MKHO MPUHAAISKATH IPOMEKYTKY, Ha KOTOpOM ornpeneneHa GpyHkiust f(X).

Ecnu ¢pynkiust f(X) iMeet mponu3BOHYIO B TOUKE X, TO 3TO (DYHKIIHS HA3bIBACTCS
ougpepenyupyemoii 8 3moii mouxe.

Ecnu ¢pynkiust f(X) iMeeT mponu3BOAHYIO B K&XKI0H TOYKE HEKOTOPOTO MPOMEKYTKA, TO 3TO
TOBOPAT, UTO 3Ta QYHKIUS Oudgepenyupyema Ha 3mom npoMexcymxge.

Omneparust HaX0XKICHUS POU3BOTHON HA3BIBACTCS QU hepeHyuposanuem.

Ipumep 2.

Haiitr nmpomssoanyio Gyakmun f(x) = x2.

Pemenue

fx+h)—f(x) _ (x+h)>—x? _ 2xh+h?
h o h - h

=2x+h

CocraBum PAa3HOCTHOC OTHOILICHHUEC

Ecmu h — 0, 10 2x + h = 2Xx, mostomy
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lim f

h—0

(x + hz IO yim(2x + h) = 2x

h—0

CrenoBarensHo, (x2)' = 2x

Otser: 2X.
Ipumep 3.Haiitu npousBoanyro nuneinoi pyukuun f(x) = kx + b.

Pemenue
fx+h)—f(x) k(x+h) +b—kx—b
h B h B
im LD =) e~k
h—=0 h h—0
(kx+b) =k
Otser: K.

T'eomempuyeckuil  cmbic BPOU3BOOHOI.
f'()=tga (1)

T'eomempuueckuii cmvici BPOU3BOOHOU COCMOUM 8 MOM, YMO 3HAYeHUe NPOU3BOOHOU YHKYUU 8
MouKe pasHo yeno8omy Koagguyuenmy kacamenvHol K 2paguxy QyHKyuu 6 3motl mouxe.

BriBenem ypasnenue kacamenvhoui Kk epaghuxy ouggepenyupyemori ¢ynxyuu ¢ mouxe (xo; f(xq))
Eciu y=kx+b — uickomoe ypaBuenue, 1o mo ¢popmyie (1) k= f'(xq)=tga.
Cnenoarenbho, y=f"'(xy) xo+b. [ToacraBum koopauuarsel Touku (Xg; f(xg)), moayunm
b=f (xo) xo-f"(x0) X0
Urak, ypasnenue kacamenvroii k epaguxy oughpepenyupyemoii hynkyuu ¢ mouxe (Xq; £(xq))
y = fxo) + f'(x0)(x — x0) (2)

IIpumep 4.

Haiitu yron mexnay xacatenbHoO# K rpaduky pyHKIHN Y=COSX B TOUKe C a0CLUCCON X =

o A
~

ocbro OX 1 HamucaTh YpaBHEHHE dTON KacaTeIbHOM.

Haiinem 3nauenue pynkimu f(X)=COSX 1 ee MPOU3BOAHOI B TOUKE X = g:

V3 o —1
f(xo) = COSE = T,f'(xo) = smg ==
CrnenoBarenbHO, YTOJI MEXKAY KacaTenbHOU K rpaduky GpyHKIMH Y=COSX 1 ocbto OX  paBeH

1 .
—arctg; o popmyre (2) uckomoe ypaBHEHHE KacaTeIbHOM:



62

3 1( :rr) 1 (JE :rr)
=— ——|x —= UIIN =——x—\—+—
y 2 2 6 y 2 2 +12
3aganus.

1. Tlomp3ysck onpeaeieHueM, HAUTH TPOU3BOTHBIC (DYHKITHI:

Df(x) = 4 6)f (x) = 3x2 + 6x;
2)f(x) = 3x + 2; f(x) = x — 2x3;
3)f(x) = 5x+7; 8)f(x) = 3x% — 5x;

4) f(x) = 4x; 9) f(x) = 5x% — 2x + 7,
5) f(x) = 6x3; 10) f(x) = 7x? +x — 1.

2. BpIUMCINTH MTHOBEHHYIO CKOPOCTh MaTE€pUaIbHOM TOUKH B MOMEHT BpeMeHu t=2,
JIBUTAIOLIEHCS 10 3aKOHY:

1) s(t) =2t+1;
2) s(t) =2 — 3t;
3) s(t) = %tz;
#)s(t) = 5¢?

5) s(t)=t*+4t-1.

3.Haiitu yriioBoit koadduiimeHt kacateabHo# k rpapuky Gpynkuuu y=f(X) B Touke C abcipccoi X

1)f(x) =23 x0 = 1; 5) f(x) =x"—3x,x% = 1; 9)f(x) = = % =05;
2)f(x)=sinx,x0=E; 6)f(x)=2\/f—7.x0=i 10)f(x)=11—2c03x,x0=%
3)f(x)=lnx,x0=1; 7)f(x)=§—3;,x0:—%;

4) f(x) = e*,x, = In3; 8) f(x) = VT6x + 21, %0 = 5;

4. HaiiTi yron Mexxay KacarenbHoi K rpaduky ¢yHkipn Y=Ff(X)B Touke ¢ abCmccon x,:
1) f(X)=§x3.xo=1; 4)f(X)=\1,—;.xO=3;

3x+1

f ) =1 x0=1; B)f()=e> %0 =0;

3)f (x) = 2v/x,x0 = 3; 6)f () =In(2x + 1),x0 = 2;



63

5.CocraBuTh ypaBHEHHUE KacaTelbHOM K rpaduky ¢pynkimn Yy=Ff(X) B Touke ¢ abcuuccoit x,, eciu:

Df(x)=3x%+4x +5x=—1; 3)fx)=+vV2x—3,x,=6

m

2) f(x)zé,xgz—?.; 4)f(x)=2x—6032x,x0=1

IIpakTuyeckas padora Ne 19.

Havawnenue npou3BOAHBIX QYHKIUIA.
Pazpnea S. IuddepennmanbHoe HCUUCICHIE
Tema 5.2. [IponsBoaHast CIOXHOU PYHKITUH
Tema 5.3. TThourramawe ThurouoneTnuueckuy thyHKIUN
Tema 5.4. TTnaurrnnmaag novaraTennunit chvoacrium

Tema 5.5. [IpousBogHast norapupmMuueckoin GyHKIUN

Henab. 3HaTh TabnUIly U MpaBUIa HAXOXKACHUS TPOU3BOIHOM MPOCTHIX, CIOKHBIX U OOpaTHBIX
bynknui. OTpaboTKa MOJyYEeHHBIX 3HAHUH.

Kparkas Teopus.

Dopmynvl Quggepenyuposanis OCHOBHBIX PYHKYUL

(C)' =0, (x%)' = ?wc‘x—i, IE 4ACTHOCTH: |
(kx + b)' = k; @ =1(5) ==z V2= 5=
(sin x)’ = cos x; (e*) =e";

(cos x)' = —sinx; (Inx) = i—;

(tgx) = — - (@) =adna

(ctgn) = ———; (logg 2)’ = ——;

(arcsin x)’ = “],_rl'l%;u': (shx) = chx;

(arccos x)’ = — }f’—li—?: (ch x)" = sh x;

(arctg x)" = ﬁx—i; (thx)" = chlzx;

(arcctg x)’ = n—l—_:-—x-g; (cthx) = — shlﬂx'

Ilpasuna evluucienuss npOU3800HbIX
1) Ilpouseoonas cymmol pasna cymme npoussoOHbIx:

(FO+9(x) = () +9'(%);
IIpumep 4.

Haiitu nmpousBoanyto GyHKIMH:

flx)=x3—x?+x-3

Pemenue

fe) =@ —x*+x-3) =) — (' + @) - @3)
=3x*—2x+1

2) Ilocmosnnbwiii MHOJNCUMEND MOXHCHO BLIHECTU 30 3HAK NPOUIBOOHOI:
(k-u) =ku', 20e k— const.
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JlaHHO€E PaBWIIO JOKA3bIBACTCS aHAJIOTUYHO IIEPBOMY IIPABUILY.
IIpumep 5.

Haiitu npousBoanyto GyHKIHU:

1
f(x) =1x5—3x3 +7x — 17

Penrenue

I

flx) = (%xs —3x% + 7x — 17)

= st), —(3x3) + (7x) — (17)’
= %(xS)' —3(x*) +7(x) = (7) = %x‘* - 9x*+7

3) Ilpoussoonas npoussedenus:
(fx)e(x) = ()e(x)+/(x)g ()

Ipumep 6. Haifi 1pon3BoJHYIO IPOU3BENCHHS ABYX (YHKIIHIA:
f(x)=Bx*-5)ungkx) =Q2x+7)

Pemenue

(f)900) =

((3x2 —5)(2x + 7))r =(Bx*-5)'2x+7)+(Bx*-502x+7) =
6x(2x +7) + 2(3x* —5) = 18x% + 42x — 10

4) Ilpouseoonas uacmmnozo:

(@) _ [ @g() — f()g'(x)
g(x) g*(x)
5) [Ilpouszseoomnas croxchol yHKkyuu:

[/ (e())] = /' (g(x))- g ()

Ipumep 7.

Haiitu npou3BoHy0 QyHKITHN:
1) sin(2x+1);
2) e3%.

Pemenue:
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1) (sin(2x+1)) =sin’(2x+1) (2x+1)= 2cos(2x+1);
2) ()" = e’ (3x)' = 3e%%;

3. Ucnonb3ys ¢popmyibl auddepeHnpoBaHus, HalIUTe TPOU3BOAHYIO (PYHKITUH:

1)x5; 9) x%; 17)%_%)_6; 25)e”; 33)5%;
2)x7; 10)x§; 18)%% ; 26)Inx; 34)log, 3;;
3)x 1l 1), 19)1; 27)5x+2; 35)logs x ;
A)x 3 12)x V3, 20)2; 28)2x; 36)log, x;
5) x2; 13)%5; 21)1000000; 29)-5x; 37)arccos X;
6) x3; 14)xi9; 22)COsX; 30)7-3x; 38)arctgx;
7) x4 15)¥/x; 23)sinx; 31)1-2x; 39)tgx;

8) x~7; 16)Vx2; 24)4x-3; 32)2-5x; 40)r

4. Haiinute npou3BoJHYIO QyHKIUU:

1)x? + x; nx? —x; 13)-17x%; 20)13%2% + 26;
3x% —5x+5; 8 14) 21) Yx + 7Vx2
3}(5 — 6x° 2x® —3x* +6x +1;
’
3eX + 1, 9)e* +x%  15)5%+3e”; 22) x© _|_§
42+e”; 10)6™+logu:X; 16) e’ | 23)logzxsinx
cosx’
1 - . X )
5)logax+— 11)x-cosX; 17) 3 : 24) x? + 6x + 8lnx;
2x sinx
i 2. 3 . 1 .
6)sinx+x; 12) e* + 2x 18)Inxcosx; 25) Ex — Sinx
5. Haiigute mpou3BoaHy0 QPYHKIUH:
1) (4x-1)% 11)sin(2x-1); 21)e®;
-3.
1293 8?;32) ’ 12)cos(x+2); 22)e¥+In(x%-2x);

4) \/W; 13)sin(3-x);



5) V7 — 3x;
6) V5x;

7 (-5%)%

8 ;
) %3x+1

9 ,
) 3 2x+1

10) 1/ (3x — 2)3;

6. Haiinure mpousBoaHYIO:

2
y:%—5x7 L Ax+4

4)

2 3
y:%+3x6—3x—1

7)

4
y=31—8x2—5x+3

10) 14
X2
y="-5%X"+4x-2
13) 5
4
y:4i—2x2—2x+8
16) 10
3
y=2 3 i ax13
19) 3
4
y=4i—5x2—2x+9
22) 15
4
y:3L—7x2—6x+4
25) 12
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14)cos(x);

15)V sinx;
16)3/cosx;

1 "
cos2(3x+5)’

17)

18)In(cosx);
19)2cosx+1.
20) sin'%°(6x);

2y ¥=(¢-5x4x-5)
5 ¥ = (3 -2x)5x+6)
g) ¥=(6x"+3xax-1)
1)Y= (x? +5x)4x+5)
14y ¥ = (" ~5x)(4x-5)
17 ¥ = (¢ —5xJax—2)
sy ¥= 6+ 352
23) ¥ = [ +5x)(4x+5)

26) ¥ = (3x2 + 2xX5x -6)

1+sinx .
2305 Mg

28)loga(dx+1)+Vx 2 + 2x + 1;

2x+3
5

25)In + (logi5(5x+1))?;

4
26) 83x +2x;

2X—log, (x)
27—,
sinx
1—-sin2x )
sinx—cosx’

eX—e™X

29—

521’,’

30)

sin 3x+47’

y= 3x* —5x+8
3) 3+5x°

y= 3x* —5x+8
6) 3+5x3

= 4x* +5x -6
9) 1-5x?

y_4x+5x2—6
12) 2+5x

y_3x2—5x+8
15) 3-5x%°

y = AX+5%* -6
18) 2 +5X

y 3x* —5x+8
21) 3+5x°

y = 4x* —5x—6
24) -5x% -1

y_4x+5x2—6
27) 2+5X



6x>
28)

2x3

31)

7. Haiinute npou3BOgHYIO

nY= (2x3 - 5x)4
5Y = (5x° +3xf

oY= (2x3 - 5x)4

13)Y = (¢ =5x'
7)Y = (2 =5xf
21yY = (¢ =3¢
25 = (¢ —5x7f
209)Y = (2x° -5
33) Y = (2" - 5x)

7)Y = (5x° + 3xf

anY = (x* -5x

y:7—8x7 +2X+5

y=""+9x*—5x+1
17

7)Y = ctg(4x —5)

6 = sin(5x +6)
10)Y = cos(4x —1)

1Y = tg(4x +5)

18)Y = Clg (4x-5)

22)Y = sin(4x +5)

26)Y = cos(4x —1)

30)Y = tg(4x +5)

30) y = ctg(5x +6)

28)Y = sin(4x —1)

42)Y = cos(4x +5)
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29) ¥ = (6x2 —3x)4x+1)

32) ¥ = (7x2 - 3xX4x -5)

,y=T
y = 10(6x2 +3x)

11)

15)Y = Ig(x2 + 5x)

_ (x2+5x)
19) y=¢

23 = Iog3(x2 + 5x)

_ (x2+5x)
27) y=¢

anyY = Iog4(x2 + 5x)

35)Y = Ig(3x2 —~ 2x)
20)Y = In(6x2 + 3x)

43)Y = Iogz(x2 + 5x)

_ 3x*+5x-8

30) y 3+5x%°

_ 4x+5x* -6

33) Y 2 +5X

Y= arcsin(2x)
gy = arccos(4x)
1) Y = arcctg (14x)
16) ¥ = arccty (~3x)

20)Y = arcsin (5x)

1 2
24)Y = Etg(x+?)—3
%)Y = arctg(27x)

3p)Y = arclg (8x)

3) Y = arcclg (—x)

40)Y = arcsin (6x)

aa)Y = arccos(19x)
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IIpakTnueckas padora Ne 20

HUcciaenoBanue (l)yHKIII/II/I ¢ NIOMOIIbIO l'[pOI/I3B0)1HOi71

Pazpnea S. luddepennmanbHoe HCUUCTCHIE

Tema 5.6.lccnenoBanne pyHKIIMHU C TOMOIILIO MPOU3BOTHOM

Henb. ®opmupoBaHre yMEHUNH Ha HaXOKICHUS IIPOMEKYTKOB BO3pACTaHUS U yObIBaHUS (DYHKIINH,
9KCTPEMYMOB (YHKLHH, MPOMEXKYTKOB BBIIYKIOCTH M BOTHYTOCTH rpaduka (YHKLUUHU, TOUKU
nepern6a. OTpaboTKa MOMYYCHHBIX 3HAHUHM JUIsl TOCTPOCHUS Tpaduka (QYHKIUH, HAXOXKICHHS
HauOOJIBIIEr0 U HAMMEHBILETO 3HaUeHUH (DYHKIIMM Ha IPOMEXKYTKE U OTpE3Ke.

Kpartkas Teopus.

1. Haxoocoenue NPOMENCYMKOB MOHOMOKRHOCMU U NMOYeK dIKecmpemyma

Okpecmnocmplo mouku Xp Ha3bIBAETCS JIIO00M HUHTEPBAJI C IIEHTPOM B TOUKE X,
Touka Xo Ha3bIBACTCS MOUKOU MAKCUMYMA, €CITH JUTS JTIIOOOTO X U3 OKPECTHOCTH
TOYKH Xo BBITOJIHACTCS HepaBeHCTBO: f(Xo) > f(X).

Touka Xo Ha3bIBACTCS MOUKOU MUHUMYMA, €CITA YIS JIIOOOTO X M3 OKPECTHOCTH
TOYKH Xo BBITOIHACTCS HepaBeHCTBO: f(Xo) < f(X).

Touku MUHUMYMa U MaKCUMyMa (DYHKLIMU Ha3bIBAIOTCS MOUYKAMU IKCMPeMyMa  PYHKYUU.

TO‘IKI/I, B KOTOPBIX MPOU3BOJHAA paBHA HYJIIO UJIK HE CYHICCTBYCT, HA3bl6AIOMCA KPpUMUYEeCKUMU
mo4YKamu.

CrpaBe/uInBa TEOPEMBI.
Teopema 1.

Ecnu xg — TOuka sxkcmpemyma, TO IpOU3BOHAS B 3TON TOUKE paBHA HYIIO, T.€. f '(x) = 0.
Teopema 2.

Ecnu B 0OKpecTHOCTH KPUTHYECKOM TOUKH f '(X) MEHSIET 3HAK C «+» Ha «-», TO 3Ta TOUKA SIBJISETCS
TOYKOM Makcumyma, €Ciiv ¢ «-» Ha «+», TO TOUKON Munumyma.

IIpasuno naxoarcoenus sxcmpemymos yukyuu 'y = f(X) ¢ nomowwio npouzeoonoii

1. Haiitu npousBoaHyto GyHKIUU [ '(X).

2. HaiiTh KpUTHYECKUE TOYKH, T.€. TOUYKH, B KOTOPBIX ITPOM3BO/IHAS paBHA HYIIIO WU HE
CYILIECTBYET.

3. HccnenoBaTh 3HaK MPOW3BOIHON B MPOMEKYTKAX, HA KOTOPbIE HalICHHBIE KPUTHYECKHE
TOYKH JeNsT o0nacth onpenencHus pynkuuu f(X).

Ecnu Ha npomesxyTtke f '(x) < 0, ToO Ha ’TOM IPOMEXYTKe (PYHKIUS YOblgaem; €ClIi Ha IPOMEKYTKE
f’(x) > 0, To Ha 3TOM TIpOMEXKyTKE DYHKITUS 803paAcmaen.

4. Ecnu B OKpECTHOCTH KPUTUYECKON TOUKH f ’(X) MEHSET 3HAK C «T» Ha «-», TO 3Ta TOUKa
ABIIAETCS TOYKON MaKcumyma, eCiy € «-» Ha «+», TO TOUKOU MUHUMYMA.
5. OnpenenuTs TOUKM MUHUMYMa U MaKCUMyMa M 3arucaTh OTBET.

C momo1IpI0 MPUBEACHHOTO AITOPUTMa MOKHO HATH HE TOJIBKO AKCTPEMYMbI GYHKIIMH, HO U
MIPOMEKYTKH BO3paCTaHUs U YObIBaHUS (PYHKITUH.

Ipumep 1.
HaiiTi pOMeXyTKH BO3PACTAHMS W YOBIBAHHS; TOUKH SKcTpeMyMa dyrkim: f (X) = x° — 3%%.

Pemenue:

1. Haiizem mpomsBoxuyio Gyukmmn: £ '(X) = 3x% — 6x.
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2. HaiiieM KpUTHYECKHE TOUKH , PELINB ypaBHEHHE 3X° — 6X =0;
3x(x-2) =0
x=0, x=2

Hccnenyem nosenenne IMpOU3BOJHOM B KPUTUYECKUX TOUKAX U HA MPOMEKYTKAX MEXKIAY HUMU.

X (-20;0) 0 (0;2) 2 (2;+00)
[ ) + 0 - 0 +
f(x) max min
el ~a e
0 -4

OtBer: OyHKIUA BO3pacTaeT npu X € (—oo; 0) U (2; +00)
(GyHnkuus yosiBaeT npu Xe (0; 2)

TOYKa MUHUMYyMa QYHKIUU X = 2; TOUKa MakcuMyMa QyHKIIH X = 0.

Aneopumm HaxoxcoeHuss HaUOOILULE20 U HAUMEHBULE20 3HAYEHUSL HENPEPLIEHOU (YHKYUU HA
ompeske [a;b].

3amnuiiemM AJIITOPUTM, HO3BOJ’I$HOHIPII>1 HaXOaUTh HanOOJIbIIIEE U HANMEHbIIIEE 3HAUCHNE q)YHKIII/II/I
Ha OTpE3Ke.

1. Haxonum obaacms onpedenenus hynkyuu v mpoBepsieM, COAECPIKUTCS JTU B HEH BECh
otpe3ok [a;b].

2. HaXO)]I/IM BC€ TOYKH, B KOTOPEIX HE CYIICCTBYCT IICPBasd IMPONU3BOAHAA U KOTOPLIC
coaepxarcs B otpeske [a;b]

3. OmnpepensieM Bce CTallMOHAPHBIC TOYKH, ITOMaaroime B oTpe3ok [a;b]. s storo,
HaXOoauM IIPOMU3BOJHVYIO (bVHKHI/II/I, IMpUpaBHUBACM €€ K HYJIIO, p€IIAEM IMOJTYYECHHOC
ypaBHEHUE U BBIOMpPAEM MOIXOAIINE KOPHHU.

4. Brruncnsiem 3HaueHus QyHKIIMU B OTOOpAaHHBIX CTAlIMOHAPHBIX TOUKAX (€CIIU TaKue
MMEIOTCS), B TOUKaX, B KOTOPBIX HE CYILIECTBYET MepBast IPOU3BOIHAs (€CITU TaKue
UMEIOTCsI), a TAKXKE MpH X=a u X=h.

5. W3 monmyyeHHbIX 3HAaYeHUH (QYHKIIUHA BHIOMpaeM HaAaMOOJIbIIIEe M HAMMEHBIIIEE.

Paz6epem anropuT™m mpu pelieHrur puMepa Ha HaX 0K ICHHE HAanOOJIbIIIETO 1 HAUMEHBIIEro
3HaueHUs QYHKIIMH Ha OTPE3KeE.

Ipumep 2.

B
o xt+4

Haiitn Hanbonpiee u HanMeHblIee 3HadeHue Gynkuun f(x) = —— Ha orpeske [1;4];

e

1) D(f)=x € (—o0; 0) U (0;400)
[1;4] € D(f)

2) Haxoaum npou3BoaHY0 QYHKIIHH:


http://www.cleverstudents.ru/functions_researching/function_domain.html
http://www.cleverstudents.ru/derivative/differentiation.html
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r P +4\ (P44 - (P + )Y 3xt—(x¥+4)2x -8

x x x 3

OueBHIHO, MPOU3BOIHAS (PYHKIMH CYILIECTBYET BO BCEX TOUKax oTpeska [1;4].
3

x=—8 -0
X

x=2 €[1;4]

4) BeruncisieM 3HaYCHUsT QYHKIIMM HAa KOHIIAX OTPE3Ka M B CTAlMOHAPHOMN TOYKE:

f(1)=5;

f(2)=3;

f(4)=4-

2
5) Voo =55 ¥ = 3.

Fmin

3)

2

[uy

Omeem: ¥, 0. = 5 Voin = 3-

min

Ilpumenernue npouz8o0HOU K UCCIE008AHUIO PYHKYUL U NOCMPOEHUIO 2PAPUKO8

HccnenoBanue QyHKIMI U MOCTpOEeHUE MX I'paUKOB CIEAyeT MPOBOAUTH IO CIEAYIOIIei
cXeMe.

Haiitu o6mnacte onpenenenus GyHKIUH.

UccnenoBath, ABIsICTCS JIM QYHKIUS YETHOW MITA HEYCTHOM.

HccnenoBath, SABISICTCS JIM GYHKIUS TIEPHUOIHUECKOM.

Haiitu TOoukm mepeceyeHuss rpaduka C OCAMH KOOpJAMHAT W  HHTEPBAJIBI
3HAKOIOCTOSHCTBA, TO €CTh MPOMeXyTKH Ha KoTopbix Y <0 mwm y >0.

rpoODdF

5. HaiiTu TOYKM 3KCTpeMyMa M MIPOMEXKYTKH BO3pACTaHUs U YObIBaHUS (DYHKIIMH.
6. Iloctpouts rpaduk GyHKIHU.
IIpumep 3.

HccnenoBath QyHKIHIO f(X)=%X4-4X2+1 U TIOCTPOUTH €€ IpaduK.

[TpoBeneM uccaeoBaHme MO CXEMeE:

1) D(f)=R, T.k. f(X)-MHOTOUIICH.

2) Taxk kak f(-x)=f(x), Torna dbyHkius siBasiercss 4eTHoi. ['paduk cuMMeTpUYeH OTH.
Oy.

3)Touku nepecevenus rpaduka ¢ ocsto OX:
“x*-4x2+1=0

(-2,782;0); (-0,5;0) (0,5;0) (2,782;0).

ITpu x=0; y=1

(0;1) -Touka mepeceuenus rpaduka ¢ ocbio Oy
4)DyHKIMS HE ABIISETCS NePUOIUYECKOM.

5) £(x)=2x-8x=2x(X+2)(x-2)

2X(x+2)(x-2)=0

X=0; X=2; X=-2-KpUTHYECKHE TOUKH

I
A I NN

min max min
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®dynknus yosiBaeT npu XE (—o0;-2] U [0; 2].
®dyHKIUsA Bo3pacTaet npu XE [—2; 0] U [2: +oo].
(-2;-7);(2;-7)-min

(0;1)-max.
6)
| 517
1
X
-2 0 2
-5
-7

s Gonee TOYHOro MOCTPOEHHUs rpaduka (QyHKIUM MOXKHO HAWTH aCHMOTOTHI M HPOMEXYTKH
BBINTYKJIOCTH, TOUKH Ieperunda
Onpedenenue acumnmom epagura hyHKyuu ¢ ROMoubIo RPOU3800HO.
[psmass X =a wua wiockoctt XOY  wHaswiBaercs sepmuxanvroti acumnmomori pyHKIUNA

f (X), €CJIM OJIMH U3 OJJHOCTOPOHHUX MPEACIIOB Iim f (X) UIn Iim f (X) paBeH T+ o0,
x—a—0 x—a+0

Taxum 0o0paszoM, mpsMas X =@ SBISETCS BePTHKANBHOW acHMITOTOH (yHKumu [ (X),
eciy TouKa @ - TOYKa Pa3phiBa BTOPOTO poja Atk GyHKIuH | (X)
[pamas Y =KX + D nasssaercs naxnounnoii acumnmomoii rpaduxa Gpynkimun f (X) npu
X —> 400 (X—>—00),ecmu f(x)-kx—b—0 mpn X —>+oo (X—>—0).
Jlns cymiectBoBaHus HakiaoHHOM acummnrotsl Y =KX+ D npu X —>o0 dysxmuun | (X)

HE00XO0/IMMO U JIOCTaTOYHO, YTOOBI IPU X —> 0O BBIMOJIHSIIUCH YCIOBUS:

1. Iim@:k, keR,

X—o X
2. lim(f(x)-kx)=b, beR.

Onpedenenue HanpasieHUll 8bINYKIOCMU 2papura hyHKyuu u movex nepecuoa.
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[Tycts dyHKIUA f(X) muddepennupyema Ha [a,b]. Torpma cymecTByeT KacaTeiabHas K
rpaduxy GyHKITUU f (X) B mo6oit Touke M (X, f (X)), Xe [a, b], IIPUYEM DTH KacaTeJbHbIC HE

napaiensusl ocu OY .

OyHKIHS f(X) HA3bIBACTCS 6bINYKIOU 66epx (6HU3) HA [a,b], ecnu rpaduK QYHKIHH B
npeaenax [a, b] JICKUT HE BBILIE (HE HIDKE) 0001 U3 CBOMX KacaTeIbHBIX.

Teopema 4.

[lycts dyHKIMS f(X) IBaXIel nuddepeHupyemMa Ha [a,b]. Torma ecnu f”(X)ZO
(f "(X) <0)mna (a, b), TO ()YHKIIMSA BBIITyKJIa BHU3 (BBEpX) Ha [a, b].

Touka X, HasbpIBaeTCs Moukou nepecuda HyHKIMN f(X), €CIIu TpU Tepexo/ie 4yepe3 3Ty

TOYKY MEHSETCS HAallpaBJICHUE BBITYKJIOCTH (DyHKIIUU f (X)
Teopema S.
Ecin B Touke mnepernba X, QyHKIMH f(X) BTOpasl IMpPOU3BOJHAs CYILECTBYET U

HENpepbIBHA, TO OHA B 3TOM TOUKE paBHA HYIIIO.
Teopema 6.

Eciu f"(XO)=0 u

1) f"(X) MEHSET 3HaK NpHU nepexojie yepe3 Xy, To Xy - Todka nepernda QyHKIuu f(X);

2) f"(X) HE MEHSET 3HaKa Ipu mepexoiae 4epes X, To X, HE ABIAETCS TOYKOH
neperuda GpyHKIMN f(X).

Ipumep 4.

Uccnenosats  dynkumo T (X) = (X—1)?(x—3)> Ha MOHOTOHHOCTP WM HAIpABICHHE

BBINTYKJIOCTH, HAWTH SKCTPEMYMBI U TOUKH Teperuoa.
Pemenwue.
1. Haiigem oGnacth onpesenenus: GyHKIUU.

D( f ) = R , TaK KaK JaHHasd (bYHKI_II/ISI — MHOTI'OYJICH.

2. Hccnenyem (pyHKIHIO HA MOHOTOHHOCTb, HAWJIEM TOUKH IKCTpEMyMa.
Haiinem BHauasie KpuTuueckue TOUKH PyHKIUH.

f'(x) = 2(x —1)(x—3)? + 2(x =1)*(x —3) = 2(x —1)(x = 3)(x =3+ x —1) =
=2(x-1)(x-3)(2x—-4) = 4(x - (x—2)(x-3) .
D( f ’) - R , TaK KaK IIPOU3BOAHAA TOXKE ABJISICTCSA MHOTOYJICHOM.
f'(X)ZO < X=1 wm X=2, wm X=3. CunenoBarensHo, X=1, X=2, X=3 —
KPUTHYECKHE TOUKH (PYHKLIUU.

Hanecem kpuTuueckue TOYKM (QYHKIMM Ha YHMCIOBYIO MPSMYI0 U ONPEICIUM 3HAKU
IPOU3BOIHON B KaXKJOM M3 MOJIYUYHUBIIUXCS MPOMEKYTKOB.

Ha npomexyrkax (—ool], [2;3] qymams yomaer, na npomexyrxax [12] [3;+OO)

fre) - + - + s
N LT 2N 8
(yHKLS BO3pACTaerT.

Towxn X=1 u X=3 —Touxu MurIMyMa pysKIFH, MIN f(X)Z f(l)z f(3)=0.
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Touka X = 2 —Touka MakcumyMma dyrkipm, Max f (X) =f (2) =1.
3. HccnenyeM (pyHKIMIO HAa HANPABJICHHE BHITYKJIOCTH, HAiiIeM TOYKH Mepernta.

£7(x)=4((x ~ 2)(x - 3)+ (x~1)x 3+ (x~1fx - 2))=

:4@2—5x+6+x2—4x+3+x2—3x+ﬂ:4@xzéwx+lﬂ.
f"(x)=0 < 3x*-12x+11=0 < xm:“f.

HaneceM TOUKM X1 M X Ha YUCIIOBYIO NIPSIMYIO U ONPEACIIMM 3HAKA BTOPOW HNPOU3BOJIHOW B
Ka)XJI0M M3 MOJYYHUBIIUXCS IPOMEKYTKOB.

o N N

0\ 6-8 1\ 643\
3 3

6—J§j ; £6+\/§

3 3 ;+ooj (GyHKLIUS BBINYyKJIA BHU3, Ha

6—+/3 6++/3
——— " X=

3 3

Ha mnpomexyrkax [—oo;

6-43.6++3

3 3

SIBJISIFOTCSI TOYKaMU Tieperuoa.
IIpumep 5.

IIPOMEKYTKE ( j GyHKIUS BBITYKJIAa BBEpX. TOYKH X =

X
Hccnenosath (1)YHKI_[I/IIO f(X):— Ha MOHOTOHHOCTb U HaIIPaBJICHHUC BBIITYKIIOCTH,

In x

HaWTH 9KCTPEMYMEI U TOUKHU nepem6a.

Pewenue.
1. Haiinem oGmnacts onpeneneHus: GyHKITHH.
X >0, x>0,
D(f): {Inx;to = {Xﬂ = D(f)=(01) U (L+w).

2. I/Iccnez[yeM (I)YHKI_II/IIO Ha MOHOTOHHOCTB, HalJIeM TOYKH OKCTpEMyMa.

1
InXx—x-=
Inx-1
f'(x) = X - D(f")=(01) U (L+o0).
(0= = D(F)=(0D) (t:40)
f'(X)=0 < Inx=1 « x=e. CnenoBatenbHo, X =€ — KpUTHYECKAs TOYKa

byHKIHH.
Hanecem ob6nacth omnpeneneHusi QyHKIMH U KPUTHYECKYIO TOUYKY Ha YHCIOBYIO INPSMYIO.

OnpenenuM 3HaKU IIPOM3BOIHOM Ha KaXKIOM U3 TIOJTyYMBLIMXCS IIPOMEXKYTKOB.
Ha mnpomexyTkax (O;l) :

(1;6) ¢yHKIMs ~ yObIBaeT, Ha
MIPOMEKYTKE (e;+00) byHKIHS K\M f,()i)

Bo3pacTaeT. Touka X =€ —Touka 0 \ \ e /v f(x

MaKCUMyMa,
max f(x)=f(e)=e.

3. OnpenenymM HampaBiIeHUE BHITYKIOCTH rpadrka GyHKIUN U HallIeM TOYKH Ieperuoa.

X
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1 1
700 = ;'Inz x—2|nx~;-(lnx—1) _ In?x—2In% x+2In x _2In x—In? x _2-Inx |
In* x xIn* x xIn* x x In x
D(f”):(O;l)u(l;+oo) f"(X)zO o Inx=2 o x=¢2.
Touka X =€% - TouKa BO3MOKHOTO neperu6a. OnpenenuM 3HaKH BTOPOM MTPOU3BOIHON B
npomexcyrkax (0;1), (1;92), (92;+00)-

W W

0~ 1 U & ~ f(x)

Ha mpomexyTkax (O;l), (ez;+00) (GyHKIMS BBIMYKIAa BBEPX, HA IMPOMEKYTKE (1;e2)

(GyHKIMS BbINTyKJIa BHU3. Touka X = e? _1ouxa neperuoa.
IIpumep 4.6.

X+3

+3

ITpoBectu nonHoe uccneoBanyue QyHKIMA Y = Y TIOCTPOMTH €€ IpaduK.

Pemienue.
1. D(f)=R\{-3}.
2. OyHKIMS HE SBISETCS HU YETHOM, HU HEYETHOM.
3. @yHKIMS HE SBISETCS MEPUOUYECKOM.
4. Haiinem ToukM mepecedeHus Tpaduka ¢ OCSIMH KOOPIWHAT H TMPOMEKYTKH
3HakonocrosHctBa. Ock Ox rpaduk He nepecekaet, Tak kak Y # 0 Becex X € D(f ) Ocs Oy:
3

x=0, y:%z6,7.
y>0 npu Xe(—3;+00), y <0 npu Xe(—oo;—3).

5. OyHkuuMs HeNpepbiBHA Ha O0JACTH ONMpENeNieHUs, TaK KaK SBIAECTCS DJIEMEHTApHOM,
X =—3 —Touka pa3pbiBa. MccieayeM xapakTep pa3pbiBa:

X+3 X+3
im ——=-—0  |lim —— =+,
x—>-3-0 X+ 3 Xx—>-3+0 X+ 3
CrnemoBatenbHo, X =-—3 — TOoYka paspbiBa BTOPOro poja, mpsaMas X=-—-3 —

BEpTUKAJIbHAS ACUMIITOTA TpaduKa QyHKIUH.
6. Uccnenyem noBeneHue GyHKIUHA P X —> +00 U mpu X —>—00'

ex+3 X+3
lim = 400 lim ——=0 . CrnenoBaTenbHO, npsmast y= 0 -
x—+0 X + 3 x——0 X + 3
TOPU3OHTAJIbHASI aCUMNTOTA rpaduka PyHKIUU Tpu X —> —00.

o f(x) . e
Tak kak K= lim —— = lim ————=0, 10 Apyrux HAKIOHHBIX ACHMITOT IpH
x—>—0 X X—»—00 (X + 3))(
X —>—00 Her.
BeIsicHMM, €CTb JIM HAKJIOHHBIE ACUMIITOTHI IIpU X —> +00 !
fx) . e
lim —= = lim — =Tt CnenoBarenbHO, TMpuU X —> +00  HAKIOHHBIX
X—+0 X X400 X 4+ 3X
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ACHUMIITOT HET.
7. UccnenyeM GyHKIMIO HA MOHOTOHHOCTD U DKCTPEMYM.
;P (x+3) - ¥ (x+2) X=-2,

YT T e (x+ o) ’y(x):0©{X¢—3.

T ¥

~ 3 N2 7 X fx

X =—2 - TOYKa MUHUMYMa, y(— 2) =€ — MUHHUMYM.
8. Uccnenyem pyHKIMIO HA HAITPABIIEHUE BBITYKIOCTH U MEPETUO.

(e"+3(x+ 2) + ex+3)(x +3)% =23 (x+2)(x +3)

= (x+3)*
e (x+3P 203 (x+2)(x+3) & ((x+3?-2x+2)) e (x*+4x+5)
) (x+3)°* o (x+3)°  (x+3)°
T W
) \/ -3 /\ f(X)
y'#0 R
Ha D(f ), y" He cymectByer B y
touke X =-—3 .Touek mnepernda !
HET. |
9. Iloctpoum  rpadux E
GyHKIHHT i 6
L | R
-3 1 X
3aganus.

1.HaiiTu npoMexxyTKy Bo3pacTanus U yobiBauus GpyHKImH Y=f(X):
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1)f(x) = x3 + 2x; 6)f(x) =+1-2x;

2) £(x) = 60 + 45x — 3x% — x3; 7)f(x) = 2x2 —5x + 3;
3)flx) ==2x2+x* =3 8) flx) = j—f;

AfE) =2+1; ) F(x) = VIx =%
5)F(x) = ==, 10) f(x) = x® — 3x2.

3+2x’

2. Haiiti Touku 3KkcTpeMyMa U 3KcTpeMyMbl QyHKIHH Y=Ff(X):

1) flx) =2x3 —9x? +12x - §;

2) Flx) =12x% —15x* — 40x°% + 13;
3) flx)=x +§:

4) flx) =x—2vx—2;

5) flx) =x* —8x2 + 3

6) flx) = 2cosx + x;

7) f@) = (x - D7,

8) Flx) = cos3x — 3x;

9) o) =5

3. Haiitu nanbosbiiee U HanMeHblee 3HaueHus Gyukuun Y=Ff(X) Ha oTpeske:
1)f(x) = x* —8x*+5 na [-3;2];

2) flx) =x%+6x? + 9x ua [-4;0];

3)f(x) = 2cosx + sin 2x, [0; ];

4) f(x) = 2x3 4+ 3x* — 36x na [-2;1];

5)f(x) =x —I-i Ha [—2;0,5];

6)f(x) = sinx + cosx Ha [?I,EL—T],

7)flx)=x4+e ™ na[-12];

8) f(x) = 2cosx + cos2x, [0;7].

4. Hccnenosath pynkuuto y=Ff(X) u mocrpouTts ee rpaduk:

Df(x) =x° —3x* + 4; 6)f(x) = x* + 6x7+9x;
2)f(x) =2 +3x —x%; 7) flx) = x* — 2x2+2;
3) flx) = —x® + 4x? — 4x; 8)f(x) = 6x* — 4x®

A)f(x) = —x* + 8x* — 16;

5)f(x) =%x4—ix5;

24



77

5. HUccnenosats ynkimro y=Ff(X) u mocrpouts ee rpaduk:

1)f(x) =2 +5x? — 3x5; 5)f(x) = 3x _|_i:
2)f(x) = 4x® — 5x*; 6)f(x]=§—x;
3)f(x) = 3x°% — 5x%;
Nf(x) = xe*;
=1,5_5.3 .
DFC = TR 8) flx) =xe ™.
6. Haitru f (X), ecom:
1)f (x) = x*cosx; 3) 1)f(x) = x¥sinx;
2) flx) =x%+2x%—x?+ 2; 4) f(x) =x*—3x*+5x +6.

7. HaiiTu MHTEpBAJIBI BBITYKJIOCTH ¥ TOUKH Hepernda (OyHKIuii:
1)f[x:]=e_xz; 3)) flx)=x°—10x*+ 7x—9;

2)f(x)=cosx;

8. Haiitu acumnToTh rpadKoOB GYHKIINU:

Df(x) = 13:: ;

2) F(x) = e

3) Fx) = =
OTBeThI.

1. 1)Bospacraer Ha R; 2) Bo3pacraet Ha [-5;3], yObiBaeT Ha (-00;-5] u Ha [3;+0);
3)YOniBaeT Ha (-00;-1] 1 Ha [0;1], Bo3pactaer Ha [-1;0] u Ha [1;+00);

4) YobiBaet Ha (-00;0) u Ha (0;+00); 5) YObIBaet Ha (-00;-1,5) 1 Ha (-1,5;+00);
6) YoniBaeT Ha (-0;0,5]; 7) YObiBaeT Ha (-o0;1,25], Bo3pacTaeTt Ha [1,25;+0);
8) YonbiBaet Ha (-00;0) u Ha (0;+00); 9) Bo3pacraet Ha [0;1], yObiBaeT Ha [1;2];

10) Bospacraet Ha (-00;0) u [2;+0); yObiBaer [0;2].

2. 1)x=1-Touyka MaKCUMyMa, Ymax=-3; X=2- TOUKa MUHUMYMA, Ymin=-4;
2)X=-1-Touka MaKCHMyMa, Ymax=26; X=2- TouKka MUHHUMYMa, Ynin=-163;

3)X=2-TouKa MakCUMyMa, Ymax=4; X=-2- TOUKa MUHUMYMA, Ymin=-4 ;
4) X=3-Touka MUHUMYMA, Ymin=1;

5) X=0-Touka MaKCUMyMa, Ymax=3; X=-2;2- TOUKA MUHHUMYMA, Ymin=-13 ;
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7 — 7 =%
6) X=§+2nn,nE Z-TOYKa MAaKCUMYMa, Ymax=V 3 + §+2nn,nE o x=§+2nn, nE Z - Touka

= . 5
MUHUMYMA, Ymin==—%3 + §+2nn,nE z:

7)Todek 3KcTpeMyMa HET;

8) Touek 3kcTpeMyMa HET;

ol | b

9) X=-1-Touyka MakcuMyMa, Ymax=0,25; X=0;4- Touku MUHUMYMA, Ynmin=0;10

Exﬂ 3.3,

3. 1)Ymax—5 Ymin=-11; 2) Ymax=0; Ymin=-4; 3) Ymax=——— _— y Ymin=——— T ;4)) Ymax=68; Ymin=-31;
5)Ymax:'Z; Ymin=-2,9; 6) Ymax=-1; ymin:"v'lz; 7) Ymax:2+e_‘; Ymin=1; ; 8) Ymax=1,5; Ymin=-3

4.1) 2cosx — 4sinx — x°cosx; 2) 20x? + 12x — 2; 3)—x?sinx + 6sinx + 6x°cosx;

4)12x2-18x.

5.1)Brimykna BBepx (— —_, _j BBIMYKJIa BHU3 (-00;— % 1 Ha (%;Jroo), X12=— %; =

W2
TOuKH nepern6a;2) Beimykiaa Beepx [— = + 2mn, = + 2mn],n € Z, BBITYK/Ia BHU3
[— + Enn = +2mn]nez (-o0;— i M X=— T3 — 5 L.-TOUKH neperu6a;3) Beimykia

1
BHU3(1;100), BbIMyKIa BBEpX (-00;1) 1 Ha (—;+0), X=1-ToUKH meperuoa.
W

6.1)X=-2- BepTUKaJIbHAsI ACHMIITOTA, Y=3- TOPU30HTAJIbHAs acUMITOTa;2)X=0- BepTHKaIbHAS
acUMIITOTa, Y=1- ropu3oHTaIbHAA ACUMIITOTA;3)X=1 U X=-6 —BepTUKaIbHbIE ACUMITOTHI, Y=0-
TOPH30HTAIbHAS ACHMIITOTA.

7.I'padux
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QyHryus

I'pagpux

Df(x) =x% —3x* + 4;

(0;4)-max; (2;0)-min

2)f(x) =2+ 3x—x%;

(-1;0)-min; (1;4)-max.

3)f(x) = —x* +4x? — 4x;

(2/3;-1,2)-min; (2;0)-max.
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Nf(x) = —x* +8x* — 16;

(0;-16)-min; (-2;0), (2;0)-max.

Y X

0
1.0
2.0
3.0
4.0
5.0
6.0
7.0
8.0
4.0
-10.0
1.0
-12.0
-13.0
-14.0
-15.0
-16.0
-17.0

5.0 45 -40 35 3.0 25 20 -5 410 05 0 05 1.0 1.5 20 25 30 35 40 45 50

(0;0)-min; (-2;1,33), (2;1,33)-max

1.

1
1
1
1
1

3
2
A
0
0.9
0.8
0.7
0.6
0.5
0.4
0.3
0.2
0.1 X
0

0.
-0..
0.3
0.4

Y
5

4

1
2

6)f(x) = x? + 6x7+9x;

(-1;-4)-min;(-3;0)-max
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7) flx) = x* — 2x%+2;

(1;1), (-1;1)-min;(0;2)-max

50
2.0 1.8 16 1.4 1.2 -1.0 0.8 0.6 0.4 0.2 0 02 04 06 08 1.0 1.2 1.4 1.6 18 20

X

8)f(x) = 6x* — 4x°®

(1;2) ,(-1;2)-max;(0;0)-min

1.0 0.8 0.6 04 02

0

0.2

0.4 056 08
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QyHxyus

I'pagpux

1f(x) =2+5x% — 3x

(1;4)-max;(-1;0)-min

5,

r

4.0
38
3.6
34
3.2
3.0
2.8
2.6
2.4
2.2
2.0
1.8
1.6
1.4
1.2
1.0
0.8
0.6
0.4

0.2

-0.2

-0.4

1.4 1.2 10 08 056 04 02 0

02 04 06 08

1.0

2)f (x) = 4x* — 5x%;

(0;0)-max;(1;-1)-min

0.20
0.15
0.10
0.05

-0.05
-0.10
-0.15
-0.20
-0.25
-0.30
-0.35
-0.40
-0.45
-0.50
-0.55
-0.60

-0.65

-0.70
-0.75
-0.80
-0.85
-0.90
-0.95

-1.00

-

0.8
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3)f(x) = 3x° — 5x%; w0
(1;-2)-min .
X
1 ,.s5_5_3 .
Af(x) =X —ox 2 e
(-2;-0,53), (1;1,27)-max;
(2;0,53), (-1;-1,27)-min
X




1 A Y
5) f[:xj = 3y —|— — 10.00
EI 9.00
8.00
(-0,3;-2) max; (0,3;2)-min
6.00
5.00
4.00
3.00
2.00
1.00
0
-1.00
-2.00
-3.00
-4.00
-5.00
-6.00
-7.00
-8.00
-9.00
-10.00
-1.0 09 0.8 -0.7 -06 -05 04 03 0.2 01 0 01 02 03 04 05 06 07 08 05 1.0
19.93
6) f(x) =, —x :
x i8
16
14
12
10
8
L]
4
2
X
. d
-2
4
-6
K
-10
-12
14
-16
-18
-20.4
-0 18 16 -14 12 10 -8 -6 4 -2 0 2 4 6 8 10 12 14 16 18 0
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Nflx) = xe*

(-1;-0,368)-min

0.20

0.25

0.20

0.15

0.10

0.05

=

-0.02

-0.10

-0.15

-0.20

-0.25

-0.20

-0.35

-0.40

-0.43

-0.50

-0.53

-0.60
-10

8) flx) = xe™.

(1;-0,37)-max

0.8

0.6

0.4

0.2

L
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IIpakTnueckas padora Ne 21

Havxoxnenue HCOHpeIleJIeHHOFO HHTETrpaJja.
Pa3znea 6. nterpanbHoe HCUKCIICHUE
Tema 6.1.Heonpenenennblii HHTErpa
Ieab. POopMUPOBAHHE YMEHUM HAXOAUTH HEONPEICAEHHBIA MHTErpal U OTPabOTKA MOJIYyYEHHBIX
3HAHUH
Kparkas Teopus.

Ionsmue neonpeodenénnozo unmezpana. Ilycts F(X)- HekoTopas nepBoobOpasnas s ¢pyuakuuu f(X).
Torma MHOXKECTBO Bcex e€ mepBooOpasHbIx — DTo cemelicTtBo ¢Gynkuuii Buma F(X) + C. Dto
CeMeNCTBO (DYHKIMI Ha3BIBAIOT Heonpedenénnvim unmezpaiom (ot) ¢pyukiuu f(X) u ob6o3nagaror
cumBosiom J f(x)dx,
T.C. Jf(x)dx= F(x) + C , rne C — npousBonbHas mocrosaHast, a F (X)= f(X).
(Kopotko: HeompenenéuHbiii uHTErpan ot ¢yaknun f(X) — 3TO MHOXKECTBO Bcex €€
nepBooOpasubix). [Ipu stom npomssencHue f(X)dX HA3BIBAIOT nOObIHMESPANLHBIM BbIPACEHUEM,
dynkumto f(X) — noovinmeepanonou gpynxyuetl, a NEPEMEHHYIO X — HePEeMEHHOU UHMe2PUPOBAHUL.
Ipumep.  Iyers f(X)=x>. E& neonpenenéunplii nuterpan pasen [ x°dx =x*/4+C
OTBET MPOBEPSETCS POCTO: AOCTATOYHO HAMTH MPOU3BOAHYIO GyHKIHH X /4+C.
Csoticmea HeonpedenénHblX UHmMe2Paios:

1) S+ g(x))dx=/F(x)dx-+/g(x)dx

2) [kf(x)dx=k [ f(x)dx (k=const, k#0)

Ta6ﬂuua OCHOBHbIX UHNMezcpalos.

Tabaana
_dex=C‘ jdx=x+C‘
P dx
[xkdr=x—+C, k=-1 ‘[—=h1|x +C
) k+1 X
\’
[a*dx=——+C [e*dx=e"+C
Ina
(smta‘r——cosr+c Jcosxdt=siux+C
d d
f . =tgx+C [ . =—ctgx+C
cos’ x sin’ x
d. dx
[ﬁ_amsmr+C——mLcosr+C [1 x_—a.icrgr+C——a.iccrgt+C
: +x°

OcnosHvle memoovl unmezpuposanus. IIpy BBIYNUCIEHUN NPOU3BOJHBIX OOBIYHO IOJIB3YIOTCS
CTaHJapTHBIM HaOopoM mpaBwi1 U (opmyn, uTo mpeBpamiaer auddQepeHunpoBaHre B
€AMHO00pa3HYI0, BBHIIIOJIHAEMYIO [10 OJJHUM M TEM XKe cxemam, paboTy.

Boruncnenue MHTErpasoB ¢ MOMOIIBIO HEMOCPEICTBEHHOTO HCIOJIb30BaHUS TaOJIMLbI OCHOBHBIX
UHTETPAJIOB M  CBOWCTB  HEONpPEAENEHHBIX HMHTETPAJIOB  HAa3bIBAIOT  HEMOCPEACTBEHHBIM
MHTETPUPOBAHUEM.

Mpumepl. Berancmuts [ (2x° — 3e*+1)dx =/ 2x° dx - / 3e*dx +/dx =2/x%dx - 3/e*dx +/dx=2/4x"-
3e"+x+C

IIpumep 2. BeuncauTh HHTETpai

3]

(
I(x+f—3x5+x—;;— .12x+r.gﬂ]a’x:

__le.::t'x+_|.w.lf_r:fx _[3):{1’ +-|'2.:'.*;x I d:g +_|.£gﬁr:ixm
x sit

—dex+l :‘a!’x 3_[.7{ cfx+2[x dx— _[ +zgijdx—

smx
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(4]
L8 ! —(—ctex)+igh x+C =

=]
—
b2

=—x"4+ = —

5 2

-2 | —
2|

by

2 us

2 3 X 1

=4 - — = +rfgx+igd x4+ O, 200 O = const
73 g e

dx

Ipumep 3. BeluncauTh HHTErpa j V16—
Pewenue. Unterpan Tabnuunblid. [103TOMy MOYXKHO IIepeX0AUTh K HETIOCPEACTBEHHOMY
MHTETPUPOBAHUIO, IIOJTy4aEM

dx .
= arcsin 5 +C,

J16=x?

3ananus
1 HaiiTu HeomnpeneaeHHbIN HHTETpal, OJb3YSICh Ta0INIIEH OCHOBHBIX HHTEIPAJIOB.
1) _[ x3dx 2) jx”dx 3) j5dx
dx 2

4 22 5) [ x~/2dx 6) [=x‘dx

jo j j2

dx . 5 .
7)jF 8) [(x—5e")dx 9)](—+S|n x)dx
10) 2" —1)dx 11) 12)

j ( ) I 16 +x° J cos’ x

13) [(5x* —7x° +3)dx

2 Haiitu HeompeieieHHbIH HHTErpall, Ipeo0pasysl BhIpaKEHUE CTOSIIUE 110/ 3HAKOM MHTErpaa.

14) Imdx 15) [ +3) 4y
x X
16) | 17) [(2+x)*A/xdx
c052x+3|n X
18) IX +7x+12dx 19) J 2+3x?
X+3 x* 1+ x? )
20) 3—\/1+x
J 1+ x?

3. Haiitu HeonpeeneHHbII HHTETpalt:

x3dx sinx
2x + 7)%dx f f -
f( X+ 7)%dx V1o x* cosh‘dl
1) 2) 3)
J-ﬂregx‘de J’ﬂ J’ cosxa.fx
x2—1 1+ sinx

4) 5) 6)



7) [ cos(4x +4)dx

f(4x + 8)%x
10)

13) [ cos(4x+1)dx

f _8 4
) (4x + 3)?

f et gy

19)
J’ 6dx
) sin?(2-5x)

J- 52x+ ldx

25)

J’ 5dx
| cos?(8+ 4x)

arctgx
J- 1+x2 dx
31)

J’ In(x + 1) dx
x+1
35)

Varcsinx

—F—ax

Vi1-x2
39)

J’ arctg*x

d.
x2+1 x

43)

J’ acrtg®x
1+ x?
47)

J’ 8dx
tgx + cos?x

51)

J-xzv x3 — 1dx

J‘3x2dx
x3-1
11)

J’ 4xdx
V14 2x2
14)

J’ 3xdx
2x2 -2

17)

J’ 2xdx
3x2+5

20)

J- 3% xdx

23)

J’ S5xdx
5x2+3

26)

f x2dx
(7+2x7)
20)

J’3exdx
e¥+5

33)
J’ dx
oo
xvVi1-In2x
36) " 37)
sinlnx
R
40) 41)
J’ 3ctgxdx
sinx
44) 45)
J’ 3In%x
dx
X
48) 49)
J’ In(3 +x)
4+ x ‘
52) 53)

e+ e
[+ vevas
[ a-soeas
[+ 200
[Ges e

J- e*(2+ 5x)d:

J- cos® xsinxdx
9)

J’ cosxdx
sind3x

12)

J’ sinxdx
Veosx + 10
15)

e2snX 1l rpox dy
18)

J-\,’Zsinx + lecosxdx
21)

f(S + sinx)?cosxdx
24)
cosxdx
2-sinx)?
) ( )

J- eSMx S cosxdx

30)

5x
J-ECOSBIGT.I
xsin3xdx
xcos3xdx
xcos4xdx
sinbxxdx

3xcos~d
Xcos—-ax
3



89

In(x-2) J’ dx J’ N J’ X
J- ) dx m (2-3x)e*dx stZxdx
55) 56) 57) 58)
- 2 )(d -
J-L e J- e¥(4-3x)dx J- 4xcos5xdx
ctgx = sin?x (5+ex)?
60 61) 62)
-ctg*x 3tgxdx X
fwdx J- gxex J-EX(BJH- 2)d: f—siandx
1+ x2 cosZx 2
63) 64) 65) 66)
In(x-2 dx X
J- nx )dl‘ J-—x J- *(8x + 3)d: J- cos—30xdx
x-2 xlnx 2
67) 68) 69) 70)
- 34 s X
f%dx f :x 215 J- e¥(4x-1)dx J- sin20x gdx
71) 72) 73) 74)

IIpakTuyeckas padora Ne 22
I'eomeTpryecknii CMBICJI ONIPEAEJEHHOT0 HHTErpaJia.
Haxo:xnenue onpeaeiéHHOro HHTEpBAaJA.

Pa3nen 6. UnterpaiibHOE HCUUCTICHUE

Tema 6.2. OnpeneneHHblii UHTETpall

Ieab. OTpaboTKa HABBIKOB BEIYHCIICHUS OMPEACICHHOT0 WHTErpaia IJIONMaAeH Pa3IuIHbIX QUTYD.
Kparkas Teopus.

Onpedenennvlii unmezpa

Ecnu y unTerpana ykasaHsl peieibl HHTETPUPOBAHKS, TO UHTErPajl Ha3bIBACTCS
onpeoenéHublli U €r0 MOKHO BbIUNCIUTD.

b
O6o3HaueHHE: fa f(x)dx,

rae | - 3HaK WHTErpaia, f(x) —nonsiaTerpansras Qpyuxums, dX — 3nax
nuddepennmana, a,b — nmpenensr nHTErpUPOBAHUSL.

Ceoticmea onpedenénnvix UHmMespanos

1 [+ et~ [ ek et
2' i =] e

3' e[ ey

4' [ i o [ o

Brruucnsiercst onpenenéHHbIii HHTETpalt ¢ momoItnbio ¢hopmynsl HeroTona-JleliOnuIa:
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2= F(¥)- Fla)

&
| riax=Fx)

DTarnbl BEIYUCICHUS ONPEICIICHHOTO HHTErpalia CIICAYIOIIHe:

1) Cravana Haxoum niepBooOpasnyto GpyHkimo F(X) (Heonpenenennslii unterpan). Koncranra
C B ompenercHHOM UHTETpalie HUKOT1a He TI00aBIIseTcs.

2) IMoacrasisieM 3HaYCHUE BEPXHETO Mpeesa B mepBoodpasuyo dynkiuo: F(b).

3) IMoacrasiseM 3HaYeHUE HUXKHETO TIpe/iesia B mepBooOpasHyto GpyHkiuio: F(a).

4) PaccuuthiBaeM pasHocth F(b) — F(a), To ecTh, HAXOUM YHCIIO.

IMpumep 1.
2

_l-EJ::4 dx

1

Pewenue.

2 {219

2 {n
J-Exgcfx:EJ-xgdx:— 14
1 1 3

(21 2 2 2
A== E == T=—=4=
(i =5 @ -1)=2@-D=2-T=—=43
Ipumep 2.

4
I{8+2x—x2}dx
-2

Pewenue:
4

i 2, i i 2, ¥ 4 1, a8 IENT
[@+2x-x*ydx=8dx+ 2] xdx- [ Kdx=8(x)', +2.2(x I -G I
-2 -2 =2

=2

i3]

= 814 — (=20 +(4* - (-2)% —%(43 — (=271 =8 6+(16-4 —%(64+8} =

=45 +12- 24 =36
[Tpu opopmieHnn 3ajaHus MOKHO UCIIOJIB30BATh 00JIee KPATKYIO 3alUCh!

4 3
[@+2x—x")ax = [8x+xz —%th =
-2

21— 1o a 4 BB B g
3 3)° 3 3

C noMomibIo MHTErpajia PemarTCs CIEIYIONINE 3aaun:
- BRIYHCIICHUE TUTomazei guryp,
- BEIYHCIICHHE 00bEMOB Tell BpallleHus,
- BBIYUCJICHUE JJIMHBI IYTH KPUBOI.

Buviuucnenue niowaoeii gpueyp

CylIecTBYIOT HECKOIBKO (POPMYJI JIIsl BRIUMCIICHUS TUIOMIAICH IIOCKUX (UTY.

dopmyna 1 crocod BEIYMCICHUS 3aBUCUT OT TOTO, KaK 33JJaHbl INHUH, OTPAHUYHBAIOIIHIC
burypy:  JIeKapTOBBIMH KOOPJMHATAMH, [apaMETPUYCCKHUMU YPABHCHUSIMH WK B TOJISIPHOM
CHCTEME KOOP/IMHAT.

Ecnu nmuaum, orpannunBaroiie Gurypy, 3aaHbl B JCKapTOBBIX KOOPAWHATAX, TO IJIOIIA b
(GUTypBI BBIYKCISETCS IO CIICAYIOIIUM (GOpMyJiam:
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b
1. S= fa f(x)dx |, rae f(x) — bynxuus, rpadux kotopoii orpanuunsaet Gurypy, [a; b] —

oTpe3ok Ha ocu OX, orpaHnuuBaromui Gurypy. (cm. Puc.2.)

2. [Tnomaae GuUrypsl, 3aaHHON B €KAPTOBOW CHCTEME KOOPIMHAT, OTPAHUUYCHHOM JIMHUSIMH
y= fl(X) - CBepxy, Y = fz(X) - CHU3Y, CJIeBa IIPSAIMOIi X =& crmpasa npsaMoir X =Db

onpenensiercs Gopmynoit S = [[f;(x)— f,(x)Jdx (cm. Puc.3.)

D — T

y y -
y = fi(x
y= 1(x) 1(x) P
- P
N Y= f(x)
a b X a b X
Pucynok 2. Pucynok 3.

IIpumep 3. Boruucants miomaab GUrypel, OrpaHUUEHHON TUHUSAMU: Y =X~ U Yy =2-X

Pemenue. Haitnem KOOPpAMWHATBI TOUCK IICPCCCUCHUS JIMHH

! =2(11[1ﬁj]=§- /-1 1\ X
-1 3 3 3’

IIpumep 4. Beruucaure miomanb GUrypsl, orpaHudeHHON rpadukamMu QyHKUINN
f(x)=x+4ung(x)=x?+3x+1. U306pasute 3Ty GUTYpy Ha KOOPAMHATHOH TTOCKOCTH.
Pewenue. I'paguxoM pyHKINN g(X) ABJIsieTCA apadosia, BETBU KOTOPOM HalpaBlIeHbl BBEPX.

Brruucnsem npousBoHy0 GyHKIUU ( '(X) =2X+3 ¥ HaXO0JUM KOOPAUHATHI BEPILIHHBI Tapa0OIIbI
C.

, 3 3 5 3. 5
g (XB):O<:> Xg :_E; Ye :g(__j:__; C(——; ——)-
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y=x+4

¥= x4 +3x+1

Y

Haiinem Touku nepecedenus rpa@ukoB GyHKIUH: g(X) =f (X)
X, =-3,
X, =1.
3amerum, uto st f(X)=x+4 f(=3)=1 f(1)=5. Tpadukom pyuxuun f(X)=x+4
SBIISIETCS NPsAMAasi, KOTOPYIO MOXHO MOCTPOUTH MO JABYM TOUKAM A(— 3 1) uB (1; 5).
[Tycts S — mmomans ¢purypel ABC , orpanudeHHol rpadukamu pyHkiuil. Tak kak
f(x)>g(x) mpu xe [-3; 1] o
1
S = I(f(x)—g(x)) dx = .1[(x+4—x2 —3x—1)dx =
-3

-3

X2 +3x+1=x+4< x> +2x—3:0c{

1
1
:I(—xz—2x+3)dx:[—lx3—x2+3xj =
-3 3 -
=(—1—1+3j—(9—9—9)=2
3 3

2
Omeem: 10 3

IIpumep 5. Haiitu mutomaap miockoi GUrypel, orpaHH4eHHON JIMHUSAMU Y = 2X — x4, y=-X

Pewenue. Haiinem Touku nepeceueHust napabossl y = 2X — X2 u npsaMon  y = - X.
2

2x—x=-x
Zx—x =0
xE3-x1=10

n=0x=3

3HaUYUT, HUKHAH NIPENETI HHTErPUPOBaHUI & = 0 epxuuii i elell UHTSTPUPOBaHUS b=3
9 9
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...................

-------------------------------
-----------------------

------------------------

1 1 1 ' 1 1
1 1 1 1 1 1
B R R, E e
1 1 1 ' ' 1
1 1 1 ' 1 1

LR DR S S O WL S

Hawm BaxHo, kakoii rpa¢uk BBIIIIE (otHOCHTENBHO Apyroro rpaduka), a kakoi — HVDKE.
B paccmarpuBaemom npumMepe, 04eBUIHO, 9To Ha otpeske [0;3] mapabona pacmonaraercs

2
BBIIIIE TIPSIMOH, a TO3TOMY U3 2X= X" HeoOXOAMMO BhYECTH ~ X

3aBeplleHNEe PEIICHUS] MOKET BBITJISAIETh TaK:
— Ty gl -
Vckomas ¢urypa orpannyeHa napadonoit * ax—x cBepxy u mpamMoi <~ ~ % cHm3y.

Ha orpeske [0;3] 2%~ Pz-x , IO COOTBETCTBYIOIICH (hopmyIie:

I 7 27 9 1
2
S:!(Ex—x —(—x))dx = I(3x x)cfx—(———} = -5 040==4-
Omeem:
g=4l o
2
3aganus
1.Berunciure onpeeneHHbIA HHTETpall.
1. ¢ 13. z 25. -~
[+ex £ 40x ‘
0 ‘l. C032 X .([COSX . 8X
2. f 14. 5 26.
[4xex fa-2xy ox [(e* +10x
0 4 _
3. 3 I 15. % 27. 2 2.0
J;x l J( 12 —sin x) - 6x j(x —2¢")-Ox
_%, COS™ X 0
4
4. 16. 28.

3 V4
[(4x* 32 + 2+ o | cosg-ax
0
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11.

12,

0
j (x° + 2x)ox
-1

N | )

O t— W[y

><w| SY

sin X - 0X

(o]
D

17. j‘ ox
5 V3x+1

18. 1
jor
1x2
3

19. T
4
Icostﬁx
0

20. 1
J.32x+1ax
0

21. z
j4x -Ox
1

22. z
4
Isin4x-ax
0

23. j B
1vox -1

24.

j (4x -1)° ox

29.

30.

31.

32.

33.

34,

35.

36.

3. Haiitu miomany Gpuryp orpaHUYeHHBIX JIMHSIMH.

y=x
x=1 y=x?+2x—4 y = sinx
x=2 y=6—x? x=0:x=2my=20
y=20
7
y=2* -1 y=x-2x-1 y=-
x
y:\/} y=—x2+6x—1

x+y=28

T(x —9)ox

1 1
cos’x sin?x

(

) - OX

0N =—w |y

2

j (2x-1)° ox

1
I2x+lax
0

2
I(cosx —sin x) - ox

7



y = sinx y=x?
y=-x2-2x+5
V = cOSX x+y=2
y=x*+4x+5
x=0 }r:O
7 x
y=e . 6
}J'_x —2 }J’:—
}r:g_x X
y=4x-x?+2
J':7
x=1 x+y
y=8-T7x y=x2-1-2x y=1tgx
T
y=2x+16; x=0 y=6x—1—x? x=§;y=0
y =2% y=—05x%+2x yv=sinx+1
x=-1;y= y = 0,5x y=15 xe[0;m]
y=+vx-2 y=5—2x-x2 y = sinx
2 1
y=0;x=6 y=x“+5+4x y=3 xe[0; ]
y =2 y=-05x*+1 y=x3-2
x=0;y=4 y+x=1 y=4x+2—x?
x-1 2 3
y:?, -2 y:?,-l—t.l.x—x y=—
x
=1 v= ] = — 2
x=1y=1 v=3—-2x+x x+y=4
y=x y=-x2+7x—6 y = sinx
T
y=x—-2;x=0 x—y+2=0 x=5;x=n;y=0

IIpakTHyeckas padora Ne 23

Borunciienne miomaieii 1 00bEMOB ¢ IOMOIIBIO ONPEIeIEHHOI0 HHTErpasa.
Pemenue Ui 1anHLIY 33/1a4 ¢ MOMOIIBIO ONPeIeI€HHOT0 HHTErpaJia.

Paspen 6. InTerpanbHOE HCUUCICHUE )
Tema 6.3. Iliomans KpUBOJMHENHON TpanelMy ONPEAeIEHHOTO UHTErpaja
Heab. ChopmupoBaTh yMEHUS M HaBBIK HCIOJIb30BAaHUS HMHTErpaja MPH PEIICHUU Pa3IuYHBIX

MPAKTUYCCKUX 3a/la4 U 3aa41 Ha BbIYHUCIICHUC 00BEMOB Tela.
Pemenue NPUKJIAAHBIX 3a4a4 ¢ IOMOIIbIO onpez[en'é}moro HHTEerpajaa»

Kparkas Teopus.
3aoaua o evluucieHuu nymu

CornacHo (pu3n4ecKoMy CMBICITY IEPBOM TPOU3BOIHOM, MPOU3BOIHAS (QYHKIIMH B TOUKE €CTh

vt =5t = &
MI'HOBCHHAas CKOpOCTB TOLIKI/I, T.C. 4 . OTCIOI[a, ﬁfS - V(f,:lﬁff, . I/IHTerpI/IpySI HOHy‘IeHHOC
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paBEHCTBO B Ipeaeaax oT t; 10 tp moayyaem

¥

I.::Es = Iv(ﬁ]la!’.ﬁ

Torna myTh, NPONUEHHBIA TOYKOW MPU HEPABHOMEPHOM JIBUKEHUHM MO MPSIMOM C IEPEMEHHOM

CKOPOCTBHIO V(€) 3a OTPE30K BPEeMEHHU [51’53 |BBIpaKaeTCsa UHTETPAIOM

t
5= vdt
’ 1)
Mpumep 1. CKOPOCTH IPSIMOIMHEHHOTO JBHKEHIUS Tella BhIpaxkaeTcst hopMyloil L = 2t+3t3(m/c).
Haiitu myTh, IpOiICHHBIN TEJIOM 3a 5 CEKYH]T OT Hayaja JBUKCHUS.

Pemenue.

5 5
S=|(2t+3t % )dt =t *+£°) | =150(m).
0 0

IIpumep 2. /IBa Tena HayaJiu ABUTAThCSA OJIHOBPEMEHHO U3 OJTHOM TOUKH B OJJHOM HAIIPaBJIEHUU IO

npsiMoii. [IepBoe Temo JBUKETCS CO CKOPOCTBIO v =(6t°+2t) M/c, BTOpoe — CO CKOPOCTBIO v>=(4t+5)
M/c. Ha kakoM paccTosiHUs APYT OT APyra OHU OKaXKyTcs uepe3 5 c?

Pemenue. Mckomas BenuunHa €CTh Pa3sHOCTb paCCTOﬂHHﬁ, HpOﬁ,I[GHHHX TeJaMHM 3a S c.

3 5
S,=| (6t +2ndt= (2t +7) | =275(m)
0 0
3 5
| (4t+5)dt= (2t +5 )| =75(m)
0 0

=P

Takum ob6pazom, S=S31-Sy= 275-75=200 (m).
2. 3agaya o BbIYMCIeHUH PA0OTHI IEPeMEeHHOH CHIIbI
[IycTe MarepuanbHas TOUKa NOA JeWcCTBUEM CWibl F aBukercs mo npsmoul. Ecnu nerictByromas
CHUJIa TTOCTOSIHA, a MPOWIEHHBIN MyTh PaBEH S, TO KaK U3BECTHO U3 Kypca (pusuku, padora A stoii F
BBIUKCIISIETCS 110 opMmyTie:
A=F*s
Paboty nepemennoii cuibl f(X) mpu nepemenieHuu mo ocu OX MaTepualibHON TOYKH OT X=a JI0 X=b,
HaxoauM 1o ¢popmyie (3):
E
I Fixdx
A=¢ )
Pemennu 3a1ay Ha BBIYUCICHUE pa0OTHI CHJIBI YIIPYTOCTH, CBS3AHHBIX C PACTSHKEHUEM U CHKaTHEM

IIPYXUH, OCHOBBIBaeTcsi Ha 3akoHe ['yka. Ilo 3akony I'yka cumnma F, pactaruBaromas win
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CKUMAIOIIas MPYXKUHY, MPOTOPIIMOHATIFHAS 3TOMY PACTsDKEHUIO MM CKaThio, T.e. F=kx, rme x —
BEJIMUMHA PACTSHKEHUS WU CKATUA, K — KOOPPUIIUEHT NPONOPIHOHATHHOCTH.

Ipumep 1. Cuna ynpyroctu F npyxussl, pacTssHyTOM Ha 11=0,05 m, pasna 3H. Kaxkyro paboty
HaJI0 MMPOU3BECTH, YTOOBI PACTSIHYTh NPYXuHYy Ha 17 =0,1 M?

Pemenwue. [ToacraBuB nanusie B hopmyny 3akona ['yka, momyanm: 3=k*0.05, 1.e. k=60,
CJIeIOBATENILHO, CHJIAa YIIPYTOCTH BhIpaXkaeTcsi cooTHomenueM F=60x. Haiinem paboty nepeMeHHoOI

cwibl o opmyie (2), monaras, yto a=0; b=0,1:

0.1 1
Jﬁﬂxdx = zmxﬂr
A= " =0,3x

3. 3agaya o cuJie JaBJEHHSA KHIKOCTH

Cormacao 3akony Ilackans BenmmumHa P paBieHUst >KUIKOCTH HA TOPU3OHTAIBHYIO IUIOLIAAKY
BbIuncisiercs no gpopmyie P=gphS, (4)

['1e g — yCKOpEeHHUe CBOGOIHOTO NaCHHS B M/C2;

P— ILIOTHOCTB JKHIKOCTH B KI/M>;

h — rnyOuHa NOrpy)KeHHS TUTOIIAIKU B M;

S — IUIOLA b UIOMAAKH B M.

ITo aToit popmyre Heb3s UCKATh JaBICHHUE KHUIKOCTH Ha BEPTUKAIBHO IMOTPYKEHHYIO INIACTHHKY,
TaK KakK ee pa3Hble TOUKH JIe)KaT Ha Pa3HbIX TITyOHHAX.

[TycTh B 5KHAKOCTH MOTPYXKEHA BEPTUKAIBHO TUIACTUHA, OTPaHUYEHHAs TUHUAMH X = a, X = b, y1

= f1(x) u y2=f2(x).

st pemienns 3a1aun pa3oobeM TUIACTHHY Ha N YacTel (MaJIbIX TOPU30HT AJIbHBIX TIOJIOCOK)

MMPAMBIMHU, IMAPAJUICIIbHBIMU IMTOBEPXHOCTHU KUJIKOCTHU (T.e. napalsiIeJIbHBIMH OCHU OY) Ha FJIY6I/IH6 X

BBIJICJIAM OJIHY M3 HHX U 0603HaunM uepes f(X) ee amuny, a uepes &% ee mupuny. [TpHHAB MOTOCKY

3a [MPAMOYT'OJIbHUK, HAXOAHUM €€ IUIOIIAAb §= "f(x:l HAx .

FP=gofix) bx x

Haiinem nuddepenman dp stoit pyHkImm.

dp = gof (x) xdx

Torna no 3akony [lackans nHTErpUpys MOTyuYeHHOE PAaBEHCTBO B IpeJieNax OT X =a 0 X = b,

HOJTyYUM

5
‘I‘pr(x]cfx
P=g2 ©)

Ipumep

AkBapuym umeer (opMy MpsSMOYTOJIbBHOrO Napasuienenunena. Haiinem cuily naBieHHsI BOJbI
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(rmotHOCTH BoabI 1000 Kr/M3), HAIOJIHAIOLIEH aKBapuyM, Ha OJHY M3 €r0 BEPTUKAIBHBIX CTEHOK,
pazmepsl koTopoit 0,4 m x 0,7 M.

Pemenue. Bribepem cucremy koopauHat Tak, 4roObl ocu Oy n OX COOTBETCTBEHHO COJEpKaIIN
BEpXHEE OCHOBaHME U OOKOBYIO CTOPOHY BEPTHKAJIBHON CTEHKH akBapuyma. J[as HaxoXIeHHs

CHJIBI JIaBJICHUSI BOABI Ha CTEHKY Bocmojb3dyemcs (opmynoi (3). Crenka umeer ¢dopmy

MPSMOYTOJbHUKA, [TO3TOMY fx)=0.7x, x€[0,0.4] Tak xak npenensl uHTerpupoBanus a=0 u b=0,4,
TO TOJIYYUM:

0.4 2

4
pesy D[1000*0,? * xdx = 700 %r =56g ~ 549H
0

3aganus.

1.Boruncnuth miiomans GUrypbl, OrpaHU4eHHON JIMHUSAMU y = 4 — X2 u y =-5. Cnenarpb 4epTéx.
2.CKOpOCTh JIBUKEHUS TOUKH V = 18t — 3t? m/c. Haiizure IIyTh, IPOMACHHBIM TOYKON OT Havyana
IBYOKCHUSA 0 €€ OCTAaHOBKH.

3.IlpyxuHa B criokoiiHOM coctosiHuM umeet mHy 0,1 M. Cuna B 20 H pacrarusaer e€ Ha 0,01 m.
Kakyto paboTy Hag0 coBepmnTh, 4T006I pactaHyTth e€ ot 0,12 1o 0,14 m?

4 BBIMHCIHTH IUIOMAh (GUIYpHI, OrPAHMYCHHOMN THHIAME Y = X° - 4X 1 y = 0. Cienarh 4epTéx.
5.Teno OpoIIeHO C MOBEPXHOCTH 3€MJIM BEPTUKAIBLHO BBEPX CO CKOpPOCThio V = 29,4 — 9,8t m/c.
Haiinute HanGonb1IyIO BBICOTY MOABEMA TENA.

6.I1pu cxxatuum npyxunsl Ha 0,05 M coepiaercs padota 30 [Ix. Kakyro paboty HeoOXxo1umMo

COBEPILIUTH, YTOOBI cxkaTh NpykuHy Ha 0,08 M?

Borunciienne 00bEMOB ¢ MOMOIIBLIO ONIPEAEJIEHHOT0 HHTErpaJa.
Kpartkas Teopus.
[Iycth Bokpyr ocu OX BpaiaeTcst KpMBOJIMHEHHAs Tpanenus, orpaHiYeHHasi HepepbIBHOM JINHUEN

y=f(x) >0, orpesxom [a; b] v mpaAMBIMU X = a u x = b.

[Tony4yennas mpu BpameHun Gpurypa Ha3pIBacTCs T€JIOM BpallleHUsl.

Bpamenne Bokpyr ocu Ox.
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b
Vox =~ Tc.[[yZ 2()(7) N Z(x)] dx

Y y=y,(x)

——"a b

)

d b
V,=x|EWdy Vo =nflx 0 -x’Wldy ¥, =2rfx y(x)dx

C

IIpumepl. Halitu o0bemM Tena, 00pa30BaAaHHOTO BpalleHHEM BOKpPYyr ocu Ox
durypsl, orpasnuenHoi muaEAaMu yZ = 2x,y = 0,x = 1.

Pemenue:
1

V= nf 2x dx =mx?|§ = m (ky6.en)
0

- //

~
e

y
1,h0;0,00)
-14 < J

R

[

o

\\
I[Ipumep2. Haiitu o0beM KOHyca, TMOJIYYEHHOTO BpalieHueM BOKpyr ocu Ox
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MPSAMOYTOJBHOTO TPEYTOJbHUKA, €CIIU PAJNyC OCHOBAHUS, MOJYYEHHOTO KOHYyCa
u BbIcoTa H.
Pemienue:

Oueugno, f(x)=kx, torna k=tg oc=§. [Tomygaem: f(x)= %

BrruncinuMm o0beM:

R?x? AR*x3 |“ 1

H H
V = | ?(x)dx =
! ) !” H2 HZ.3

3aganud.;

Breraucimnre 00beM Tena BpallCHUA, OFpElHPI‘-ICHHOfI JJMHUAMU.

R

Bapuanr 1. Bapuanrt 2.
1 |[y=eXx=0,x=1,y=0 1|ly==x3x=0,x=2,y=0
2yt = ax=—1y=0 2y =2 x=1x=5y=0
y_ x!x_ y X = ;y— y—x;X— y X = ;y—
3 |y=—x?+x,y=0 3|ly=4—-x%y=0
. U 3m
4 y:Sl'ﬂ,X:E,xzﬂ,yZO 4 y:cgg,x:;r[’x:?’y:o
5 |y =3cos,x=—2,x=0y=0 S|y =2sinx=o,x=my=0
y=3cos,x=-75,x=0y= y=2sinx =2, x=my =

6 |ly=1+x%3x=1x=2,y=0 6 |ly=eXx=-2,x=0,y=0
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IIpakTnueckas padora Ne 24

n““PTIPTIP“"P RRAUMHOATN NACTINTTOXKCHUSA HpﬂM[,IX B HpochchTBe
Pasznea 7. [Ipsimbie ¥ IIOCKOCTH B MPOCTPAHCTBE .
Tema 7.2. BanMHO€E pacnosio;KeHue NPsSMbIX U IUIOCKOCTEN B IPOCTPAHCTBE. YTOI MEXAY ABYMs
IPSAMBIMU

HCJIL. HOBTOpI/ITB U O606H_II/ITB 3HaHUA 110 TEME B3aWMHOC pPACIOJIOKCHHUEC IIPSAMBIX B
MMPOCTPAHCTBE; CUCTCMATHU3UPOBATH IMOJTYYCHHBIC 3HAHUA.

Kparkas Teopus.

durypa Pucynoxk Onpenesenue

[IBe mpsimMble
Ha3bIBAIOT NepeceKaruiuMucs
npAMbIMU, ECTTT OHU
MMEIOT eIMHCTBEHHYI0 001IyI0
TOUKY.

IBe nepecexarowuecsn
npamvle

JBe npsimble
HAa3bIBAIOT RAPALIEeIbHbBIMU
NPAMBIMU, €CITA OHU JIEKAT B
OJHOH IJIOCKOCTH ¥ HE HMEIOT
O0IINX TOYEK

JIBe napannenvnvie
npamole

JIBe mpsiMble

Ha3BIBAIOT CKPEUUBAIOUUMUCS
JIBe ckpewyusarouuecs

npAMbIMU, €CTTU He CYIIeCTBYeT
npsamole .
IUIOCKOCTH, COAep:Kaleil ode

e

n
Su

/ npsimMble.
3aaanud.

1.OTBeTh Ha MPEITIOKEHHBIE BOMTPOCHL. B Ka)K/10M 0TBETE 0OOCHYI CBOIO TOUKY 3pEHUS.

1)  BepHo a1, 4TO €CIM KOHIIBI OTPE3Ka JIekKAT B TAHHOH IUIOCKOCTH, TO U €r0 CepeIuHa
JICKUT B ITOU IJIOCKOCTH?

2)  MoryT au IB€ MIOCKOCTH UMETh OOIIYIO TOUKY, HO HE HUMETh OO0IIei mpsaMoii?

3)  ToukaA He nexwur B mockoctd KMN. HazoBute mpsiMyro nepecedeHus mIoCKOCTeH
AMNu AKM.

4)  Hanbl TouknA, B, C u D. [170cK0OCTh 0. MPOXOIUT Yepe3 mpsamyio AB, HO He IPOXOAUT
yepes Touky C. [Ipsmeie ADu BC nepecekarorcs B Touke B. CkoIbKO TaHHBIX TOYEK JIEKUT
B IIJIOCKOCTH 0.7

5) B mpocrpancTBe maHbl psiMas U Touka. CKOJIBKO Pa3IHYHBIX TIOCKOCTEH MOYKHO Yepe3
HUX IIPOBECTH?

6) BepHo s, 4TO €CITU TPH JAaHHBIC TOYKH JICKAT B OJHOM IUIOCKOCTH, TO OHU HE JIS)KAT Ha
OJTHOU IpsIMOM?

7)  MoryT a1 Tpu NpsIMbIE UMETh OOIIYIO TOUYKY, HO HE JISKATh B OJHOM MIOCKOCTH?




8)

9)
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[Tnockoctu CBDUEDC nepecekarorcs o npsimoit a. HazoBute 1Be TOUKH, JIexkKallnue Ha
IpsIMOH a.

Hansl ToukuA, B, C u D. [Inockocts o npoxoaut yepe3 ToukuB, C u D, HO He mpoxoauT
yepe3 Touky A. HazoBuTe Tpu U3 JaHHBIX TOYEK, KOTOPHIE MOTYT JIEXKaTh HA OJTHOM MPAMOIL.

10) Tpu npsimble epecekaroTcst B Touke A. Uepes 1aHHYIO TOYKY HE0OXOIUMO POBECTH

IUIOCKOCTB, COJIEPIKAIIYI0 POBHO JIBE M3 TPEX JAHHBIX MPSAMBIX. CKOJIBKO TAaKUX IIIOCKOCTEH
MO’KHO MPOBECTU?

11) BepHo a1, 4TO €CIH Yepe3 YEThIPE TOYKH MPOXOIUT TUIOCKOCTh, TO TaKasl INIOCKOCTh —

€IUHCTBEHHAS?

12) Moryt 11 TpH NpsIMbIE, IEPECEKAIOINECS B OTHON TOYKE, ONPEEIIATh B IPOCTPAHCTBE

POBHO JIBE TIOCKOCTH?

13) TIIpsmeie AB, AC uAD He nexar B oJHoi#t miockoctr. ToukaE nexur B miockoctu BCD.

Hazosute npsimyto nepeceuenus miockocreit ABE u BCD.

14) Jlausl Touku A, B, C, Du E. [TnockocTh o TpoXoauT yepe3 Toukun A u B, HO He

npoxoauT uepe3 Touku C,D u E. Cpeau 1aHHBIX TOUEK HA30BUTE TOUYKY, KOTOpasi HE MOXKET
Jexathb Ha npsMoit AD.

15) B mpocTpaHCTBE JaHbI JABE MIEPECEKAIOIINECS MPSMbIE M TOYKA, HE JIeXKalast Hi Ha OJTHOM

1)
2)
3)

4)

5)

6)

7)

8)

u3 HUX. CKOJIBKO Pa3IMYHbIX TJIOCKOCTEH, COIep KaIuX BCEe TPH JaHHBIC (PUTYPHI, MOXKHO
MIPOBECTH B IPOCTPAHCTBE?

2. Ompeznenute YUCIIO BEPLIUH, pEOep U IpaHeil: a) S-yrojabHOM NpU3Mbl; 0) N — YroIbHON
MIPU3MBI.

Haiigute uncio nuaronasneii: a) 6-yroapHOM NpuU3Mbl; 0) N — YTOJIbHON IPU3MBI.

Pemuts 3agauun 1o BapuaHTam

Jana miockocTh 3 1 ipsiMbIe a, B U €. I3BeCTHO, YTO O/HA U3 JaHHBIX MPSMBIX
napajuienpHa miockocty . HaszoBure aTy npsmyto, eciau npsiMas B apajuiesbHa NpsMoi
C, IpsIMBIE A U B TIEPECEKAIOTCS, a IPsMAast C JISKUT B IuIocKkocTh PB. Chenmaiite puCyHOK H
MIPOKOMMEHTUPYHTE €r0  C MOMOIIHI0 MaTEMAaTUUECKUX 3HAKOB.

Uepes Toukn A, B u cepenuny M orpeska AB npoBenieHbl napaiijiesibHbIe PsIMBbIE,
MepECeKaroIINe HEKOTOPYIO TIIOCKOCTh o B Toukax Aj, B1, M1 coorBercTBeHHO. Haiitn
IuHYy oTpeska MM, ecimn AA1=3m, BB1=17wm, npuuém otpe3okx AB He mepecekaer
IJIOCKOCTH Q.

Yepes koHeryr A otpe3ka AB mpoenena minockocTs. Yepes konen B u Touky C sToro
OTpe3Ka MPOoBeACHBI apauienbHbie npsambie B, u Cy. Haitnure nnuay otpeska BBj, ecnn
CCi=26 cm, AB: AC=15:13.

Jlana 11ockocTh B U IpsiMbIE @, B M C, IPUYEM JIBE U3 TPEX JAHHBIX MPSAMBIX
napasuiensHbl. HazoBuTe nmapannenbHble IpsMble, €CiM NMpsMast a JISKUT B IIIOCKOCTH f3,
npsiMasi B apajijiesibHa IJI0CKOCTH 3, a mpsiMasi ¢ mepecekaeT miockocts . Chenaiite
PUCYHOK ¥ IPOKOMMEHTHPYHTE €r0 € MTOMOIIbI0 MAaTEMAaTHYECKUX 3HAKOB.

Uepes koHpl  oTpe3ka  AB u ero cepeauny M otpeska AB npoBeneHsbl mapaiieabHble
MpsIMbIE, IEPECEKAIONINE HEKOTOPYIO INIOCKOCTH 0. B ToUkax A1, B; u Mj. Haiitu niuny
otpe3ka MMj, ecniu oTpe3ok AB He nepecekaeT miockocTs o 1 eciii AA1=10m, BB1=14m.

Uepes koneny A otpe3ka AB nposeaena miockocts. Uepes konen B u Touky C 3Toro
OTpe3Ka nmpoBeieHbl apasuienbHbie npsiMbie Bl u C1. Halinure nnuny otpeska BB, eciu
AB=8 cm, AC: CC;=2:3.
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IIpakTuyeckoe 3ansaTue 25

Tennennukvngp U HAKJIOHHAA
Pasznea 7. ll:IIp}IMHe Y IUIOCKOCTH B IIPOCTPAHCTBE .
Tema 7.6. IleprienaAuKysp ¥ HAKJIOHHBIE. YTOJI MEXKIY IPSIMOM U INIOCKOCTHIO

Lenan: npuMeHeHne NOJYyYEHHbIX 3HAaHUM NPU pelIeHUH 3aaad 1o teMe «lIpsmble U MIOCKOCTH B
IIPOCTPAHCTBE»
3aganus.
Penmte 3amaun.
1. I3 Touek A wu B, nexammx B JIBYyX NEPHEHIUKYISPHBIX IUIOCKOCTSX, OIYILIEHBI
nepnenaukyssipel AC u BJl Ha npsamyro nepecedenus miockocteil. Hailaure ninuny otpeska AB,
eciii AD=4Mm, BC=7m, CD=1mMm.
2. I3 TOYKM K IJIOCKOCTH NpPOBEJCHBI JBE HaKJIOHHbIe. HalimuTe NIMHBI HAKIOHHBIX, €CIH
HAKJIOHHBIE OTHOCATCA Kak 1:2, a MpOEKUMU HAKJIIOHHBIX paBHbI lcM 1 7cM.
3. Tenedponnass mpoBonoka mHONM 13 M mpoTsHyta OT TenedoHHOro crosnba, rie OHa
NpUKperieHa Ha BbicoTe 10 M OT MOBEPXHOCTH 3€MJIH, K JJOMY, TJI€ €€ IPUKPENUIIN Ha BbICOTE 15M.
Haiinute paccrosinue Mexay JOMOM M CTOJIOOM, IIpeIoiarasi, 4To IPOBOJIOKA HE TPOBUCAET.
4. Otpe3ok AB nepecekaet minockocts B Touke O. I[lpsmbie AD u BC, neprneHaukynspHbie 3TOi
IUTIOCKOCTH, nepecekatoT ee B Toukax D u C coorBercTBeHHO. Haiinute miunHy orpeska AB, ecnu
AD =12cm, BC=4cm, OC=3cM.
2. Pemnth 3amaun:
1. U3 Touek A u B, nexammx B JABYX MNEPHEHAMKYISPHBIX IIOCKOCTSX, OMYIIECHBI
nepnenaukysipsl AC u BD Ha npsimyro nepeceuenus mockocredt. Haiiaure muny orpeska AB,
ecau AD=BC=5m, CD=1m
2. W3 TOUKH K IIIOCKOCTH MIPOBEJICHBI IBE HAKJIOHHKIE, paBHbIe 17 cM 1 15 cm. [Ipoekuust ogHOM U3
HUX Ha 4 cM OoJbIIIe MPoeKIUK Apyroil. HaliauTte npoeKkmm HaKIIOHHBIX
3. BepxHue KOHIIBI ABYX BEPTHKAJIBHO CTOSIIUX CTOJOOB, yJalleHHBIX Ha  pacCcTOosHUE 4M,
COeMHEHBI TepekyiaauHoi. Bricota ogHoro cromba 7m, a apyroro — 10 M. Haiinure nnuny
nepeKIaguHbI.
4. Otpe3ok AB nepecekaet minockocts B Touke O. I[lpsmbie AD u BC, neprneHaukynspHbie 3TO
TUTOCKOCTH, mepecekatoT ee B Toukax D u C coorBercTBeHHO. Halinute nnuHy orpeska AB, eciu
AD =18cMm, BC=6¢cm, OC=4,5¢cM.
IIpakTHueckoe 3aHsiTue Ne 26
BorunciieHne MJI0IAAU MOBEPXHOCTEH U 00bEMOB MHOTOTPAHHUKOB
Pa3nean 8. ['eomerpuueckue Tena 1 HOBEPXHOCTH

Tema 8.4. OObeMbl reOMETPUUECKUX TEl

Tema 8.5. [Inomaau noBepxHocTei

Ilesm: BeIUUCIIEHHE TUIOMIAJIEH MOBEPXHOCTEN 1 00BEMOB MHOTOI'PaHHHUKOB.
KpaTkas Teopus
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MuororpaHHukH
" Ha3sanue Iwpamuas Mpusma | [apanaeaenwnen Ky6
MIOTOTrPIHHAK | : ‘ ={
S ‘ g | A C’ 2 ¢ |
| @ | AR I. | 221
g | = f4 l ” ; =
Pucyrox (Z
(wepTén) | °1—|h Bl |14 e || F'rf,-/ ¢
4 ,,!4,4%".. K ,—,,7/77,7 W !
o8NP | v
R & ) ) Ve _7.4 a © | {
1 ! '
Qopmyna 1ns , ' 3
BEIMHCISHHA —_— . V=S 'h V=a'6°C V=a
obnéma V S;’C“ h il ’ I ’
l
e |
Dopwuyna ans . ;
BEIMHCTSHHR . ,
BHICOTH HAN h=3 V h= V f c= V a=3/V ‘
CTOPOHK S S ‘ ab I
MAOTOrpaHHMKA ocn ocH ‘ |
)

Puc.1 ®opMynbl 1 4eTpeKU MHOTOTPAaHHUKOB
3aganme: PemuTe 3amaun.
1. B ocHOBaHuU NPSIMOM TPEYroJIbHON MPU3MBI JIEKUT IPSIMOYTOJIbHBIM TPEYrOJIbHUK C KaTeTaMu 8
cM 1 6 cm. [Tnomass 60koBoi oBepxHOCTH paBHa 120 cm’. Haiixute BHICOTY MPH3MBL.
2. CTOpOHBI OCHOBaHUS TPSAMOTO TapajUleNienuIea PaBHBI 3 CM M S5 €M, OCTpPBIA yroi 60°.
Bbonbuias auaronans napamienenunena pasHa 10 cm. HaliquTe BeicoTy mapaenenumnesa.
3. OcunoBanmem mupamuasl MABCD coyxutr kBaapar ABCD. MB — BwicoTa mHpamunsl u
MB=AB= 4 cm. Haiinurte momasas rpanu MDC.

4. BpicoTa NpaBWIBHOW YETHIPEXYTOJBHOW MUPAMUIBI PABHBI 3J3 cM, a ee GokoBOE pebpo

345 cm. Haiinure: a) OOKOBYIO TOBEPXHOCTb MUPAMU/IbI, 0) ABYTPAHHBIHN yroj NPy OCHOBAHUHU.

5. Uemy paBHa 1uIoaas TOBEPXHOCTH Kyda ¢ pedpom 17

6. Haiinure tutomane OOKOBOW TOBEPXHOCTH TPABUIBLHOW MICCTUYTOJLHON IMPU3MBI, CTOPOHA
OCHOBaHUs KOTOpPOM paBHa 5 cM, a BbicoTa 10 cMm.

7. Haiinute miomans OOKOBOW TOBEPXHOCTH MPABUIBHOW UYETBIPEXYTOJNBHOM MHUpaMUBbI,
CTOPOHAa OCHOBaHMSI KOTOPOH paBHA 6 CM U BbICOTA 4 CM.

2. Pemute 3amaun:

1. bokoBoe peOpo MPaBUIBLHOW YETHIPEXYTOJbHON MPU3MBI paBHO 6 CM, a JUAroHajib OOKOBOM
rpanu — 10cM. Haiinute 60KOBYIO TOBEPXHOCTH IPU3MBI.

2. CTopoHa OCHOBaHHS  TPABWJIHBHOM YETHIPEXYroJIbHOW MPHU3MBI paBHA S5CM, a JIHUaroHalb
6okoBoi rpanu 13 cm. Haiinure 60kOBYIO TOBEPXHOCTH IPU3MBI.

3. OcnoBannem nupamugasl KABCD cayxur kBagpar ABCD. MB — BbeicoTa mupamMujabl U
MB=AB= 7 cm. Haiinure miomaas rpanu KDC.

4. BpicoTa TpPaBWIIbHOM YETHIPEXYroJdbHOH MUPAaMUAbI paBHA 53 cM, a ee OokoBoe pedpo
5./5 cm. Haiinure: a) OOKOBYIO TOBEPXHOCTh TUPaMU/IbI, 0) ABYTPaHHBIH YTroJ P OCHOBAHUH.
5. O6bveM kybOa paBeH 8 M Haiinure momaas ero moBepxXHOCTH.

6. OcHOBaHHMEM TIPSIMOK TPEYTOJIBLHOW MPHU3MBI CIIY’KUT MPSIMOYTOJIBHBIA TPEYTOJILHUK ¢ KaTeTaMHu
3 cMm u 4 cm, BeicoTa Tpu3Mebl paBHa 10 cMm. HaliquTe mmoniaas mOBEpXHOCTH JAaHHOW MPU3MBI.
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7. Haiigure miomaas OOKOBOW MOBEPXHOCTH MPAaBUIIBHOM TPEYroibHON MUpPaMHIBI CO CTOPOHOM
OCHOBaHUs 6 ¢M U BBICOTOH | cM.

IIpakTnyeckoe 3ansaTue Ne 27
Bbiuncienue niionaau NOBEPXHOCTH M 00bEMOB KPYIJIBIX TeJl

Pa3nea 8. ['eomeTpuueckue Teia U NOBEPXHOCTU
Tema 8.6. O6bem mapa u miomaab chepol

Lenu: npruMeHeHue MOTYYSHHBIX 3HAHUM JJIsl BBIYMCIIEHUSI 00BEMOB U TIIOLIAICH.
Kparkas Teopusi

TEJTA BPALLEHWUA
| OBbEM NNoLAdb NOBEPXHOCTU

2w )
S = 280 + Soox =

V = mR%*h
_ %% R — paauyc oCHOBaHUA = 2nR? + 2nRh
unnnHap h — BbICOTA
3 S = Syey + Seox = TR? + WRL
1

V= §30C" - h L — oOpasywomas
S— L =+/R% + h?

4 3
V=3mR S =4nR>
wap
Puc.1 ®opmyibl u 4EPTEKHU KPYTIIBIX TEI
3ananme:

1.Pemmuts 3agaun

1. Tpebyercst OTIUTH METANIMYECKUI Iap AUaMETPOM 5 cM U3 mapoB AuameTpoM 1 cm. CKOJIBKO
JUTSL 9TOTO MOTpedyeTcs mapoB?

2. llunuHapuyeckas IUCTepHA, BHYTPEHHUH paanyc kotopoit 18 m, umeer Beicoty 10,5 M. Kakoe
KOJMYECTBO HE(PTH BMEIIAeT IHUCTEPHA, €CIM TUIOTHOCTh Hedtm 850 kr/M>?  Bbimonaute
BBIUMCJIEHHSI C TOYHOCTHIO J10 1 T.

3. Bol pykoBoautens npeanpustus. [locraBuiuk, ykasbiBas Ha Ky4dy YIisi, UMEIOLIYI0 KOHUYECKYIO
dbopMy, mpeuiaraeT BaM BBIBE3TH €€, YTBEp)KIas, YTO B HEHl Takoe-TOo KoiuuecTBO TOHH. Kakue
U3MEpPEHUsS] Bbl MOXKETE BBIMOJHUTH, YTOOBI y3HaTh O0BEM 3TOM Kydyd M YOEIUThCS, YTO Bac He
BBOJIAT B 3a0y>KeHne?

4. TloueMy KOHCEpBHbIC OaHKW JENAIOT LHUJIWHIPUYECKOW (opMbI, a HE KyOWYECKOW WiIH
mapooopazHoit?

5. CeueHueM HWIMHJIpPA MIOCKOCTBHIO, MApajuIeIbHON OCH, CIYXHUT KBaJpat, IUIOHIA/lb KOTOPOTO
paBHa 20 nM2. HaiiauTe miomaab 0CEBOTO CEYEHUS UIIMHIPA, €CIIU €ro IuaroHaib paBHa 10 aMm.
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6. Pannyc ocHOBaHMS KOHyca paBeH W2 om Haiiautre HanGonpuIyl0o BO3MOXKHYIO IJIOLIAAb
0CEBOI'0 CEUYEHHUs JaHHOT'O KOHYca.

2. Pemmts 3a1aun

1. BbICOTA LWIMHAPHYCCKON KOHCEPBHOW OAaHKH, BMECTHMOCTh KoTopoii 4000 cm®, pasHa
nuaMetpy aHa. Haitaure BBICOTY U paanyc OaHKHU.

2. Kyua mieOHst umeet popmy KOHYyca, 00pa3yrolas KOTOPOro paBHa 5 M, a painyc OCHOBaHHA 4 M.
CKOJBKO pPEHCOB JIOJDKEH COBEPUIMTH 3 — TOHHBIM TIPY30BUK, YTOOBI MEPEBE3TH Kydy MIeOHs?
ITnotHOCTH meGHs 2200 Kr/m°,

3. CrakaH4uK 751 MOPOXEHOTO KOHHUYECKOW (OpMBI UMeeT riyOuHy 12 cM M auamerp BepxHei
yacTu 5 cM. Ha Hero cBepxy MosIoKuIn B€ JIOKKH MOPOKEHOTO B BHJIE MOJIyILIAPUM AMAMETPOM 5
cm. [lepenoaHUT 11 MOPOKEHOE CTAaKaHYHK, €CIIM OHO pacTaeT?

4. BBIUUCIINTH, CKOJIBKO METPOB TEChbMbl HAMOTAaHO Ha 0a0uHY B (popMe HMIMH/pA, €CIIM BHEIIHUN
IuameTp paBeH 44cM, BHYTpeHHMI quameTp 6¢M, Bbicota 30cm, TosmuHa TecbMbl 0,3cM.

5. bokoBasi MOBEpXHOCTh LMJIMHIPA pa3BEPTHIBACTCS B KBAJIpaT C JAMArOHANbIO, paBHOH 27 CM.
Haitgure ninomaas noJHON NOBEPXHOCTH HHJIMHAPA.

6. BricoTa KOHyca paBHa 43 oM, a yrojl IpU BEPIIMHE OCEBOrO ceueHus paseH. Haipurte
IUIOILAAb OCHOBaHMS KOHYCA.

IIpakTyeckoe 3ansiTue Ne 28
Bbiuncienue niomaau NOBEPXHOCTH U 00bEMOB KPYIJIBIX TeJsl

Pa3nea 8. ['eomeTpruueckue Tesa U HOBEPXHOCTU
Tema 8.5. [lnomanu nosepxHocreit . .
enu: nprMeHeHne NOTYYEHHBIX 3HAHUM JIsl BBIYMCIIEHUSI 00BEMOB U IIJIOLIA/IEH.

Kpartkas Teopus

KOHYC

SGOK= nRL
S Lom= TR*+7RL
1

. V=§nR2H

L - obpasyromas
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IAJIAH /P

: Seo= 2TRH

| H Siomn= 2TRH+27R?

IHIAP
S=4aR?
\Y 1R
—3nR

Puc.1 ®opMyiibl M pUCYHKH TEJ BpallleHUs

3aganue:

1.PemuTs 3anaun.

1) OceBoe cedyeHMe HWIMHApPAa — KBajpar, JUIMHA JMaroHaiau kotoporo pasHa 20 cm. Haiinure
paznyc OCHOBAHHMS LUIMHAPA.
2)[lnuHa obpasyrolieil KoHyca paBHa 2 V3 CM, a Yroj Ipu BEpIIMHE OCEBOT0 CEUEHHUs KOHyca
paseH 120°. Haligute niomanb OCHOBaHMs KOHYcCA.
3) Ceuenue mapa IUIOCKOCTbIO UMeET IuIomaibs 36 7 .YeMy paBeH paguyc Liapa, €cid CedeHue
yJIaJIeHOo OT €ro IIeHTpa Ha paccrosiHue 87
4) Ilnomaas 0ceBOro ceYeHus LUIMHIpa paBHa 6 Jr 1AM, a MToIaTh OCHOBAHHS [WJINH/Apa paBHA
25 )1M2. Haitaure BbICOTY HMIIMHAPA.
5)Croponsl Tpeyronbarka ABC kacarotcs mapa. Halinure paauyc mapa, ecinu AB=8cm, BC=10cwm,
AC=12cm u paccrosiHue ot nenTpa mapa O 1o mockoctu TpeyroasHuka ABC paBHO V2 em,
2.Pemuts 3amaun.

1) OceBoe ceueHue HWIMHIpPA — KBaJpaT, JUIMHA AUAroHajdd KoToporo paBHa 12 cm. Haiingurte
paznyc OCHOBAaHUS LMJIMHApA.
2) JlnuHa oOpa3syromeil KoHyca paBHa 443 CM, @ Yrojl IIpY BEPIIMHE OCEBOIO CEYECHUS KOHYyca
paseH 60°. Haliiute mioiajab OCHOBaHUS KOHYCA.
3) Ceuenue mapa IJIOCKOCTBIO MMEET IUIom@aab 25 7 .Uemy paBeH paiuyc Iapa, €cid CeueHue
yZIaJ€Ho OT €ro LIeHTpa Ha paccTtosinue 127

$)Inomans 0CEBOTO CeYCHUS UIMHpA paBHA 8 N M2, a IUIOIAah OCHOBAHMS HWIMHApPA paBHA
25 ,Z[Mz. Haiigure BbICOTY HMIIMHApA.
5)Croponsl Tpeyroiasauka ABC kacarores mapa. Haliqure paguyc mapa, eciin AB=4cm, BC=5 cwm,
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AC=7cm u paccTosiHuE OT LIeHTpa mapa O 10 miockocTu Tpeyroiabarka ABC paBHO V2 om.

IIpakTuyeckoe 3ansaTue Ne 29

JeiicTBUS HaJl BEKTOPaMU
Paznen 9. BekTOpbl M KOOPAUHATHI

Tema 9.1.. BekTopbl Ha IJIOCKOCTH U B MPOCTPAHCTBE
Ienu: npruMeHeHne MOTYYSHHBIX 3HAHHH

Kparkas Teopusi

Koopaunatsl BekTopa

a=xi+yj+zk

Z
k
I
Puc.1
10
af{x,; ¥i:2,}
b{x,;Y,:2,}
é+5:{xl+x2;y1+y2;zl+zz}
é_Bz{Xl_Xz;yl_YZ;Z1_Zz}
cd ={ax,;0y,;az,}
20 A
Y4
oc = L oA+ 0B)
2
‘= X, + X, A
2
N i
= Y: 2y2
C B
L z,+12,
2
Puc.2
30
& =x2+y*+2°
4°

MMl :{Xz =X, Y, Y2, — Z1}
‘MMl = \/(Xz _X1)2 +(y2 - y1)2 +(Zz - 21)2
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5°CkassipHO€e TPOU3BEICHHUE IBYX BEKTOPOB.
a-b=lal- ‘5‘ -cos(a"b)

69

ax; ¥z} b{X,iY,i2,}

ab = XX, + V1Y, + 2,2,

7°
cos(a"b) = @b

3] -[b]
COS(ﬁA 6) — XX, + 1Y, + 4,7,

2 2 2 2 2 2
\/Xl tYy, +7; '\/Xz tYy, t1,
80 Z[eJ'ICHI/IC OTpE3Ka B JTaHHOM OTHOHICHUHA

AB nenutcs (.) C B otHomenuu AC:CB; koopaunartsl (.) C

_ X X y=ya+yb , _ Lt
¢ 1 ¢ 1 ¢ 1
9° HanpasJstrommye KOCHHYCHI

HamnpaBnenue BekTopa d ONpenesieTcs yriiaMu «; f3;y , 00pa30BaHHBIMH UM C OCSIMHA KOOPIMHAT
Ox; Qy; Oz.
ax

ax
cosq = — =
a . Jax® +ay’ +az?

coﬁ’:a—y: 2y
a

JaX+ay+a?

az

az
a \/aXZ +a.y2 +a22

Ecmm: () A (X33 Y15 21) () B (X2; Y25 22)

|AB| =d= \/(Xz _X1)2 +(y, - y1)2 +(z, _21)2

X, =X Yo=Y Z, =1y
CoOsa =—— cCoOp=—"—— COg=
“T7 4 F="4 P

3aganue: 1. Pemuts 3amaun.

1. Haiingute xoopauuatel Touku K, ecimm A(0; 3; 4) u B(1; 4; 4), a Touka K — cepenuna orpeska AB.
2. Touka K — cepenuna orpeska AB. Haiinure koopaunatel Touku A, ecinu K(1; -1; -1) u B(-1; -3;
4)

3. UsBectHbl koopauHaThl BepminH Tpeyronbauka ABC: A(2; -1; 3), B(-3; 5; 2), C(-2; 3; -5).
BM — menuana tpeyronsHuka. Haiigure nuny BM.
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4. Jlanwi BexkTOopsl 4 {7; -1; 2} u b{4; 3; 1}. Haiimute BekTOops! a) -23; 6) 4b;B) ¢=3a-2b;1)
2¢.
5. Haiinure koopauHaThl BekTopa 23 + 3b, ecnm a {2;0; —3}, b {5; —1; 2}
2. Pemuts 3agauu.
1. Haiinure xoopaunatel Touku K, ecimn A(3; -2; 1) u C(-2; 3; 1), a Touka K — cepeauna otpeska
AC.
2. Touka K — cepenauna orpe3ka AC. Haiinure koopaunater Touku A, ecimm K(1; -1; -1) u C(2; 3; -
9)
3. U3BectHbl KoopauHaThl BepiiuH Tpeyroiasuuka KDE: K(8; 2; 6), D(4; -2; 5), E(-2; -6; 4). DA —
Meauana tpeyroiabuuka. Haiinure DA.
4. Haiigute KoopMHAThI BekTopa 23 + b, ecim a {—4;1; 5}, b {3; —5; -1}
5. Hanbl Bektopsl 4 (7; -1; 2) u b(4; 3; 1). Haiinure Bextophl a) 33; 6) -2b; B) ¢ =-2a +3b; r) 2¢.
IIpakTuyeckoe 3ansitue Ne 30
OmnpenesieHne KOJUIMHEAPHOCTH M KOMILIAHAPHOCTH BEKTOPOB.
CkaJisipHOe Ipou3BeeHNe BEKTOPOB

Pa3znean 9. Bektopbl U KOOpAMHATHI
Tema 9.2. MeTo 1 KOOPIMHAT B MPOCTPAHCTBE
Tema 9.3. CkanspHoe npousBeieHuE 6EKMOpO8

Ilenu: npuMeHEeHNE MTOTYYEHHBIX 3HAHUN
Kpartkas Teopus

BexTopoMm Ha3bIBaeTCs OTPE30K, Y KOTOPOI'O yKa3aHO, KAKOW U3 KOHIIOB SIBJIIETCS] HA4aJIoM, a KaKoh

—_—
) =+ i F
— KOHIIOM (HampaBJIeHHBIH 0Tpe30K), o6o3Hauaerca d, AEB, rme A - mauano Bexropa, B - xoner.

BGKTOpH HAa3bIBAIOTCS KOJUIMHCAPHBIMH, €CJIM OHU PACIIOJIOXKCHBI Ha OJIHON M napaJijiCJIbHBIX
MMPSAMBIX.

BekTopbl Ha3bIBAIOTCS OPTOTOHAIBHBIMH, €CITH YTOJI MEXKTy HUMH 90°.

Bektopbl MOXHO CKiIajpiBaTh ( IO MpaBHJIaM TpPEYrojbHHKA W MapajuieiorpamMma), MOXHO
YMHOXaTb  Ha  YHCIO: a= {al,az ,613} 6 = {b ,b2 ,b3}
a+b=1{a +b,a,+b,,a,+b,} ; ki=1ka, ka, ka,}

HCO6XO,}II/IMO€ u JOCTAaTOYHOC YCIIOBHC KOJNIMHCAPHOCTH BCKTOPOB!

T a a a -
dbeo *="2==" Moaym Bexropa d={a,,a,,a;} paBeH

bl b2 b3

G| = /a2 +aZ + aZ.Ecim 3anamer magano  A(X.,Y;,Z) u xomen B(X,,Y,,Z,)

BekTopa  AB, TO ero KOOpaUHATHI U JJIMHA HAXOJSATCS CICIYIOIIUM 00pa3oM:

EZ{Xz — X, Y, =Y. 4, _21} : ‘E‘:\/(Xz _X1)2 +(y2 _y1)2 +(Zz _21)2 :

CKaHSIpHBIM NPOU3BCACHUCM BCKTOPOB HA3BIBACTCA YUCIIO, PABHOC HNPOU3ZBCACHUIO MJIMH 3THUX
BCKTOPOB Ha KOCUHYC yTI'Jla MCXK1y HUMU

§-E=|§|-|E|-cosqp

G+b=a.b,+a,b,+ ash,
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-y
&'b ﬂ1b1+&2b2 +113b3
COS{IID= =¥ = i - - - ] - -
@l |b|  ai+ai+ale b+ DI+ bl

—

Heo0x01MMoe 1 IOCTAaTOYHOE YCIIOBUE OPTOrOHAIBHOCTH BekTopoB: a-b =0,
Rl
L. a*b a;b,+a,b,+azb;
lpga=——=-= — = =
b Vb2 + b2 + b3

[Tpoekmwst BEKTOpa HA HAIIPABJICHHUE:
Oo0pa3sen BbINOJTHEHUA:

3ananue

1 Haiitu muueitnyro komGunarmio sekropos AB —3BC +4CD

2 HaiiTu njuHbI BEKTOPOB AB; BC; CD

Haiiti kocunychi yrios mexay sekropamu AB u BC;  BC u CD
Haiirn (AB +CD)- AD

3
4
5 Haittu [lp,g (ﬁ + A_C)
6
7

BBIHCHI/ITB, KOJUIMHCAPHBbI JIM BEKTOPBI AB u CD

BBIHCHI/ITB, OpPTOrOHAJIbHBI JIX BEKTOPBI AB u CD

Namwi touxn A(6,3,3), B(-1,0,—-2), C(3,1,1), D(0,4,5).

Pemenue:

3aganue 1

AB=1{-1-6,0-3-2-3}={-7,-3,-5};
BC={3+11-0;1+2}=1{4;1;3};

CD={0-3,4-1;5-1}={-3;3; 4}
AB-3BC+4CD={-7-3-4+4-(-3;,-3-3-1+4-3,-5-3-3+4-4}=
{-316; 2}

3ananue 2
AB|=(=7) +(-3) +(-5
BC) = (4 + 07 +@F -
o] = (-8 + (@ + (@) -

3aganue 3

? =83

~
Il




cos AB: BC = — = ;
/8326 2158

cos BC;CD = 726 /32 =~ e

3amanue 4

Jlanst Toukn — A(6, 3, 3) B( 1,0,-2), C(3,1,1), D(0,4,5).
AB ={-7;-3-5); CD=1{-3;3;4};

AD ={0-6;4—-3;5-3}=1{-6;1; 2};
AB+CD={-7+(-3),-3+3,-5+4}={-10,0,-1}
(AB+CD)-AD =-10-(~6)+0-1+(~1)-2 =58

3amganue 5

AB ={-7,-3,-5},
BD={0-(-1),4-0,5—(-2)}=1{,4,7},
AC=1{3-6,1-3,1-3}={-3,-2,-2},
BD+AC={1+(-3),4+(-2),7+(-2)}={-2,2,5}.
~7-(-2)+(-3)-2+(-5)-5 -17

Ip - \BD + AC )= _ 1
P60 ) JE7P+(ap+(-sp VB
3amanue 6
AB={-7,-3,-5}, CD=1{-3,3,4}
-7 -3 -5
~3 * 3 # 4 BEKTOPBI HE SABIJISIIOTCS KOJUTUHECAPHBIMH.
3aganue 7

AB=1{-7,-3,-5}, CD=1{-3,3,4}
—-7- (— 3) + (— 3)- 3+ (— 5)- 4=-8+0 , CIIENOBATEIbHO, BEKTOPHI HE ABIAIOTCS

OPTOTOHAJIBLHBIMU.
3amanmue: PemmThs 3am1aun.

3amaHus K MpakTHYeCKoi padore.
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A(2;3;-1);B(0;1;2); C(4;-1;-1); D(2;-3; 1)
A(3;-1,1);B(1;3;2);C(1;-1,-1); D (4, 0; 3)
A(4,1,2);B(1,0;1); C(-1;2;-1); D(3; 1, 0)
A(3-2,1).B(2-11);C (40,2, D (1 1;-1)
A(-2;2;1);B(3;0;4);,C(7,1,0); D (3;0;5)
A(1;-1;-1); B (2;5;7); C(-3; 1, -1); D (2; 2; 3)
A(-3;1;4);B(1;-2;-3);C(2;2;3); D(5; 3; 1)
A(2,-5;1);B(4;3;5);C(-1,0;1); D(2; 1, 0)
A(-2,2,1);B(3-10);C (440, D (1 -1, 1)
A(4;2;5);,B(0;1;3);C(-1;-1;1); D (2, -2; 1)
A(1;0;1);B(7;4,3);C(3;-5;1); D (-2, 2; 2)
A (5 1;0);B(-1;-1;-1);C(2;4;7); D(1;0; 1)
A (10;1;1); B(-2;-1;1); C (45 3; 2); D (1; 05 -1)
A(2;-7,4);B(2;-1;3);C(1;0;-1); D(2; 1, 3)
A (6;3;3); B(-1;0;-2); C(3;1;1); D (0; 4; 5)
A (3;2;0);,B(2;-1;7); C(4;0,5); D(1; -2; -1)
A(4;-1,2);B(1;0;3); C(-2;1;5); D(3; 8; -1)
AL L-3):B(-7;52);C (21,0, D3 -3 1)
A (5;0;1);B(2;-1;-1); C(-6;-1;1); D(3; 1, 3)
A(3;5;1);B(7;-4;3);C(2;1,1); D(0; -1, 3)
A(L-2,1);B(-1;8,-3);C(3;2,1); D (5: 3 1)
A(3-1,1);B(2,-3,0),C(1;4,5); D (2,3, 4)
A(3;-1;2);B(4;0;4); C(-1,9;-1); D (3; -2; -2)
A(3;-2,1);B(4,2,1);C(-1,-1;1); D(3;0; 1)
A(-2,0;1);B(4-1,3);C(-3;2,1); D (4, 1;1)
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IIpakTnueckoe 3ansaTue Ne 31
Pemienne KOMOMHATOPHBIX 3a/1a4.

Paznen 10. OCHOBBI KOMOWHATOPHUKH
Tema 10.1. DiieMeHTB KOMOMHATOPUKHU

Hean: Hayuntbes pemath KOMOWHATOPHBIC 33]1a91 M YPAaBHCHHUSI.
Kparkas Teopusi

B xoMOWHATOpHKE UCIONB3YeTCs B OCHOBHOM TPH TOHSTHS: TIEPECTaHOBKU, COUCTAHMUS,
pa3MeIICHHUS.

[lepecTaHOBKaMU Ha3bIBAIOT KOMOWHAIIMH, COCTOSIINE U3 OJHUX M TEX )K€ N Pa3IHYHBIX
AJIEMEHTOB ¥ OTJIMYAIOIIUECS TOIBKO MOPSIKOM UX PACIIOIOKEHHS.

Pa3smMenieHnsiMu Ha3bpIBAIOT KOMOWHAIIMH, COCTABJICHHBIC M3 N PA3JIUMYHBIX JIEMEHTOB 10 k
AJIEMEHTOB, KOTOPBIC OTIMYAIOTCS JTMOO COCTABOM AJIEMEHTOB, JTUOO MX TIOPSIIKOM.

CoueTaHUsMHU Ha3bIBAIOT KOMOMHAIINK, COCTABIICHHBIC M3 N Pa3JIMYHBIX AJIEMEHTOB M0 K
AJIEMEHTOB, KOTOPBIC OTIIMYAIOTCS XOTS ObI OJTHUM 3JIEMEHTOM.
B taGmune Nel mpencraBiieHpl OCHOBHBIC (DOPMYJIbI KOMOMHATOPUKH (0€3 MOBTOPEHUH).
Tabmuna 1 ®opmynbl KOMOMHATOPUKH

Buaer komOunamuii  (6e3
8 . 5 ( dopMyisl
MTOBTOPEHMIN )
£ = 33 in=1)-
[lepecTanoBKH : , rze n! =1 =din ¢axropuan. Ilo
onpenenenuto 0! = 1.
Pa3memenus Al = m =n-(n - (e —2)-...
A o
Coueranus s Sy
R A

Cy11ecTBYyIOT 1Ba OCHOBHBIX IIPaBHJIa IPUMEHSAEMBIX IIPU PEIICHUH KOMOMHATOPHBIX 3a/1a4.
[TpaBuiio cymmbl. (“win”="+") Ecin HeKOTOphIi 00BbEKT A MOXKET ObITh BHIOpAaH U3 HEKOTOPOU
COBOKYIHOCTH OOBEKTOB m crocobamMu, a 0o0bekT B Moxker ObITh BbIOpaH n crnoco0amu, TO
BbIOpaTh 100 A, 1ubd0 B MoxHO BbIOpaTh m+n ciocobamu.

HpaBuno npoussenenud. (“u”="x") Eciau o00beKT A MOXHO BbBIOpaTb M3 HEKOTOPOU
COBOKYIIHOCTH m CIIOCO0aMH M MOCJIe KaXKIOro Takoro BbIOOpa o0beKT B MoxHO BBIOpaTh n
cnocobamu, To mapa oObeKTOB A M B B yKa3aHHOM MOpsJKEe MOXET ObITh BbIOpaHAa m-'n
CHoco0amH.

IIpumep 1

J'pynna yuyammxcs uzydaer 7 y4yeOHbIX IUCHUIUIMH. CKOJIBKMMHU CHOCOOAMHM MOXHO COCTAaBHUTH
pacnucaHue 3aHSATUN Ha MOHENEIbHHUK, €CIM B 3TOT JIEHb HEJENU JIOJDKHO ObITh 4 pa3iMuHbIX
ypoka?

4

A

Pemenue. Yncno cnoco0OB paBHO YHCIY pa3sMEUICHWH U3 7 3JEMEHTOB 1o 4, T.e. PaBHO
7! 71 3BI*4HkE*G*T

== =4*5*%6*7 =840
3! 3

[Tonyyaem = (74
Ipumep 2

CKOJIBKO MIECTU3HAYHBIX YHCEJ, KPaTHBIX MSATH, MOKHO cOCcTaBUTh u3 mudp 1, 2, 3, 4, 5, 6 npu
YCIIOBHUH, YTO B YHCIIE LIU(PPHI HE TOBTOPSAIOTCA?

Pemenue. [{udpa 5 o6s13ana cTosATh Ha ocienHeM mecte. OCTanbHBIC TATH HU(PP MOTYT CTOSITh Ha
OCTaBIIMXCS TATH MecTax B JIoOoM mopsnke. CriemoBaTenbHO, UCKOMOE YHCIIO IIECTU3HAYHBIX
YHUCeN, KPaTHBIX TSITH, PABHO YHCITY TIEPECTAHOBOK M3 TISATH DJIEMEHTOB, T.€. S!=5%4*3*2*=]20.
ITpumep 3
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Ckonbko MaTueit Oyaer ceirpaHo B (hyTOOJIHHOM YEMIIMOHATE ¢ y4acTHeM 16 KoMaH[, e KaXKble
JIB€ KOMaH/1bl BCTPEUAOTCs MEX 1y co00i onuH pas?
Pemenne. Marueil COCTOMTCS CTOJBKO, CKOJIBKO CYILECTBYET JIBYXJJIEMEHTHBIX IIOJMHOXKECTB Y

MHO>ECTBA, COCTOSIICTO u3 16 3JIEMCHTOB, T.C. HuX YHCIIO
‘ 16! 14'*15*16 *
Ci= 216—-2)!  21%14! :15216:120
paBHO : )! i
3amanue:

1. Peuruts 3amaumn.
1) Ompenenute BUA KOMOMHATOpPHOrO coeawHeHus: B kmacce 30 yuamuxcs. CKOJTbKUMH
criocob6aMu MO’KHO Ha3HAYATh JBYX JCKYPHBIX (pa3MelIcHHE, IEPeCTaHOBKA, COYeTaHue)?
2) Jlnst ocBelieHus: COOBITUH B OJHON M3 CTpaH OJNIMIKHEro 3apyOexkbsl PCIICHO OTIPABUTH TPEX
KOpPpPECHOHJIeHTOB ra3eThl. CKOJBKMMHU croco0aMu 3TO MOXHO clelaThb, €clii B ITare 32
COTpyIHUKA?
3) B xmacce 30 yuamuxcsi. CKOJIBKMMHU CIIOCOOAMH MOXKHO BBIOpaTh M3 Kiacca KOMaHumy u3 4
yUaIuXcs JJIs1 Y9acTHsI B OJIMMITHA/IE 110 HCTOPHH, JIUTEPATYPE, PYCCKOMY H aHTIHICKOMY SI3bIKam?
4) CKOJIbKMMH CIIOCOOaMH MOTYT JIEBATh YEJIOBEK CECTh Ha JCBSTH CTYJIbEB, CTOSIIUX B Psi?
5) B rpymnme gecsiTh MIPeIMETOB U MATh YPOKOB B IeHb. CKOJBKUMH CIIOCOOaMU MOYKHO COCTaBHTb
pacrnvicanue Ha OJIMH JICHb?
6) B Baze 7 pomamiek U 5 KOJOKOJBUYMKOB. CKOJNBKUMH CIIOCOOAMHM MOXHO COCTaBUTH OYKET,
COCTOSIIIMN U3 5 pomariek?
7) B marazune «Bce s yas» ecTh 5 pa3HbIX yamiek ¥ 3 pa3Hbix Omoana. CKoJIbKUMH Crioco0aMu
MO’KHO KYIUTh YaILIKy ¢ OJroaem?
2. Pemuts 3agaun.
1) Beibepute B koMOHHATOpHOTO coenuHenus: B kiacce 30 yuanuxcs. CKOIBKUME CIIOCOOaMH
MO>KHO BBIOpATh 28 4eOBEK JJIsl OCEHHETO Kpocca (pa3MelieHne, IepecTaHoBKa, coueTanue)?
2) Ins BBINOJHEHHMs] OOEBOrO 3aJaHUsl  PEHICHO OTIPAaBUTh TPEX pa3BeMYUKOB. CKOIBKHMHU
crnoco0aMu 3TO MOKHO CIIENaTh, €CJIM BRI3BAJINCH UATH Ha 3aaHue 27 4elnoBek?
3) B xmacce 25 yueHukoB. CKOJBKHMH CIIOCOOAMH W3 HHUX MOXKHO COCTaBUTh KOMaHIy W3
YeThIpeX YeNOBEK JUIS YYacTHsi B KOHKYpCE OJPYAHMTOB, KOHKYpPCE UTEIOB, B TaHICBAILHOM
KOHKYypce?
4) CKOJBbKMMH CIIOCOOAMH MOTYT CEMb  YEJIOBEK CECTh Ha CEMb CTYJILEB, CTOSIIUX B psia?
5) CkoabKUMH CIIOCOOaMH MOXHO BBIOpATh 4 Nenierata Ha KoH(epeHIuio, eciu B rpyme 20
YyesoBek?
6) CkosnpkuMu crioco6amu u3 10 pabouux MOXHO BBIACIHTH 5 JUIsi pabOThI HA OMpPEACIEHHOM
y4yacTKe.
7) B kyxHe 5 mammnouek. CKOJIBKO CYIIECTBYET CIOCOOOB OCBELICHMUS?
3. Pemruts 3aa4m.
1) CxonbKuMH CIOCOOaMH MOYKHO paccaauTh 10 y4eHUKOB Ha SK3aMeHe 1o Maremartuke 3a 10-
10 TTApTaMH.
2) CkompKMMH CIOCO0aMU MOXKHO COCTaBHUTH KOJ Ha JBEPH JOMO(OHA, COCTOSIIUI U3 JBYX
uudp.
3) CkoJbKMMH CIOCOOAMH MOXKHO JIOCTaTh BCE KapaHIAIIAd W3 KOPOOKH - & IIBETOB,
BBITACKMBAs KQK/IbIH pa3 MO OJHOMY.
4) CocraBbTe KOMUCCHIO U3 3 YWICHOB JUIs SK3aMEHa [0 MaTeMaTHKe, €CIIH B KOJUICIKE BCEro 7
MaTeMaTHKOB. CKOJIBKO TaKUX KOMUCCUN MOYKHO COCTaBHTb.
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5) W3 Bameit rpynmbl cobupatorcs otnpaButh Ha npaktuky B JIOPOC. Ckousbko
BCEBO3MOXKHBIX OpUTa U3 5 4ellOBeK MOXHO COCTaBUTh U3 CTYJCHTOB HalleH rpymnmsl - 24
YeJI0BEKA.

6) B cembe — 6 4eOBEK, U 3a CTOJIOM B KyXHE CTOST 6 cTyibeB. CeMbsi pemmia KaxIblid
BeUep, Y)KMHAsl, PACCaKUBAThCS HA 3TU CTYJIbsS MO-HOBOMY. CKOJBKO JHEH 4YJIEHBI CEMbH
CMOTYT OCYILECTBIIATH 3ayMaHHOE?

7) MakcuM HoJCYUTAN, YTO CYIIeCTBYeT 378 croco0oB BhIOOpA W3 IPYIILI 2 HA BOXJICHHE.
CKOJIBKO CTYAEHTOB B 3TOU rpymime?

IIpakTuyeckoe 3anaTue Ne 32
Pemenne nmpakTH4YeCcKHX 337124 ¢ IPUMeHEHHEM BePOSITHOCTHBIX METO10B

Pa3nen 10. OcHOBBI KOMOMHATOPUKH
Tema 10.2. DneMEHTHI TEOPUU BEPOSTHOCTH

Heau: ®opmupoBaTh yMeHHE: HAXOIUTh CYMMY JBYX COOBITUHN IIPU PEIICHUU MPAKTHUYECKUX
3a/1a4; IPUMEHATH MOHATHE BEPOSTHOCTHU IIPHU PELICHUU 3a/1au.

KparTkas Teopus
CoObiTre A Ha3bIBAETCS YACTHBIM cilyyaeM coObITHUS B, eciu npu

HactymieHun 4 Hactynaet u B. To, 4To 4 sIBIIE€TCS YaCTHBIM CllydaeM B, 3alichiBaeM Acs .
CoObiTHst A ¥ B Ha3bIBAIOTCS PAaBHBIMU, €CJIM KaK/10€ W3 HUX SBJSETCS YACTHBIM CIIy4aeM
npyroro. PaBenctBo coObiTuii 4 u B 3anuceiBaem 4 = B.
Cymmoii coObiThii 4 1 B Ha3pIBaeTcsl coObITHe A + B, KOTOpOE HACTYIAET TOT/Ia M TOJBKO
TOT/1a, KOT/Ia HACTYMAET XOTs ObI OHO U3 COOBITHH: A win B.
Teopema 0 CJIOKECHUU BEPOSATHOCTEM: BepostHoCTh TIOSIBJICHUS OJHOTO n3
IBYX HECO8MeCmHbIX COOBITHI paBHA CyMME BEPOSTHOCTEH ITHX COOBITHIA.

P(A+B)=P(A)+ P(B)

Ecnu ciyudaiinbie coObITUS 4.4, 4, 00pa3yloT MOJHYI TPYIIY HECOBMECTHBIX COOBITHUH, TO
HMEET MECTO PaBEHCTBO

PL&)+ P(4)+.+ P4) =1

ITpousBeneHuem codbITHii A U B Ha3bIBaeTcs cOObITHE AB, KOTOpOe HacTymaeT Toraa |
TOJIBKO TOTJIa, KOTJJa HACTYNatoT 00a COOBITHS: 4 U B 0THOBPEMEHHO.

Caydaitasle coObITHSI A U B Ha3bIBalOTCS COBMECTHBIMM, €CIM NpU JaHHOM HCHBITAaHUU
MOTYT MPOU30UTH 00a 3TU COOBITHSL.
Teopema 0 ciiokeHUU BEPOATHOCTEN 2:

BepOHTHOCTB CYMMBI coemecnmHblx CO6LITHﬁ BBIUHUCIIACTCA 110 cbopMyne
P(A+B) = P(A) + P(B)— P(AB)

CoOniTus cOOBITHI 4 M B Ha3BIBAIOTCS HE3aBUCUMBIMM, €CIU ITOSBJICHUE OJHOIO0 M3 HUX HE
MEHSIET BEpOSATHOCTH MosBIeHUS Apyroro. CoObITHe 4 Ha3bIBAaeTCs 3aBUCUMBIM OT COOBITHSA B,
€CJIM BEPOATHOCTH cOOBITUA A MEHSAETCS B 3aBUCUMOCTH OT TOro, IMMpoOn301LI0 coObITHE B NN HET.
Teopema 00  yMHOXXEHHH  BEPOSITHOCTEH: BEposSTHOCTH  MpOM3BEINEHUS  HE3aBUCHUMBIX
coObITHH A M B BeIUUCHAETCS TIO (hopMyIIe:

P(4B)= P(A). P(B)

Ipumep 1 Nmeercs 100 notepeitnbix 6unetoB. M3BecTHO, UTO Ha 5 OUIIETOB MOMAACT BBIUTPHILI
o 20000 py6., Ha 10 - mo 15000 py6, Ha 15 - mo 10000 py6., Ha 25 - mo 2000 py6. 1 Ha ocTalbHBIE
Hu4dero. HaiiTu BeposSTHOCTH TOTo, UTO Ha KYIUICHHBIA OMJIET OyAeT MOJIyueH BBIUTPHIII HE MEHEe
10000 pyo®.

Pemenue. Ilycts A, B, u C- coObITHs, cOCTOSAIIME B TOM, YTO Ha KYIUICHHBIH OWJIeT magaer
BBIMTPBINI, paBHbIM cooTBercTBeHHO 20000, 15000 u 10000 py6. Tak kak coObitus A, B u C
HECOBMECTHBI, TO
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5 10 15

+ + =
100 100 100
IIpumep 2 Ha 3a0uHO€ OTHENEHME TEXHUKYMa MOCTYNAIOT KOHTPOJIbHBIE paOOThl 10 MaTEMAaTUKE
u3 ToposioB 4, B u C. BeposTHOCTh MOCTYIUIEHUSI KOHTPOJIbHOU paboThl U3 ropoaa A pasna 0,6, u3
ropoga B - 0,1. HaiiTu BeposSTHOCTH TOr0, YTO OYepeAHAas KOHTPOJIbHAs paboTa MOCTYIHUT U3
ropoaa C.

Pemenne. CoOBITHS «KOHTpOJIbHAsi paboTa MOCTyNWjiIa W3 Topoaa A», «KOHTpoJibHas paboTa
noctynwia u3 ropojga B» um «konTposbHas pabota moctynmia u3 ropoaa C» oOpa3yloT MOIHYO
CUCTEMY, I1I03TOMY CyMMa UX BEPOSITHOCTEN paBHA €IMHULIE:

06+01l+p=1,Tte. p=1-0,7=0,3.

IIpumep 3. BepositHOCTh TOTO, YTO JeHb OyneT sicHbiM, P = 0,85. Haiitu BepositHOCTE § TOTO,

P(A+B+C)=P(A)+P(B)+P(C) =

YTO JIeHb OyaeT 00JauHbIM.
Pemenne. CoOBITHS «I€HB SICHBII» U «JI€Hb O0JIAYHBII» TPOTHUBOIIOIOKHBIE, [IO3TOMY
p+g=1,Te g=1-p=1-085=015.

3apanme: Pemuts 3a1aumn.
1)BeposTHOCTH MOMaaaHus B 1elib y neporo crpeinka 0,8, y Broporo — 0,9. Ctpenku
JIENaloT MO BeICTpeny. HailTu BeposITHOCTB: a) IBOMHOTO Monaianus; 0) IBOMHOrO mpoMaxa,
B) XOTs1 ObI OJTHOTO MOMa/IaHus; T') OJHOTO TOMaJaHusl.
2)B nepBoMm siiuike 1 Oenblii U 5 YepHBIX [IapOB, BO BTOPOM 8 OeNbIX U 4 YepHbIX Iiapa. M3
Ka)KIOr0 SIIIMKa BBIHYIHU MO0 1mapy. HailTu BeposSTHOCTh TOTO, YTO OJIMH U3 BBIHYTHIX IIapOB
Oenbli, a APYTroi — YepHBIi.
3)BBIYHCIINTE BEPOSITHOCTH TOTO, YTO B CEMbE, I/I€ €CTh OJMH PEOCHOK- MaJTbUKK, POTUTCS
BTOPOU MaJlbuHK.
4)TIpubOp COCTOUT M3 JABYX DJIEMEHTOB, paOOTAIOIIMX HE3aBHCUMO. BEpOSTHOCTH BBIXOa
U3 CTpOsl MEepBOro 3jeMeHTa paBHa 0,2; BEPOATHOCTh BBIXOJA M3 CTPOSI BTOPOTO 3JIEMEHTa
pasHa 0,3. HaiiTi BeposTHOCTB TOTO, 4TO: a) 00a JIeMeHTa
5)/1Ba HECOBMECTHBIX COOBITHSI, 00PA3YIOIIUX MOJIHYIO IPYIITY Ha3bIBAIOTCS. ..
6)B3sras Haymady JeTaib MOXKET OKa3aThCs JIUOO0 mepBoro (codbiTre A), IGO0 BTOPOTO
(cobpiTHE B), 11160 TpeTrero (cobbiTue C) copra. UTo mpeacraBisieT coOoi coObITHE:

A+C?

7)B YpHE a— 6CJ'II>IX, b — YCPHBIX, C— KpaCHBIX IIapoOB. BCpOfITHOCTB KaKoro CO6BITI/IH
o a+tc

ONIPCACIIACTCA q)OpMy.]'IOI/I atbtc

8) ABTOMOOHMITHCT MPOE3IKACT JBa MMOCTA JTOPOKHO-TIATPYIBHOM CITy»0bl. BeposSTHOCTH TOTO,
YTO €r0 OCTAHOBAT Ha MEPBOM TocTy, paBHa 0,4, Ha BTopoM — 0, 1. HaiiTu BeposiTHOCTH TOTO,
YTO aBTOMOOMJIMCTA OCTAHOBAT XOTsI ObI HA OJTHOM TIOCTY.

9)DkcneanIns U3AaTENbCTBA OTIPABUIIA Ta3€Thl B TPU MOYTOBBIX OT/ACICHUS. BeposiTHOCTD
CBOEBPEMEHHOM JOCTAaBKH Ta3eT B nepBoe otneneHue pasHa 0,95, Bo Bropoe — 0,9, B TpeTbe
—0,8. HaiiTu BeposSITHOCTh TOTO, YTO, XOTS ObI OJTHO OTJCICHUE TIOJYUUT Ta3€ThI C
OIO3JaHHUEM.

10)CryneHT 3HaeT OTBETHI HA 25 3K3aMEHAIMOHHBIX BOIPOCOB u3 60. KakoBa BEpOSTHOCTH
cIaTh K3aMEH, €CIIU sl 3TOr0 HEOOXO0IMMO OTBETHThH HE MEHEe YeM Ha 2 u3 3 BOpOCOB?
11)Mara3us moay4r MPOAYKIIMIO B SAIIMKAX C YETHIPEX OMTOBBIX CKIAJ0B: YETHIpE ¢ 1-T0,
IATh CO 2-TO, ceMb € 3-To U 4eThipe ¢ 4-ro. CinyualiHbIM 00pa3oM BBIOpaH SIIMK JJIS
nponaxu. KakoBa BEpOSATHOCTh TOTO, UTO 3TO OYyJIET SIIUK C IEPBOTO WU TPETHETO CKIIaIa.
12)B kaxaoM U3 Tpex SIUKOB uMeeTcs o 10 meraneii. B mepBoMm simmke 8 craHmapTHBIX
JieTajieid, BO BTOpOM — 7, B TpeThbeM — 9. N3 kaxa0ro suuka Hayqady U3BJIEKAOT MO OAHOM
netanu. HailTi BEpOATHOCTB TOTO, UTO BCE JACTAIN OKAKYTCSI CTAHIaPTHBIMHU.
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IIpakTnueckoe 3ansaTue Ne33
Pemenue npuKJIaJIHbIX 3a1a4.

Paznen 10. OCHOBBI KOMOWHATOPHUKH

Tema 10.3. D1eMEHTHI MAaTEMaTUYCCKOM CTATUCTUKU
Hesn: pemieHre NpakTUYECKUX 3a1a4

3amanme: 1. Pemuts 3agaun

1)

2)

Yyactoukun HWHTepHeT-GopyMa yKa3alud Tropoja, TIJ€ OHU MPOXKUBAKOT. [lomydmics
CIEQYIOUIUI CITUCOK:
MockBa, Cmonenck, MockBa, Mockpa, C.-IletepOypr, Yensounck, Haspanb, Mockaa,
Hopunwsck, ¥Yda, Mocka, Bomrorpax, C.-IlerepOypr, Hormack, MockBa, Mocksa,
Uensbunck, Mocka, C.-IletepOypr, C.-lIlerepbypr, Mocksa, YensOunck, JMuTpos,
Mocksa, MxxeBck, Mypmanck, Bonrorpaa, Mocksa, Spocnasiib.
CocraBbTe TaONHINy MOJCUETa ¥ TAOIHITY pacpe/esIeHUs] yYaCTHUKOB popyMa 1O TOPOIaMm.
B cocyn ¢ temioit Boso#t norpysunu 10 repmometpoB. TepMomeTpsbl moka3anu Cleayromne
Pe3YIIbTaTHI:
34,5°; 35,1°; 34,4°; 34,2°; 34,7°; 34,6°; 35,0°; 34,2°; 34,5°; 34,8°.
a) Uem MokeT OOBSACHATHCS U3MEHYMBOCTD B ITOKa3aHUAX TepMoMeTpoB? HazoBute XoTs Obl
JIBE BO3MOJKHBIC IPUYHHEI.
0) PacnonoxuTe mosrydeHHbIE 3HaYEHUS 110 BO3PACTAHUIO.

B)Haiiure cpeqHee 3HaUCHUE TEMIIEPATYPhI U pa3Max MOJIydeHHOTo Habopa.

3) Tlomp3ysch pe3ysibTaTaMu 33a4u 1, COCTaBbTE TAOJIMIly OTKIIOHCHHI MOKa3aHUH TEPMOMETPOB
oT cpenHero 3HaueHus. CKOJNBKO MOKa3aHW MeHbIIe, yeM cpeanee? CKOJIbKO TMOKa3aHUN OOJIbIIe,
4yeM cpennee?

5)

6)

7)

8)

[Tonb3ysice pe3ynabTaTamMu 3afaud 1. HailauTe MeauaHy Moka3aHuil TepMoMeTpoB.CKOIBKO
MOKa3aHUM OOJIbIIIE U CKOJIBKO MTOKA3aHUN MEHBIIIE MEUaHbl?

3a mpakTHYecKyro paboTy mo (u3mKe mpemnogaBareNb MOCTaBUII 7 TATEPOK, 9 YeTBEpoK, 8
Tpoek U 2 nBoiku. [locTpoiiTe cTONOMKOBYIO JuarpamMmy IO 3TUM JaHHbIM. Berumcioure
CPEIHIOIO OLICHKY.

B nonenenbHUK M BO BTOPHUK Mara3uH Ipojai 1Mo 5 aBToMoOuseH, B cpery—06, B 4eTBEpT
—4, B matHuny —8, a B cy00oTy— 12 aBromoOmiel. BblumciuTe cpenHee 4MCIIO
aBTOMOOWIIEH, MPOJaHHbBIX 32 JeHb. [locTpoiiTe Mo 3TUM TaHHBIM CTOJIOMKOBYIO AMArpaMMy
«UHCIIO TIPOJIAaHHBIX ABTOMOOMIIEH O THAM.

B xade mpennarator nBa mepBbIx Oiroja: Oopil, pacCOIBHUK — U YETHIPE BTOPHIX OJrofa:
TYJISII, KOTJIEThI, COCUCKH, TMETbMEHU. YKaXuTe Bce 00ebl U3 ABYX OJII0I, KOTOPbIE MOKET
3aKa3aTh MOCETUTEIIb.

9)B Gacue MBana AnapeeBuua KpeuioBa «KBaprer»: «aipokasuuiia Mapteiika, Océn, Koszén na
Kocoyanbld  MHWUIIKay YCTPOWIM JIFOOOMBITHBIA OSKCIEPUMEHT, OHM HCCIIECIOBAIN BIUSHUE
B3aUMHOTO PACTOIOKEHHS MY3bIKAHTOB Ha KAYECTBO MCIIOTHEHUS.

[Tpoxaszauma-Mapreimika, Océn, Ko3én, na kocomansiii Murika

3aresum cbirpath KBaprer.

Jocranu HOT, Oaca, anbTa, JBE CKPUIIKU

W cenu Ha Ty’>KOK IO JIMITKKA — TUICHATh CBOMM MCKYCCTBOM CBET.

VYV apuim B CMBIUKH, JEPYT, a TOJKY HET.

«Croii, 6patipl, cToit! — kpuant MapTteimka. — [loroguTe!

Kak my3bike uaru? Benb Bbl HE Tak CHIMTE.

Tw1 ¢ 6acom, MuiieHbKa, Caiuch MPOTUB aJIbTa,

S, mpuma, sty MpOTUB BTOPHI;

Torma moMa€T yx My3bIKa HE Ta: y HAC 3aIUIALIYT JIEC U TOPHI!»

Paccenuce, nauanmu KBaprer;

OH Bcé-Taky Ha JIaJ HEUIET.

«ITocroiiTe X, sl ChICKaJl CEKPET, —
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Kpuunt Océn: — Mbl, BEpHO, YK IIOJaAUM, KOJIb PAOM CAIEMD.
[Tocmymanuce Ocna: ycenuch YNHHO B pAL;
A Bcé-taku KBaprer Hela€T Ha saf.
Bor nymie npexHero nouuiv y Hux pa3soopbl
W criopsl, KOMy U KaK CUIETh.
Cayumiocs CoJIOBBIO Ha IIIYM UX IPUIIETETD.
TyT ¢ mpocb00oii Bce K HEMY, YTOO MX PELIUTh COMHEHbBE:
«[loxanyi, — roBOpsT: — BO3bMH Ha 4ac TEPIICHbE,
Uro0b1 KBapTeT B MOpSI0K HAlll TPUBECTh:
W HOTBI €CTh y HaC, U UHCTPYMEHTBHI €CTh;
Ckaxkul JINIIb, KaK HaM CECTh!» —
«YT00 My3BIKAHTOM OBITh, TAaK HAJIOOHO YMEHBE
M ymy BalImMXmoHEXHEH, —
WM otBeuaet CoiioBeii: — A BBbI, IpY3bsi, KAK HU CaJIUTECh,
Bcé B My3bIKaHTBI HE TOJIUTECH.
Maprtsimika, Océn, Kozén u Munika nepecaxuBaiiuch, CAUTast, 4YTO OT ITOTO 3aBUCUT 3ByYaHHE
My3bIkd. W eciii Ob1 He BMemaics CosioBel, yYaCTHUKH KBapTETa, HABEPHOE, TIEPEPOOOBATH
OBl BCE BO3MOKHBIE BAPUAHTHI.
Tak CKOJIbKO %€ CyILECTBYET CIIOCOO0B, UTOOBI paccajuTh, HAIPUMEP B OJIUH PsJl, YEThIPEX
MY3BIKAHTOB?
IIpumeyanue:
*Jlnia ctyneHToB ¢ OB3 1 MHBaIMAHOCTBIO IPETYCMOTPEHA BO3MOKHOCTD ITPOJIIEHUSI BpEMEHU
C1ayu KOHTPOJIbHOM TOYKHU.
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