MHMUHHUCTEPCTBO HAYKH U BBICHHEI'O OBPA3OBAHUA
POCCUIICKOH ®EJEPAIINN
degepajbHOe TOCYyIapCcTBEHHOE OI0KeTHOEe o0pa3oBaTe/IbHOE
yuypemxaeHue
BBICIIEro 00pa3oBaHus
«Ilepmckuii rocylapcTBeHHbIN HANMOHAJIbHBIH
HCCJIEA0BATEIbCKHNA YHUBEPCUTET»

Konneoow npogheccuonanvrnoco obpazosanus

JieMeHThI BbICIIEH MATEMATUKH

MeToaudecKkue peKOMEHIAINH
MO BBIMOJIHEHUIO MPAKTUYECKUX paboT
s obyuaromuxcs Konnenxa npodpeccuonalbHoro oo6pa3zoBanus
cnenuainbHocTtu 38.02.07 baHkoBCcKoe €0

YTBepxaeHo Ha 3acenanuu 11K
NHdopManimoHHBIX TEXHOJIOTHI
[Tporokon Ne 9 ot «21» mas 2019 .

npejacenarens " HA. CepelOpsikoBa

[Tepmsb 2019



CocraButens: Cooko T. A., npenogaBarens Komnemka npodeccrnonanbuoro odpazoBanus

Metoanueckie peKOMEHIAIMH 0 BBIMOJHEHUIO MPAKTHUYECKUX padoT pa3zpaboTaHbl Ha
ocHOBe TpeOoBaHuii PenepalbHOrO TOCYAapCTBEHHOTO 00Pa30BaTENBHOIO CTAaHAApTa CPEJHErO
npodeccrnoHaabHOro oopazoBanus o cnenuaabHocTH 38.02.07 bankosckoe nemo TOIT 50
11 OKa3aHHS IOMOIIN 00YYaroIUMCS 10 TUCIUIUTAHE «DJIEMEHTHI BBICIICH MaTeMaTHKI».

JlanHoe mocoOue COAEPXKUT MepeueHb MPAKTHUECKUX padoT, MOPSIOK MX BBIOJHEHUS U
KPUTEPUU OLICHUBAHMSL.

Meronudyeckue PeKOMEHAIMU 110 BBIMOJIHCHUIO TPAKTHUYECKUX PAdOT MpeaHa3HAYCHBI
Uit oOydaromuxcst Kojuiemka mpodeccuonansHoro oodbpaszoBanus [ITHUY  cneunansHOCTH

38.02.07 baukosckoe nexo TOII 50



COJEPKXAHUE
1. Beenenue
2. [IpakTrueckue paboThl IO TUCHUIUIMHE " DJIEMEHTHI BICIIIEH MaTeMaTUKH"

3. CIIMCOK UCTOYHUKOB 97



1. BBEJIEHHUE

B pesynbTaTe OCBOCHMS TUCHMIUIMHBI "DJIEMEHTHI BBICIICH MaTeMaTHUK
JIOJDKEH YMeTh.

- BBIOMpATH CIIOCOOBI perieHus 3a1a4 MpohecCHOHATBHON ACSITEIPHOCTH, IPUMEHHUTEIIBHO
K pa3JINYHbIM KOHTEKCTaM;

- OCYIIECTBIIATh TOWCK, AHAIM3 W MHTEPIpPETaruio WHPOpMAIMH, HEOOXOAMMOM s
BBITIOJIHEHHS 337124 MPOGEeCCHOHATBHON IeATeIbHOCTH;

- ITUTAaHMPOBaTh M PEAJTU30BBIBATH COOCTBEHHOE MPOPECCHOHAIBPHOEC W JUYHOCTHOE
pa3BUTHE:

- BBIOMpaTh CIOCOOBI pelIeHUs 3a1a4 MPo(hEeCCHOHATBLHON IeATeIbHOCTH, IPUMEHHUTEIIBHO
K Pa3JINYHBIM KOHTEKCTaM.

00yJaroImicst

IIpakTnueckas padora Nel



BBenenue B qiucUUIUIMHY

Hean padorsi: Mcnonp30BaTh 3aa4i ¢ IPAKTUUECKUM COJIEP>)KAaHUEM IPUBOJIUT K €CTECTBEHHOMN
B3aMMOCBS3M TEOPUU U IPAKTUKHU IIPU MIPENOJAaBAHUU MaTEMAaTUKH, I0OKA3aTh IPAKTHUYECKYIO
HE00X0IMMOCTh (POPMHUPOBAHUS TEX HJIM HHBIX YMEHH, CHOCOOCTBYET OCMBICICHHOMY H3y4YEHHUIO
OCHOB MaTEMaTHUKH.

B IMpoHeCcCe UCIOJIb30BaHUA 3a]a4 C IPAKTUYCCKUM COACPIKAHUCM Ha YPOKAX MATCMATHUKH
HGO6XOI[I/IMO YUYUTBIBATH BO3PACTHLIC 0COOEHHOCTHU ydalmuxcs:

1. B roHomecTBe y ydyamuxcs npeodnasaetr oopaszHas MaMsTh, HO 3aTEM €€ 3HaUECHUE
yMmenbliaercs. OiHaKo, 1e1eco00pa3HOCTh UCTIOIB30BAHUS CPEJICTB HAIJIAJHOCTU 3aBUCUT
HETIOCPEICTBEHHO LieIn 00yUeHHUs, OT COJEPIKaHMs N3J1araéMoro MaTepHara.

2. B cBs3u ¢ TeM, YTO B CTApIIUX KIaccax y yyaluxcs pacupsieTcs Kpyr 3HaHUH, yYeHUKH
CTaparoTcs IPUMEHUTH UX K OOBSICHEHUIO (PAKTOB OKPYKAIOIIEH 1eHCTBUTEIHHOCTH.
IToaTOMY HEMAJIO Ba’KHYIO POJIb UI'PAET PACKPBITHE MPAKTUYECKOTO IPUMEHEHUS
M3y4aeMbIX IOHATUN U METOJIOB PELICHUS 3a1a4.

3. B mepuos roHOIIECTBA XapaKTePHOM YePTO yIeOHOT0 MpoIiecca SIBISICTCS CUCTEMATH3AITS
3HAHWUM 110 Pa3INYHbIM NPEAMETaM U YCTAHOBJICHUC CBsI3eH TCOpHU C €€ ITPAKTUICCKUM
MPUMEHEHUEM. Y Yallrecsi C MHTEPeCOM 0OOCHOBBIBAIOT MAaTEMAaTUUECKHE TEOPUH C TOUKU
3pCHHUA UX HpaKTI/ILIeCKOf/i BaXHOCTH, OIIPCACTIAIOT UCTOYHUKHW BOBHUKHOBCHHA TOT'O UJIN
HUHOI'O IIOHATHA.

IIpumep 1: B O6purane 6bu10 5 pabounx u 7 yyamuxcs. 3a 5 pabouux aHel Opurazia u3roroBuiIa
850 nmeraneil. Bctynu B mpennpa3IHUYHOE COPEBHOBAaHKE, pabOYNe MOBBICHIIN
MIPOU3BOIUTEIBHOCTE Tpyaa Ha 20%, a ydamuecs: — Ha 10%, u 3a creayroniue 5 pabouux THEH
Opurana nzrotosmwia 985 neraneii. Halinure qHEeBHYIO TPOU3BOIUTEIHLHOCTD TPYIa 10
COpPCBHOBAHMA U B ICPUOJ COPECBHOBAHUA.

[Ipexxe ueM npUCTYNUTD K PEIICHHUIO 3a/1a4M CIEAYeT MOSICHUTh, KAaKUM 00pa3oM
IIPOU3BOJUTENBHOCTD TPY/1a BEIPAKAECTCS MATEMATUYECKHU U OT KaKUX BEJIMYMH OHA 3aBUCHUT.
[Ipon3BOINTENBHOCTBIO TPY/1a HA3BIBAECTCS IOKA3aTENb, C IOMOLIBI0 KOTOPOT0 MOKHO U3MEPUTH
a¢dexTuBHOCTD Tpyaa. [Ipon3BoAUTENBHOCTD TPY/a 3aBUCUT OT KOJIMYECTBA BBITYCKAEMOI
IIPOJYKIINH 3a €IMHUILY BPEMEHHU.

Pemenne 3a1a4 ¢ IPpaKTUYCCKHUM COACPKAHUEM, KaK U JTIFOOBIX APYTUX MaTCEMAaTHYCCKUX 3aaa4,
OCYIICCTBIIACTCSA B HCCKOJIBKO 3TAIlOB!:

1. aHaJIn3 YCIOBUA,
2. IMOUCK IIYTH PEIICHUA- BEIABUKCHUEC T'MIIOTE3- COCTABJIICHUC IIJIaHA PCIICHUSA
3. pcaj3anu NOJIYYCHHOI'O IJIaHa,

4. wccnenoBaHue MOMYYEHHOTO PENIECHUS.

Oco0oe BHMMaHUE CIEeyeT YAENATh NEPBOMY dTaly peuieHus 3aaauu. Enqunoro anropurma
aHaJIM3a yCJIOBUS 3aJ]aul HE CYILECTBYET, IOCKOJIbKY CHCTEMA BOIIPOCOB HEMOCPEICTBEHHO 3aBUCUT
OT OMMUCBHIBAEMOT0 B HEM Mpolecca.

PaccmotpuM mpumep nmpoBeieHNs aHau3a YCIOBHSI 3aJa9H.
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CroumocTe ITpumep 2.
nepesosumecamms ' |TPYISISREENAS T Jlns TpasciopTHPOBKE 45 TOHH rpy3a Ha 1300 kM
iy MO3KHO BOCIIOJIb30BATLC YCIyIaMH OJHOM M3 JBYX
a 5200 5.5 pupm-niepeBo3unkoB.CTOMMOCTh MIEPEBO3KH
. 400 s IPYy30I0bEMHOCTh aBTOMOOMIIEH ISl KAXKIOTO
- oon - TiepeBo3uKKa yKaszana B Tabimie. KakoBa cTouMocThb

caMoM JIe1IeBOM EPEBO3KU?

CTouMOCTb NEPEBO3KHU U IPY30M0IBEMHOCTh aBTOMOOMIICH 151 KQXKJIOTO MEPEeBO3YHKA yKa3aHa B
tabsuue. KakoBa CTOUMOCTb caMoil Jie11eBoi epeBO3KU?

Tabmuna 1
Bormpocs! 1t aHanu3a yCluoBUS 33189l MOTYT OBITH CJICIYFOIIUMU:
e CKOJIBKO BapHAHTOB TPAHCTIOPTHPOBKH I'py3a HEOOXOAMMO PACCMOTPETH?
e Ot 4ero 3aBUCUT CTOUMOCTh TIEPEBO3KH Irpy3a?
o Kak HaliTu KOJIMYECTBO PEHCOB AJI TPAHCIIOPTUPOBKH BCEro rpy3a’
o Kak HaiiTu o0I11yt0 CTOUMOCTb TPAaHCIIOPTUPOBKH Ipy3a?

[Nouck pemeHns 3a1a4n OCYIIECTBISIETCS Y€PE3 YCTAHOBIICHHUE CBSI3U, 3AaBUCHMOCTH MEXKITY
JAaHHBIMHU 1 HCKOMBIMHU BCIIMYMHAMU. Ecmu YCIIOBUA U Tp€6OBaHI/I$I 3aa4u HC YAaC€TCA CBA3aThb, TO
cienyet nepeopMylIipoBaTth, MO0 YCIOBUE, THOO TpeOOBAHKE 3a/1a4H.

Ha stame 3anucu mosrydeHHOTO pPeIIeHus ClIeyeT o0pamaTh BHUMaHUE Ha TO, YTOOBI 3aIMCH OBLITH
IPAMOTHBIMU U JOCTaTOYHO Pa3BEPHYThIMU. TaK, HAPUMEp, IPU PELIEHUN F€OMETPUYECKON
3a/1a4M CJIEAYET BBINOJIHATD YEPTEK U apTyMEHTUPOBATh KaXAbIM 1IAT, IPU PEIICHUH
anredpanvecKkoi 3a1aun ciaelyeT NOSICHITh COCTaBIEHHOE YPaBHEHUE WIIM HEPABEHCTBO U
BBITIOJIHSITH TIPEOOPa30BaHUs B pa3BEPHYTOM opme.

HccnenoBanue noixy4eHHOTO pelIeHHs 3a/1a4i MPOBOIUTCS AJIs TOTO, YTOOBI yOEUThCS, YTO
pelIeHre NOHITO YIeHUKaMHU, BBIICIUTh CYIIECTBEHHOE U HECYIIECTBEHHOE B YCIIOBUU 3aJauH IS
IMMOUCKa PCIICHHA, BEIACHUTE BOIIPOC O BO3BMOKHOCTHU PCUHICHUA I[ﬂHHOfI 3aa4u pa3IndYHbIMU
CIOCOOAMHU.

B npakTuke penieHus npuKIagHbIX 3a7a4 Haubosee YacTo BCTPEUYAIOTCS 3aJaul Ha COCTaBIICHUE
ypaBHeHUI. PaccMOTpUM HEKOTOpBIE yKa3zaHUs OOIIEro XapaKkTepa, MO3BOJISIOIUE COCTAaBUTh
ypaBHEHUE MO YCIOBUIO MATEMAaTUUYECKON 3a/1a4uM C IPAKTUUECKUM COACPKAHUEM:

1. HY)KHO OIMPEACIINTL HCU3BCCTHYIO BCIIMINHY, BXOAALIYIO B YCJIOBHUC 3a/1a4, OTHOCUTCIIBHO
KOTOpOfI 6yI[eT COCTaBJIATBHCA YPABHCHUC, U BBCCTHU €€ 0603HaquI/Ie;

2. Bce 0HOPOIHBIE BEIUYMHBL, (QUIyPHPYIOLIUE B YCIOBHH 3aJ1a4M, CIELYeT BHIPAKATh B
OJIHMX U TE€X K€ eINHUIIAX;

3. HCHOJ’IBSY&I YCJIOBHUC 3a1a4U, HCOGXO,Z[I/IMO ONpCACIINTh BCC B3AUMOCBA3U MCIKAY
BCIIMYHMHAMM, a 3aTCM Ha 3TOI OCHOBE COCTaBUTh YPaBHCHUC,

4. B npouecce peteHust COCTABIEHHOTO yPABHEHHUS HYKHO CTPEMUTBCS K OTHICKAHHIO
Haubosee ONTUMAaJIbHBIX METOI0B MpeoOpa3oBaHMUs;
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5. TlomydeHHOE pelleHHE YpaBHEHHs] HEOOXOAMMO ITPOBEPUTH HA HPEAMET €r0 COOTBETCTBHUS
YCIIOBHIO 3aJauu.

Ipumep 3. 3aBox BeilyckaeT ctaHku A u B, kotopsie umerot maccy 2700 kr. [Tocne
MOJIEPHU3ALMU KOHCTPYKTOPBI CHU3UJIM MacCy KaXkJ10oro ctaHka tuna A Ha 7%, a tuna B Ha 5%, u
ux oOmras macca ctaia 2535 kr. Haiiaure: a) Maccy CTaHKOB CTapOi KOHCTPYKIMH; O) CHH)KEHUE
MaTepUaIOeMKOCTH CTaHKOB A U B; B) T010ByI0 95KOHOMUIO METaJljia, €CIIH BMECTO CTaphIX CTAHKOB
3aBoJ1 OyneT Boeimyckath o 5000 crankoB Tua A 1 B HOBOI KOHCTPYKITUH.

HO,I[ MaTCpHAIIOCMKOCTBIO CTaHKA CIICAYCT IOHMMATh KOJIMYECTBO MaTE€pHralia, HeO6XOI[I/IMOl"O JJIA
€ro U3roToBJICHUA.

Pewenue: TTycts X Kr- Macca cranka Tuma A, toraa (2700-x) kr- macca cranka tuma B.T. k. mociie
MOJIEpHHU3AllMH1 Macca CTAHKOB TuMa A cHU3uUIach Ha 7%, a Macca cTaHkoB Tumna B - Ha 5%, to
x7 x7

CHMIKCHUEC MAaTCPUAIIOCMKOCTU CTAHKOB THUIIA A 1 B cOOTBETCTBEHHO pPaBHO 100 100 (Kl")
(2700—x)-5

51 100 (xr). CocraBisieM ypaBHEHHE:

x7  (2700—x]-5

100 50 =2700-2535

Pewras ypaBHeHue, Hailnem:
7x+13 500 -5x=16 500 /2x=3000 /x=1500.

3HaunTt: a) craHoK ThIa A umeer maccy 1500 kr, a cranok tumna B- 2700-1500=1200 (xr); 6) maccy

CTAHKA THTIA A CHU3WIM HA ™ "', a Maccy CTaHKOB Turna B- ma ™ ", B) rojoBast 5)KOHOMHUS OT
BhImycka o 5000 ctankoB B roa coctaBut (105+60)-5000=825 000(xr)= 825(T).

Ortser : a) 1500 kr,1200 kr- macca ctaHkoB cTapoil mpoaykiuu; 0) 105 kr, 60 Kr- cHUXeHHe
MaTEpUaIOEMKOCTH CTAaHKOB; B) 825 T- rofi0Basi 5KOHOMMSI METalIa.

Amnanus yqe6H0171 JIMTCPATYPHI 110 MATCMATHUKE ITOKA3aJl, YTO CPEAU 3aJJa4 IIPUKIIATHOT'O XapaKTEepa
MPAKTUYCCKU OTCYTCTBYIOT 3a/1a4l Ha ITOCTPOCHUC HpOCTCﬁH.IPIX HOMOTpaMM.

HpI/IMCpaMI/I HpOCTCﬁH.IPIX HOMOTI'paMM B XUMHU MOTYT CIYKUTH CICAYIOIINC XUMHUYCCKUC
IMPONHECChI: MPOUCCC MPOTCKAHUA XUMHYECKOU pCaknun COCANHCHUS C TCIIJIOBBIM 3(1)(I)CKTOM;
OIIPCACIICHUC 3HI[OTepMI/I"IeCKOI71 u 3K3OTCpMH‘l€‘CKOI>i pCaKknuu nmoCcpeacTBoM rpa(bI/IKa.

OO6nacTh pelleHus 3aa4y NPUKIATHOTO XapaKTepa J0CTaTOYHO mupoka. Tak, Hanpumep, JUIs
yyamuxcs 11 gu3nko-MaTeMaTu4eckoro Kjiacca, MOXHO BKIFOUUTH 33a4H ¢ IPAaKTHYECKUM
COJIepKaHNEM M3 CIIeIYIOINX 00IacTel 3HaHus: Te0/1e3Usl; TPAHCIIOPT, METHOopaLus U JIp. (CM.
[Ipunoxenue 1).

Pa3Hoo6pa3He 3ala4 NPUKIIaJJHOTO XapaKTepa NpCAOCTABIIACT BO3MOKHOCTU UX UCIIOJIB30BAHUS HA
Pa3JIMYHBIX 3TallaX ypoOKa.

PaCCMOTpI/IM MMPUMEPHI 3a1a4 JJIs1 MOTUBAIIUU U3YYCHHUA HOBBIX TOHSTHIA.

[IpenBapenue U3yueHUss MATEMaTUICCKON TEOPUHU MTOCTAHOBKOM MPAKTHUYECKON 3a1auH,
NPEI0CTABIISAET XOPOIIHE BO3MOXKHOCTH ISl KCIIOJIb30BAHUS HA YPOKAX MaTeMaTHKHU MPOOIEMHOTO
o0OyueHwusl.



8

B knaccax ¢ yrimyOieHHBIM U3y4eHuEeM MaTeMaTuku B TeMe «llokaszarenbHas 1 JorapupmMudecKas
(GYHKIHSD ydamuecs 3HaKOMSTCS ¢ ypaBHEHHE TIOKa3aTeIbHOTO pocta Y =ky.

W3yuenne ypaBHEHUs OKA3aTEIBHOTO POCTa MOXKHO HA4aTh C PACCMOTPEHUS 3a1a4 U3 (QU3HKH,
XUMHHU, OUOJIOTUH, PACCMOTPEHUE KOTOPHIX CBOJUTCS K ’TOMY YPaBHEHHIO.

IIpumep 4. PaccMOTpUM KOJIOHUIO MUKPOOPTaHU3MOB, OOUTAOIYIO B YCIOBUSX HEOTPAHUYEHHBIX
pecypcoB nuTaHus. B cuily pa3MHOKEHUS U CMEPTHOCTH YHCIIO JKUBBIX OPraHU3MOB 3TOM KOJIOHUU
OyzeT MeHAThCS ¢ TeueHUeM BpeMeHu. Halijiem 3akoH 3TOro u3MeHeHusl.

[TycTh X(t)- uncII0 KUBBIX OPraHM3MOB B MOMEHT BpeMEHH t, a x(1+A¢), naet npupaiieHme
dynkimu X(t) 3a mpoMexxyTok Bpemenu ot t 1o 1+4t. Takum oOpa3om, 3a Bpemsi A¢ Bce BO3PACTHBIC
0c00H WJIN YacCTh UX MPOU3BEIYT MOTOMCTBO, YaCTh 0CO0EH MOkeT morubHyTh. Torna, Ax=R-S,
rze R- uncno ponusimmxcs 3a Bpems oT t 10 1+4¢, a S- unuciio morudmux 3a ToxKe Bpemsl.
Bennuuna R 3aBUCHT OT AJTMHBI IPOMEXYTKa A¢: ueM Oounblie At Tem Oonbiie u R, kpome

TOTO R 3aBHCHT M OT KOJMYECTBA B3POCIBIX 0COOCH (deM OoJIbIe B3pOCIbIX ocoOei TeM 0obIe
OTOMCTBO), 3HaUUT, R=P(x,4t), Tiie pyHKuust D pacTeT ¢ pocToM X Wiu At.

[lepemenHnas A¢ nomkHa BXOJUTh B YpaBHEHUE JIMHEMHO, TaK KaK C YBEJIMUEHUEM IPOMEXYTKA
BPEMEHU, HAIIpUMEP B TPHU pa3a, IPUPOCT MUKPOOPTraHU3MOB YBEJINUUBAETCA B TpU pa3a. Takum
obpaszom, D(x,At)=f(x)At. Xapaktep byukuuu f(X) 3aBHCHT OT OMOTOTHUIESCKUX OCOOCHHOM KaXKI0Tr0
BHUJA, TIO3TOMY MbI 6YIICM paccMaTpuBaThb cnyqaﬁ, KOoraga 4ucCJICHHOCTDH ITIOTOMCTBaA
MIPOTNOPIIMOHATIbHA KOJIMUECTBY B3pOCIIBIX 0cobeil. Utak, R(x,4t)=oxAt.

AHaIIOTHYHbBIE COOOpaKEHUS MPUMEHUMBI U K S, T.€, €CITH MBI TIOJIOKUM, S=xAt, To Ax= axAt-
pxAt win Ax=exAt, 2oe e=a-f5. (1)

PaznenuB o0e wactu paBencTBa (1) Ha A¢>0 u nepeiins k npeaeny npu At— (), BCHOMHUB
A x
lim =——=x|t]
gro 4t-0 Al , B pe3ynbTaTe nojay4daem,x '(t)=ex(t). B atom paBeHCTBE
bynkims X(t) Hem3BecTHA. 3HAYMUT, 33/1a4a CBOAUTCS K PEHICHUIO TU(PPEPSHIIUATLHOTO YPaBHEHHSI
NEPBOIO MOPSAIKA.

Jlanee yuurtens 1aeT NOHATHE O HAYAJIbHBIX YCIOBUAX U (EepeHIIMaTbHOTO YPaBHEHUS U
paccMaTpuBaeT C ydaliMMHUCS 3a/1a4l IPUKIIAJHOTO XapaKkTepa, KOTOPbIe CBOASTCS K PELICHUIO
ypaBHeHHs Buja Yy =ky.

[l 3aKkperieHns 3HaHUM 110 MaTEMATUKE MOXKHO MCIOJIb30BaTh 3a1a4M C PAKTUYECKUM
COJIEpKaHUEM PEIICHHE KOTOPBIX OPUEHTUPOBAHO HA IPUMEHEHUE U3Y4aeMOr0 MaTepuasa 1o
MaTemaTuke; ¢padysia KOTOPBIX paCKphIBAE€T XapaKTepHble OCOOEHHOCTH MPUMEHEHNS MaTEMaTUKHU B
IIPOU3BOJCTBEHHOM AEATENBHOCTH; METObI M PE3YNIbTAThl PEIIEHHUS] KOTOPBIX MOI'YT HAaUTH
IPUMEHEHNE Ha MPaKTHKE.

IIpumep 5. CocraBbTe U pemnTe 3aa4y, MATEMaTHYECKOM MOJEIBI0 KOTOPOW MOXKET CITY’KHUTh
ypaBHeHue: -3,75+10x-5x>=0.

Fi, pa

Ecnu npedcmagums ucxoonoe ypasHenue 6 guode: >’>~10%3x

, TO OHO MOKET CIIY>)KHUTh MaTeMaTHUECKON MOJIENbIO 3aBUCUMOCTH
CKOPOCTH JIBUKEHUS Tela, OpOIIEeHHOTO0 BEPTUKAIBLHOTO BBEPX OT
BpeMeHH./[aHHyI0 3a/1a4y MOXHO c(hOpMYJIHPOBATh CIEIYIOIIUM
obpazoM: «HUepe3 Kakoe KOJIMYECTBO BPEMEHH TEJIO, OpOIIEHHOE
Prc 3 BEpPTUKAILHO BBEPX C HAYANBLHOI cKopocThio 10 m/ct, mocTuruer
BBICOTEL 3, 75Mm7».

[y MR —

=

iy -
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JanHyto 3amaqy MOKHO COPMYITUPOBATH CIEAYIOMUM 00pa3oM: «Uepes Kakoe KOTHIECTBO
BPEMEHH TeJ0, OPOIIEHHOE BEPTUKATHHO BBEPX C HAYATBHOU CKOPOCThIO /() m/c’t, mocturuer
BBICOTHI 3, 75m 2.

Puc.2

Pewenne naHHOM 3a/1a4u CBOAMTCS K PEIICHUIO KBAJIPATHOIO YPOBHS, B PE3YJIbTATE PEIICHUS
KOTOPOTro MojJy4aeMm OTBeT: 1,5 c.

JUst yganuxcst 5KOHOMUYIECKOro IpoQuIIst 11es1ecoo0pa3HO MPUBECTH 3a/1a4U Ha CIOXKHBIC
npoueHThl. CII0KHBIN MPOLIEHT - 3TO YBEJIMUYEHUE KaUTalla, IPU KOTOPOM HAKOIUJIEHHAs 3a NEPBBIH
HepuoJi CyMMa prOaBIIsieTCs K IEPBOHAYAIBHOM, TO €CTh KAlUTAIM3UPYETCs, K B HOBOM IEPHOJIC
IPOLEHT OyIeT HAUUCISTHCS YK€ HAa HOBYIO, YBEIIMUEHHYIO CYMMY.

IIpumep 6. Kakoii nepBoHavanbHbII BKJIaJ HEOOXOAMMO ClesaTh B 0aHK, YTOOBI uepe3 2 roja oH
JIOCTHUT CyMMBI, paBHO# 1312,5 ThIc. pyOiiel, eciu rogoBasi craBka coctanisieT 10%.

Pewenue.

[Iycte Ao- nepBoHauanbHbIN BKIaA, A2-cymMMa BKIaJia uepes ABa roja. Torna

=g [1+=2=

Af:‘ﬂ‘”[l 100

1+
100 | | |I lEIEI , T.K 10 ycioBuio 3agaun Ax=1312,5 u x=10%,

1312,5:An-[1+£_ A,=13125, llé| 1312,5- 100

=1084 7 mpic. pyaneil |
TO A J.DD| 1 J_EJ_ ] .bec m E‘u,

Otser: 1084,7 ThIC. pyOIeil.
IIpakTnueckas padora Ne2
Paznen 1 DneMeHThI TMHEMHON anTreOphl

JelicTBuda Hajg MaTpulaMu. Beraucienue onpeaennuTencein

He.]'ll) paﬁoTLI: HAaY4YUTBCA BBINIOJIHATE OINICpallui HAA MaTpUulaMu

Kparkas teopusi: Mampuuyeit Ha3pIBaeTCs NPSAMOYTojbHas TabiMIla 4yuces, coAepskamias Mm
CTPOK OJMHAKOBOW JUIMHBI (MM N CTOJIOIIOB OJMHAKOBOW JUIMHBI). Marpuiia 3amuchIiBaeTcs B
BUC

a11a12 "'aln
a21a22 "'a2n

44,4,

WM, COKpameHHo, = (aij ) roge i =Lm(re. 1=123,....M) _ yomep crpokn, J =11 (re.
J=123,...n) _ yomep cronbua. Marpumy A mHaseBaror Matpureii pazmepa M*N y mmyT

m

Amxn . Uncna i, cOCTABISIONINE MATPUILY, HA3BIBAIOTCS €€ 21eMeHmamu. DIEMEHTI, CTOs-
M€ Ha JUaroHaIu, UIYLIeH U3 BEPXHETo yIiia, 00pasyloT 21aéHyl0 Ouazonany. MaTpullbl pagHbl
Medrncoy coboil, eCly paBHBI BCE COOTBETCTBYIOIINE DJIEMEHTHI 3TUX MATPHI], T. €.
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a; =b IL,m, j=1n

A:B, eclIiu ij — ijarﬂei:l,m, _]Zl,n.

Marpuiia, y KOTOPOH YHCIO CTPOK paBHO YHUCITY CTOJIOLIOB, HAa3bIBACTCS KBAOPAMHOIMU.
KBagpatHyro matpuily pasmepa NXN gaspisator Mmampuyeit N. 2o nopaoka.KBanpartHas
MaTpHIla, Y KOTOPOH BCE DJIEMEHTHI, KPOME 3JIEMEHTOB TJIABHOW JHAroHaJi, PaBHBI HYJIIO,
Ha3bIBACTCS OuUaA2OHAIbHOU. JluaroHanbHash MaTpulla, Y KOTOPOM KaXKIbI 3JIEMEHT IJIaBHOMU
JIMarOHAJIM pPaBE€H CIWHUIIC, Ha3bIBaeTC edunuunou. O6o3Havaercs OykBon E. KBaaparthas
MaTpHIla HA3bIBACTCSI MPEY20IbHOI, €CITU BCE DJIEMEHTBI, PACIIONIOKESHHBIC M0 OJIHY CTOPOHY OT
IJIaBHOHM JTMaroHaJIM, paBHBI HYJIO. Martpuiia, BCe 3JIEMEHThI KOTOPOW paBHBI HYJIIO, HA3bIBACTCS
nyneeou. O603Ha4aeTcst OykBor O. Matpuiia, cozepkariasi BCero OJIMH CTOJIOCI] WIN OJTHY CTPOKY
Ha3bIBACTCS 86eKmopom (MU BEKTOP- CTOJIOEII, MJTH BEKTOP-CTPOKA COOTBETCTBEHHO). VX BHT

b

A=) B=(b,b,..b )

Martpuua, nonyuyeHHas U3 AAHHOM 3aMEHOM KaXK[OW €€ CTPOKHU CTOJOLIOM C TE€M € HOMEPOM,
o v -~ T
Ha3bIBAaCTCsl MATpUUEH  MPAHCNOHUPOEAHHOIL K JIaHHOM u  oOo3Hauaercss A

o o T
TpancoHMpOBaHHON MaTpHIla 00JaAaeT CIEAYIOIIUM CBOMCTBOM: (AT ) =A.

JleHCTBHA HAJA MATPULAMH

Cymmof( o8yx mampuy A = (aij ) u B = (bij ) Ha3bIBACTCSI MATPULIA
C c

m<n — \Mij /, Takas, 4TO
Cij:aij+bij (i:l,m,jzl,n).

Omnepanusi CJI0KE€HUsI MAaTPUILL BBOJUTCS TOJIBKO JJISl MATPUILL OAMHAKOBBIX Pa3MEPOB.
Ilpouseedenuem mampuyol A = (aij ) Ha yucno k Ha3pIBaeTcs MaTpUIla

Bincn :(bij)TaKaSI, gro Py =K-8; (i=1m j=1n)

Marpuna — A= (DA yasppaeres npomugononodxcnoit mampuye A. Paznocts matpun 4-B
MO>KHO OIIpEAENUTh Tak: A-B =A+(-B). Onepauuu c10KeHus: MaTpULl 1 YMHOXKXEHHS MaTpULbl Ha
YUCIIO0 00IaA0T CIEIYIOIIUME CEOUCMEAMU.

1. A+B =B+ A; 5.1»A=A;

2 A+(B+C)=(B+A)+C; 6. @ (A+B)=cA+aB;
3 A+0=A 7 (a@+B) A=aA+ pA
4 A—A=0; 8. a-(BA)=(ap) A

rae A, B, C —marpuust, & u £ - ancna.

Inemenmapuvimu npeodpa306anUAMU MAMPUY SBISIOTCA:
* [IEpECTaHOBKA MECTaMH JBYX NapAJJIENbHBIX PSA0B MATPHULIBL;
* YMHO>KEHHUE BCEX 3JIEMEHTOB Psiia MAaTPULIBI HA YHUCIIO, OTIUYHOE OT HYJIA,
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® HpI/I6aBJI€HI/Ie KO BCCM JJICMCHTAaM ps/ia MaTpUllbl COOTBECTCTBYIOIIHX 3JICMCHTOB IAapalJICJIbHOT'O
pdaaa, YMHOXKCHHBIX HAa OHO U TO K€ YHCJIO.

JBe MaTpuubl 4 ¥ B Ha3bIBAIOTCS IKEUBANEHMHBIMU, €CIIM OJHA W3 HUX IOJIy4AaeTCs U3
JPYTOl C TOMOIIBIO JIEMEHTAPHBIX peoOpa3oBaHmii. 3anuceiBaeTcs A ~ B.
Ilpouszeedenuem mampuyvl A = aij) Ha MaTpuly Bucp = (bi,-k) Ha3bIBaeTCsl MaTpULa
Coes = (CW ) Takas, 4To
¢ =8, by, +a, b, +..+a, .bnk, e i=1m k=1p,
T. €. 2JIEMEHT I-i CTpOKU H K-ro crondua MaTpuilbl npousBeneHus C paBeH CyMMe IPOU3BEACHUI
JJIEMEHTOB I-ii CTPOKH MaTpHilbl 4 Ha COOTBETCTBYIOLIME AJIEMEHTHI K-ro cToyiOma marpuisl B.
Ornepanys yMHOXXEHHUSI JABYX MaTpHULl BBOJAUTCS TOJBKO JUISl Cilydasl, KOTJAa YUCIO0 CHOI0UO0E

nepeoil mampuusvl pagHO YUCIAY CHMPOK 6MOPOU MAmMpuubl. T.e. ecnu marpunel A u B
KBaJpaTHbIE OJIHOI'O pa3Mepa, TO pousBeneHus 48 u BA Bcerna cynecTByIoT.

IIpumepsbI N0 BBHIMOJHEHNIO PAKTHYECKOH PadoThI

IIpumep 1. Haiitu cymmy matpun A+B, eciu: §

Pemenue:
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0 -1 2
IMpumep 2. Haiitu 2A, ecnu A= 3 4 5
DA — 0 -1 2) (2.0 2-(-) 2-2) (0 -2 4
Pemenne: < 7l3 4 5)7(2.3 2.4 2.55) |6 8 10/
1 2 1 1 3
Ipumep 3. [lanbl MaTpuLibl A= 3 1 0o)° |1 2] Toraa mpoussencHue A-B me

OIpeJIeNIEHO, TaK KaK YHUCIIO CTOJIONOB MaTpullbl A (MX 3) HE COBMAJAET C YUCIOM CTPOK MAaTpULbI B
(ux 2). Ipu sTOM onpeneneno npoussenenue B < A xoTopoe cuuTaroT cieayronmm 06pazom:

BA_13 1 2 1) (1+9 2+3 1+0) (10 5 1
12 2)\3 1 0) \1+6 2+2 1+0) (7 4 1)

33[{31—[1/“[ AJIA MPAKTHYECKOI0 3aHATHSA:

Bapuant 1
2 -1 O 0O -2 5
Jansl matpunbl A u B: A= 3 1 2 ; B=|4 -3 3
-2 4 =2 3 5 -1
1.  Haiitu matpuiry C=2A-3B.
2. Haiitu npoussenenue matpuir AB; BA.
Bapuanr 2
2 -1 1 1 3 -4
Jlane matpuus A u B: A= 3 0 41 B=|4 2 0|
-3 0 6 0O 1 -1
1.  Haiitu cymmy u paznocts matpuil: A+ B, A-B.
2.  Haiitn marpury C=2A-3B.
3. Haiitn npoussenenue matpui] AB; BA.
Bapuanr 3
0O 4 1 4 2 -3
Janwl matpunibl A u B: A= -1 5 3 :B= 1 0 2
-2 3 2 3 4 5
1.  Haiitu cymmy u paznocts matpuil: A+ B, A-B.
2.  Haiitu marpury C=2A-3B.
3. Haiitu npoussenenue matpun AB; BA.
Bapuanr 4
0 1 5 3 3 -4
Janer matpunibl A u B: A= 3 -4 4,.=z{ 2 0 5 |
2 -2 3 -5 3 4

1.  Haiitu cymmy u paznocts matpuil: A+ B, A-B.
2.  Haiitu marpuy C=2A-3B.
3. Haiitu npousBenenne marpunr AB; BA.
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IIpakTnueckas padora Ne3
Paznen 1 DnemenTs! inHeNHON anreOpsl

Brrunciienue onpeaenuTenein

Hean padoThl: Hay4yUTHCS HAXOAUTH OMPEICTUTENb MATPHUIIBL.

Kpartkas Teopus.

KBagpaTHoii marpuiie 4 mopsiaka N MOXKHO cCOmOCTaBUTh umciio det 4 (wmm || , um A),
HA3BIBAEMOE €€ onpeodenumesiem, CIeAyonM o0pa3zoM

1 n=1A=(a,)detA=a,

a; ap a; ap

2 N=2A= , detA= =a,; a8y, —a, a,,.
a21 a22 aZl 22
8, 8, a; 8; 8, a5
. b2 C2 b a2 C2 a'2 b2
3. Nn=3, A=|a, a, ay| detA=la, a, ay =& b, ol a, +c, a, b,
8y Ay g 8y 8y Ay
Munopom HCKOTOPOI'o JOJICMCHTA a; onpeaciauresi N-ro  mopsaka Ha3bIBACTCs

OIIPCACIINTCIIb (n—l)-l" O IIOpAAKa, HOJIy‘ICHHBIﬁ N3 UCXOOAHOI'O IMYTEM BBIYCPKHUBAHUA CTPOKU U

CTO.]'I6I_[a, Ha IICPCCCUCHUU KOTOPbIX HAXOAUTCA BLI6paHHLII71 asemenT. O003HaYaeTCs ms; . Tak
CCJIN

a‘ll a12 a13

A, Ay a,; Q3
A=la, 8y, Ayl o M1 = o My, = .
a;, Qg Q. Ay
a3 Qdz Qg
Aﬂze6pauuec1<um 00noJIHeHuemM dDIEeMEHTa aij ONpPCACIINTECIIA HA3bIBACTCA C€Io MHUHODP,

B3SITBIA CO 3HAKOM «IUIKOC», €CJIN CyMMa (i + J ) - UCTHOC YHUCIIO, U CO 3HAKOM «MHUHYC», €CIIN
OTa CyMMa HCUYCTHAs. O06o03HauaeTcs AJ .
Aij = (_1)i+j . mij'
OHpeI[eJ'II/ITeJ'H: MaTpuibl paB€H CyMMC HpOH3BCI[GHPIﬁ JJICMCHTOB HeKOTOpOﬁ CTPOKHU (I/IJ'II/I

CTOJ'I6I_Ia) Ha COOTBCTCTBYIOIIIUC UM aﬂre6paPI‘ICCKPIe JonoiaHeHus. B ciy4dac OHpe,[[eJ'II/ITeJ'IeI‘/’I 3-ro
nopsAaKa 1nojJrydmum, 4To

all a12 a13

A=la, @, ayl=a,:- Ail +a, - A12 +ay3- A13-
3 43 g

KBanparnast matpuiia 4 Ha3bIBAaCTCS HEGbIPOHCOCHHOIL, €CITU OTIPEICIIUTEND
A = det A#0. B npotuBHOM cirydae (A = 0) maTpuiia 4 Ha3bIBACTCS 6bIPOHCOCHHOIL.

Marpuriei, coroznoni Kk mampuye A, Ha3pIBACTCS MaTpUIla

All A21 i Anl

A12 A22 i An2
*=

Aln A2n " Ann

- . o —1
rae Aii - anreOpanyeckoe IOTOJHEHHUE dJeMEHTa @i JaHHoW matpunbl A. Matpuma A



Ha3bIBACTCS 0OpamHoil MaTpule A, €CIIU BBIIOIHSETCS YCIOBUE
—1 —1
AA " =A " -A=E,

rae £ — enMHUYHAs MaTpULIA TOTO XkKe NOopsAJKa, 4TO U MaTpuua 4.

[TycTb A — HEBBIpOXKACHHAS MaTpHUILIA
all a12 a13

A=|8x 8y 2 |, u det A#0.
83 Qg Ay

A* 1 All A12 A13
Torma A~ '= det A’ T.C. At= det A Ay Ap Ay
A Ap Ay

IIpuMepsbl M0 BBIMOJHEHNIO PAKTHYECKOH padoThI

2 -3
Mpumep 1. Haiftu onpenenurens MaTpULbl (5 6 j
2 -3

Pemenue: |5 g |~ 2.-6-5-(—3)=12—-(—-15) = 27.

IIpumep 2. BbryuciauTh onpeaeanTenb

3 2 1
4 5 |2 5 |2
A=[2 4 5=3 —2 + =3(4x3-2x5)—2(2x3—-5x1) +1(2x2—4x1) =
1 o 3 123 3oz

=3(12-10)—-2(6—-5)=6—-2=4

Hpumep 3. Haittu 4 ~*, ecrn A: 2 ]. '2
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[l {
| H\
|
I
|
COCTaBUM COIO3H yI0 MaTpHLy. JUI 5TOr0 BEIMUCINM allre GpaHueCcKHe OMOTHEHHS:
|- g
LT H L L
M()H 23()32()
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Bapuanr 1
2 -1 O 0O -2 b5
Janel matpunbl A u B: A= 3 1 2 ; B=|4 -3 3
-2 4 -2 3 5 -1
3. Berauciuts onpenenutenu marpuir det A; det B.
4. Haiitu Haititu cymmy u paznocts Matpui: A+ B, A-B.
5.  oOparable wMmarpunbel A7, B™. IIpoBepuTh MNpaBUIBHOCTE UX HAXOXKICHUS
ymHOKeHHeM 4 A u  B-B
BapuanT 2
2 -1 1 1 3 —4
Janel matpunbl A u B: A = 3 0 4] B=(4 2 O
-3 0 6 o 1 -1
4, Borauciuts onpenenurenu marpui det A; det B.
5. Hatitu oOpatnbie maTpuisl A~ !, B™ 1. [IpoBepuTh NpaBUILHOCTH MX
HAXOKIEHHUS YMHOKEHUEM A-A" u B-BT
Bapuant 3
0 4 1 4 2 -3
Hanel matpunbl A u B: A= -1 5 3 :B= 10 2
-2 3 2 3 4 5
4, Haiitu npoussenenue matpuir AB; BA.
5. Beranciuts onpeaenutenu marpui det A; det B.
6. Haiitu o6parueie matpursl A™ !, B™ . [IpoBepuTh MpaBUIBLHOCTD UX
HaXOXKICHUS YMHOKEHHEM A-A" u B-BT
Bapmuanr 4
0] 1 5 3 3 —4
Hanbl matpuubl 4 u B: A= 3 -4 4\B={ 2 0 5 |
2 -2 3 -5 3 4
4, Haiitn npoussenenue marpuil AB; BA.
5. Berarcnuts onpenenutenu matpui det A; det B.
6.  Haiitu o6patnbie Mmatpuiel A™ ', B™ ', [IpoBepuTh MPaBUIBHOCTH UX

1 1
HAaXOKIeHUs yMHOXKeHnem -4~ u B-B

IIpakTnueckas padora Ned
Paznen 1 DneMeHTHI TMHEWHON anreOpbl
«Pemenne cucteM JIMHEHHBIX YpaBHEHUN METOJIOM 00paTHOM MaTpHIIbI»
Leapb padoThl: HAy4YUTHCS peLIaTh CUCTEMBbI JTUHEHHBIX YPaBHEHUH MAaTPUYHBIM METOJIOM
Kparkas teopusi:  Cucmemoii quneiinslx anzedpauuecKkux ypagHenuil, Coaepxameni m
ypaBHEHUH U N HEU3BECTHBIX, HA3BIBAECTCS CUCTEMA BHUJIA
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A X FapX, o+, X, = b1’
Ay X +8yX, +...+8,,X, =D,,

2n"*n
1)
a X +a. X +...+a X =0,
rae umcna v T=1.mM. j=1n_ pasppaiorcs Kodgguuuenmamu cucmemvt, HUCIa b; .
c60000nbIMuU ynenamu. IlonnexaT HAXOKACHUIO YUCIA X;, 20e | = 0,n . Takyio cucteMy ya06HO
3alUCHIBaTh B KOMIIAKTHOW Mampuunou ghopme:
A-X =B, (2)

311ech A — Marpuna K03(QpPUIMEHTOB CUCTEMbI, HA3bIBAEMast 0CHOBHOU MAMPUUEIL:
alla12"'a1n Xl
a21a22“'a2n X2

X

A: | X - ~ BEKTOp - CTOJIOCI] U3 HEU3BECTHBIX i

d.d

d X

M m2* ™ m I

B - ~ BEKTOD - CTOJIOCI] U3 CBOOOHBIX WICHOB b; 3)

Pacmmpennoit matpuieil cucreMsl Ha3bIBaeTCs MaTpulia A | TOTMOJIHEHHAs CTOJIOIOM YWIEHOB

by By

~ 1 88,.4.D
A= 170" @

b

mem

3,88

mem
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Pewenuem cucmemst HazbiBaetcss | 3nadenuil HemsBecTHbIX X1 =C1, X =Cp X, =y, npu
MIOJICTAHOBKE KOTOPBIX BCE YpaBHEHHsI CHUCTEMbI OOpamaroTcs B BepHbIe paBeHcTBa. (Cucrema
YPaBHEHUI HA3bIBACTCS CO8MECHMHOIL, €CITI OHA UMEET XOTs Obl OHO PEUICHUE, U HeCOBMECHMHOU,
€CJIM OHA HE MMEET HU OJHOro pemieHus. COBMECTHAas CUCTEMAa HAa3bIBACTCSI ONPEOeeHHOl, ECIU
OHAa UMEET EIMHCTBCHHOE PEILICHHUE, U HeOnpedeeHHOoll, €CII OHa UMEeeT 0oJiee OJJHOTO PEUICHHUSI.
B nocnegnem ciydae KakJIo€ €€ pPEIICHUE Ha3bIBACTCS YACHIHLIM PEeuieHUemM CUCmeMmbl.
COBOKYITHOCTb BCEX YAaCTHBIX PELLICHUIN HA3bIBACTCS 00ujum peuwienuem. Pewiums cucmemy — 310
3HAYUT BBISICHUTH, COBMECTHA OHA WJIM HE COBMECTHA M €CJIM CCTEMAa COBMECTHA, 3HAUUT HAWTHU €€
oO1uiee 3HauUEHUE.

JIBe cucTeMbl Ha3bIBAIOTCS IKEUBATEHMHbIMU (PABHOCUIBHBIMU ), €CJIM OHU UMEIOT OJJHO U TO XKE
pelieHre. OKBUBAJIEHTHBIE CUCTEMBI Yallle BCErO IMOJY4aroTCsl, B YaCTHOCTH, NIPU 31EMEHMAPHBIX
npeoopazoeanuax cucmemsl TPHU YCIOBUH, YTO TNPEOOPA30BaHMS BBHINOJIHSAIOTCS JUIIb Hal
CTpOKaMH1 MaTpHIIbI.

MaTpH4YHbIH METO/ PeLIeHUs] CUCTEM JIMHEHHbIX YPABHEHU
IIycts nana cucrema n TMHEWHBIX YPABHEHUN C 71 HEM3BECTHBIMHU
.
a X, +a, X, +...+q,, X, =0,
8y X +8pX, +...+ 8y, X, =D,,
) Q)

\anlxl + anZXZ +"'+annxn = bn'

wi B MaTtpuunoii ¢opme A-X =B. OcnoBnas maTpuna A Takoil cucreMbl KBaapaTHas.
Onpenenurens 3TONH MaTpULIbI
avlllnlllllavln

8 d

i

Ha3bIBACTCA Z2/1d6HbIM onpe()wmme.fle.zn cucmemot. Eciin onpeAcMTCiIb CUCTEMBI OTJIMYUCH OT
HYJIs1I, TO CHUCTEMa HAa3bIBACTCA HeBblpomdeHHOii. Haitigem peIICHUC JAaHHOM CHCTEMBI

ypaBHenuii B ciyuae A #0. YMuoxus o6e wactu ypapHenns A:X =B cnesa ma marpumy
-1
A", nonyuum

AT A-X=A"-B.

-1 —
IMockomeky A™-A=E n E- X=X 10
X =A"-B. (6)
OTbICKaHUe peleHust cucTeMbl 10 Gopmyne (1) Ha3bIBAIOT MAMpPUUHBIM MemoOOM PEIIEHUS
CHCTEMBL.

IIpumepbl 10 BHINOJTHEHUIO NPAKTHYECKOH PadoThI
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IIpumep 1. Pemuts cucreMy ypaBHEHMI MATPUYHBIM METOAOM:
X,— 2%, +3x, = -6;

2+ x,-2x,= 6
3x, +2x, —4x, =11,

[l Hrm
eeeeee . A="I1 4




. Beruucnum o6paTHyro MaTpuily:
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il

Urak, perienrieM cucteMsl Oynet Tpoiika uncen (1; 2; -1).
3agaHus 1/ IPAKTHYECKOr0 3aHATHS:

Bapuant 1
Matpu4HbIM METOJOM HAWTH PELIEHUE CUCTEMBI:
2x, +4x,= 2, v X, -x,=3
3,4+ x,=1 X X, -x, =1,
2X1 - X2 _3.X3 = 3;
2x,+1x, =17,
Bapmuanr 2
Matpu4HbIM METOJOM HAWTH PEHIEHUE CUCTEMBI:
v+dx, =1L |-x 2%, 4x, =),

) O, +0x,=28 ) 92x, - 3x, +3x, =1

Y, +=T X, =5%, ==,
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B) 124 -X%,—x, =0,

X, = 2%, =x, =2,
Bapuanr 3
1. MaTpUHHbIM METOOM HAHTH PEIICHHE CHCTEMBI:
2x+3y+1=14; - 3x, +1x, +3x, =10;
a) 3X—- y+21=5;) 6) = 2%, =X, =4
X+2y-1=T; 2%, -1x, +3v, =3,
3x, — X, =5,

m)q—2X + X, +x, =0;

2x,—x, +4x, =15;

Bapuanr 4
1. MaTpuyHbIM METOJIOM HalTU PELIEHUE CUCTEMBI:

2x+ x,-3x,=-1 - 2X, =5, =-12;
A) X =3, +2x,=10; B){— 2%, — X, +3v, =T,
3x, —4x, - X =5, =X X =4
0, +X,+0,=2,

36,-20, =8

IIpakTnueckas padora NeS
Paznen 1 DneMeHThI TMHEMHON anTreOph
«PemeHne cucreM JTUHEHHBIX ypaBHEHUN MeTonoM Kpamepay
Heab padoThl: HAYYUTHCS PEIIaTh CUCTEMBI JINHEMHBIX YpaBHEHHI MeTo0oM Kpamepa.
Kpartkas Teopus:

Cucmemoni  uUHENHBIX a12eOpauyecKux ypasHeHuil, colepkaned M ypaBHEHHH U N
HEU3BECTHBIX, HA3bIBAECTCS CUCTEMA BUIA
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Ay X tapX, +...+a, X, =0,
8y X 850Xy + ...+ 3y, X, =D,

(1)
a. X +a., X +.+a X =hb,
rae uuena i i=1mM, J=1n_ yasppatorcad Koduuyuenmamu cucmemvi, 4ucia b; .
c60000nvImu wnenamu. Ilomiexxat HaX0XKICHUIO YHUCIIa X;, eoe i= _0_,_ n. Takyto cucremy yn1o0HO

3alMChIBATh B KOMIIAKTHON Mampuunoi popme:
A-X =B, (2)

31ech A — MaTpuiia KodpPUIIMEHTOB CUCTEMBI, HA3bIBACMasi OCHOBHOU Mampuye .

a11a12 "'aln Xl
a21a22 "'a2n y

A: | X =| |7 BeKTOp - cTONOCI U3 HEM3BECTHBIX i

d
bl

d..a X

e m2 " mn I

B - ~ BEKTOp - CTOJIOCI U3 CBOOOHBIX YICHOB b, 3)

[ycts y mamHoit cuctemsl ypasHenuit A # 0. VmHOXHB 00e yacTu ypaBHEeHUS
A-X =B cnesa na matpry A4 ', momyanm
A*-A-X=A"-B,

IMockonsky A7 -A=E u E- X=X 10
X =A"-B. (4)
3anuinemM MaTpUYHOE PaBEHCTBO (6) 3amuileM B BUE:
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h %bﬁ/lmbz*"'”mbn
\

Aﬂ+&%+”+ﬁﬁ
A . (6)

| %q+%&+“+&%
“ A

— Ailbl + A21b2 +...t A‘Ilbn

OTCI-OI[a C.]'ICI[yeT, qTo Xl - A
X, — A112b1 + A22b2 +...+ Anzbn
2
A
............................................... (7)
X Alnb1+A2nb2 + +Annbn
" A

Ho Aubi + A, +...4+ Auby ecrp, pasnoxenne onpenemirens

.2,
b2a22“'a2n

bnan2"'ann

10 3JIeMeHTaM NepBoro cronbua. Onpenenutens D1 momydaercs u3 onpexenutens A myrem

X, = —L
3aMEHBl TepBOro CTOoJOma Kod(h(PHUIMEHTOB CTONOIOM CcBOOOAHBIX wieHOB. Utak, %1 = A

— AZ
AHanoruuHo Xy = X , TAC AZ MOJIYYCH U3 A IMyTEM 3aMCHBI BTOPOT'O CTOJ'I6I_[3. KOB(I)(bI/II_II/ICHTOB



A A,
CTOJIOIIOM CBOOOJHBIX YIECHOB, X3 = XS peeeeees Xy = A Popmysi
AL —
X =—,1=1n
! A (8)

HazbIBaloTCs popmynamu Kpamepa.
3aganus 1J15 NPAKTHYECKOT0 3aHATHS
IIpuMepbl 1O BHINOJHEHUIO NPAKTHYECKOIH PadoThI

Ipumep 1. Pemuts cucremy merogom Kpamepa:
3X1+ X2—2X3= 6;
5X1 —3X2 + 2X3 = -4;
4xq — 2X2 — 3X3 = -2.
Haxoaum rnaBHbIi ONpenenuTelib CUCTEMBI:

N

= 3:(-3) (-3) +1- 24+ 5:(2) - (-2) —4(-3) - (-2) = 5+ 14(-3) —

31
A=|5 -3
4 -2

W o

-(-2)-2-3= 27 +8 420 -24 + 15 + 12 = 58.

Tak Kak IVIaBHBIM OINPENEIUTENIb CUCTEMBbl HE pPAaBEH HYJII, 3HAYUT OHa coBMecra. Haxomum
onpeaenuTenu: AXi, AXz, AX3. Onpenenurens AX1 MOIy4aeTcs U3 TJIaBHOTO ONpeaeauTens A myrém
3aMeHpI B HEM IIEPBOTo cToJI011a Ha cTOI0e1] CBOOOHBIX YICHOB.

6 1-2
AXp=| -4 -3 2| =54-4-16+12-12+24=58.
-2 -2 -3

T.x. AX1 OoTIMYeH OT HyJs, 3HAYUT pEIIeHUWEe CHUCTEeMbl eAMHCTBeHHoe. Ormnpenenutens AXz
MOJTyyaeTcsl M3 IJIABHOIO ompenenurenass A myTéM 3aMeHbl B HEM BTOpPOro CTOJIOLA Ha CTOJIOEI]
CBOOO/IHBIX WIECHOB.

(ep]

36 -2
Axz=| 5 -4 2| =36+48+20-32+90+12=174.
4-2 -3

Onpenenurens AX3 MONyYaeTcss W3 TJIABHOTO ONPEACTUTENT A MyTéM 3aMEHBI B HEM TPETHETO
cT0s1011a Ha cTOJIOEI] CBOOOMHBIX YJIECHOB.

316
Axs=|5 -3 -4| =18-16-60+72+10-24=0.
4 -2 -2

2
_ A, 58 A, 174
ITo popmymnam Kpamepa: X1 = Xl_X: 5—:1; X2 = XZ_XZEZ 3:
_4A O
5 A “58° 7

Urak, permennem cuctemsl Oynet Tpoiika urcen (1; 3; 0).
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Bapuanr 1

1. Pemuts cucremy metonoM Kpamepa:

a) | — X +2x,+2x,= 14,

Ay +2x,+ x,= T,
4x-3y+21=9
B) 12X+5y-31=4
5x+6y-22=18

OX+Yy-31=-2
6)14x+3y+22=16
2x-3y+7-11

Bapuanr 2

1. Pemuts cucremy metonom Kpamepa:

2 - x,- x,=14
a) 19X +4x, - 2x, =11
3x, - 2x, +4x, =11

8)1 2%, =X, +2x, =4,

Ay, +x, +4x,=-2,

X-2y+31=6;
6)12Xx+3y-41="20;
3X-2y-51=06;

Bapuant 3

1. Pemuth cuctemy metogom Kpamepa:

2x, =3x,4 X,=2;
a2x+ x,—4x, =9,
bx, - 5x, +2x, =11,

3 - X+ x =4
8) 12X, =X, = 3x, =17,

X +x,-x,=0

X-2y+ 1=10;
X+5y-21=-15
2X-2y- 1= 3;

Bapuanr 4

1. Pemuth cuctemy metogom Kpamepa:
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X +2x -5 =9, 2x+ y-31=-1;
a) 2% — X,43x,=13 6) 1 X-3y+22=10;
3x, +2x,~5x, - L X-4y- 1=5
2%+ x, - x, =1,
B) 1% +X,+x,=6;
3 -x,+x,=4

IIpakTnueckas padora Ne6
Paznen 1 DnemMeHTsI TMHEHHON anreOphl
«Perienne cucrem JIMHENHBIX ypaBHEHUI MeToI0M [ ayccay
Heanb padoTbl: HayuuThCs pelIaTh CUCTEMbI JIMHEWHBIX ypaBHEHUH mMetonoM ["aycca.
Kpartkas Teopus:
[lycTth maHa cuctema JIMHEHWHBIX alreOpandeckux ypaBHEHU, coaep:kalled N ypaBHEHUH U n
HEU3BECTHBIX

X +apX, +..+ 3, X, =Dy,
Ay X +8,uX, +...+ 8, X, =h,,

2n*n

) 1)

(A X + 3%+t 3 X, = b,
Takyto cucreMy y100OHO 3alUChIBATh B KOMIIAKTHOW Mampuunoit hopme:
A-X =B, (2)

31ech A — maTpuiia K03pHUIIMEHTOB CUCTEMbI, Ha3bIBAEMasi OCHOGHOU MaAmMpuy e .

ey ||
a216122“'aZn X2 N

A— , X - ~ BEKTOp - CTOJIOCI U3 HEU3BECTHBIX i

anlanZ'“ann A
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B - ~ BEKTOP - CTOJIOCI] M3 CBOOOHBIX YJICHOB b; (€))

X

Pewenuem cucmemst Hasbiaetcs | 3HaueHuWi HemsBecTHBIX X1 =Ci, Xp =Cp, X, = Cn, TIpu

IMOACTAaHOBKE KOTOPEIX BCE YpaBHCHHSA CUCTCMbI o6pa1ua}0Tc;1 B BCPHBIC paBCHCTBA.

OnnuM u3 HauOosiee YHHMBEPCAJIBbHBIX U A(OQPEKTUBHBIX METOJOB PEIICHUN JIHMHEHHBIX
anreOpanvyecKkux cucrem sBisercs memood ITaycca, coctosmuii B TOCJIEAOBATEIIBHOM
UCKIIFOYEHUH HEU3BECTHBIX.

[Ipouecc pemenus no meroay I'aycca cocrout u3 AByX 3TanoB. Ha nepBoM stamne (mpsiMoit Xo1)
CUCTEeMa MPUBOJIUTCS K CTYIIEHYaTOMY (B YaCTHOCTH, TPEYrOJIbHOMY) BHILY:

=h,
Qo X, ot 8y X .+ 8y X =D,

ay Xy tapK, ot a X ot aX

n

(4)

&, X, +..+a,X =D,

rie K=n, & #0,i =LK Kospduuuentsl i Ha3BIBAIOTCA 21ABHLIMU IIEMEHMAMU CUCIEMBL.
Ha BTopom sTame (oOpaTHBIN XOJ) UIAET MOCIENOBATENBHO OMpEACTCHUN HEM3BECTHBIX U3 ITOU
CTYNEHYATON CHCTEMBI.

n =

3ameuanue 1. Ecnyu cTyneHuartas cHCTeMa OKAa3bIBAaeTCS mpeyzonbHoi, T. e. K=N 10
ucxonuas cucrema (1) uMeer equHCTBERHOE peenne. M3 mocieaHero ypaBHeHus Haxoaum Xn» u3
IPEIOCIIETHETO YPABHEHUS Xn-17 ajiee MOJHUMASCh 110 CUCTEME BBEPX, HAMIEM BCE OCTAIBLHBIE

HEU3BECTHBIE Xn-—27++ Xi-
TIpuMepbI 10 BHINOJIHEHUIO IPAKTHYECKOH padoThI
IIpumep 1. Pemnts cucremy ypaBHEeHUN
X - X, +2x, =6
X+ X=X+ x,=4

2%, — X, +3x,-2x, =1,

3, - x,+ x- x,=0.

CHayana U3 BTOPOTO, TPETHETO U YETBEPTOTO YpPaBHEHUU MCKIIOYaeM Heus3BecTHoe x1. Jljig aToro
U3 BTOPOIO YpaBHEHHUS BBIUTEM IEPBOE, 3aT€M IEPBOE ypaBHEHHE YMHOXUM Ha 2 U BBIUTEM
MOYWIEHHO M3 TPEThEro YpaBHEHHUS, a 3aT€M CHOBA IEpBOE YpaBHEHHE YMHOXXUM Ha 3 U BBIYTEM
MOYWIEHHO U3 YeTBepToro. Ilomyuum creayromryto cuctemy:
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X, - Xy +2x,= 6,
X, - x,=-2

- X, +95x,—6x, =-11,

- X, +4x,-Tx, =-18;

Hcknrounm x2 U3 TPETHETO W YETBEPTOrO YPAaBHEHUW MOCIEIHEN CUCTEMBL. [l 3TOro CiiokuMm

BTOpPOC YpaBHCHUC CUCTCMbI CHa4daJla C TPCTbUM, a 3aTCM C YCTBCPTLIM. B PE3YIbTATC MMOJTYIUM
PABHOCUJIBHYIO CUCTCMY:

X, - X +2x,=6
X, - x=-2

ox, - Tx, =-13

4x, -8x, =-20;

Tenepp MCKIIIOUMM NEPEMEHHYIO X3 W3 YETBEPTOrO YpaBHEHHdA. [l 3TOro TpeThe ypaBHEHHE

YMHOXHM Ha 4, 4ETBEpTOE€ YypaBHEHHE YMHOXXUM Ha (-5) U CII0O)KUM IIOWIEHHO I1OJIyYE€HHBIE
ypaBHeHHUs. 1loiydnM cucTeMy paBHOCHIIBHYIO JaHHOM:

X, -x+2,=6
X, - x=2

ox, - 1x, =-13;

12x, = 48;

Mpbl monyduiaM CUCTEMY YpaBHEHMHM TpeyrosbHoro Buzaa. Haumnaem oOpartsbii xoxn. U3
MOCJIEIHETO YPaBHEHUS HAXOAUM X4=4, MIOJICTABJISIEM €T0 B TPEThE YpaBHEHUE MOCIIEIHEN CUCTEMBI
¥ HaXOIHMM X3=3; U3 BTOPOTO YpaBHEHHs CUCTEMbI HaXOAUM X2=2, a u3 mnepBoro x1=1. Pemennem
CUCTEMBHI siBJIsieTCst yeTBepka uncen (1; 2; 3; 4).

3ameuanue 2. Ha npaktuke ynoOHee pabotaTh He ¢ cuctemoi (1), a ¢ pacmupeHHoOu ee
MaTpUIleH, BBITIONHSS BCE dJIEMEHTApHBIC NPeoOpa3oBaHUs HAJI €€ CTPOKaMH. Y JTOOHO, YTOOBI

k0o durent 11 Obul paBeH 1 (ypaBHEHHS NEPECTABUThL MECTAMH, MO0 pasieinTh 00€ YacTH
ypaBHeHns Ha 11 7 1),

IIpumep 2. Pemute cucreMy meronom laycca:
2% — X, +3%+ 9%, =1,
X, = X, —9X, =2,
3% — 2%, = 2% — 9%, =3,
X, —5X, = 9%, -10x, =8.

Pemenue: B pe3ynbTaTe 2JIeMEHTAPHBIX MTPe0Opa30BaHMI HA/l PACITMPEHHONW MaTPHUIIEH CHCTEMBI
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2 -1 3 -5 1) (1 -1 -5 0 2
1 -1 -5 0 2| |2 -1 3 -5 1
3 2 -2 -5 3| |3 -2 -2 -5 3|
7 -5 -9 -10 8) (7 -5 —9 —10 8
1 -1 -5 0 2 1 -1 -5 0 2
0o 1 13 -5 -3| |0 1 13 -5 -3
o 1 13 -5 -3/ |0 0 0o 0 O
O 2 26 -10 -6) (0 0 0 0 O

I/ICXOI[Haﬂ CUCTEMA CBEJIaCh K CTynquaTOﬁI

X =X, =9k =2,
X, +13%, 5%, =-3.

[TooTOMy 0OOlIEE PELIEHHE CUCTEMBL: X2 = 5x, —13X; —3; X =5X, —8x; —1.
Eciu nonoxuts, Hanpumep, s = 0:Xs =0, yajinem oHO M3 4aCTHBIX peLICHHI 5TOM CHCTEMBI
X, =—-1LXx, =-3,%,=0,x, =0.

IIpumep 3. Pemuts cucremy metogom [Maycca:

X+ X+ %=3
2% +3X,+ 2%, =1,
X+ X+ X =9,

OX = X - X% =3.

Pemenue. IlpousBenem snemeHTapHble MpeoOpa3oBaHUS HaAJ CTPOUYKAMHU PACIIMPEHHON MaTpHIIbI
CUCTEMBI:

1 1 1 3 1 1 1 3 111 3 1 1 1 3
2 3 2 7 0O 1 0 1 010 1 01 01
3 1 1 5 0O -2 -2 -4 011 2 0 0 1 1
5 -1 -1 3 0O -6 -6 -12 011 2 0O 0 0O
[TomydeHHast MaTpuLla COOTBETCTBYET CUCTEME
XX 4 =3,
X, =1,
X, =1,
Ocy1ecTBIisas 0OpaTHBIN X0/, HAXOAUM X1 =1 x, =1 X; =1
3aganus 1/ NPAKTHYECKOT0 3aHATHS:
Bapmuanr 1
1. Haiitu pemienne cuctemsl MeTogoM ["aycca:
x+y-1=0; 5X+8y- z2=-1,
a){—2X+Yy+1=6; 6) 7 X+2y+3z=],

X+y+1=3; 2X-3y+21=9;
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X+ X, + 2% +3X, =1,
3X, =X, = X;—2X, =—4;
2% + 3%, =X; = X, ==6;

X+ 2X, + 3%, =X, =4

Bapmuanr 2
1. Haiitu pemenue cucremsl metoaoM I'aycca:

2x+3y+21=9; X+2y+ 7=4;
a)y X+2y-31=14 ) {3x-5y+3z=1,
X+4y+ 1=16; 2X+Ty-1=8;
X+ X, +3% —2X, =6,
X = X, = 2%, -3X, =8
X 2%, - X+ 2%, =4

2% = 3X, + 2%, +x, =-8;

Bapuant 3
1. Haiitu pemienue cuctemsl MetojioM ["aycca:

X+3y+ 2=6; 3X+2y+1=5
a)12X+3y +37 =13, 6) 12X+30+1=1;
X+3y+ 7=8; 2X+Yy+31=11,
X, +2X, +3X, +4X, =5,
2%+ X, + 2% +3X, =1,
3 +2%, + X, +2X, =1,

4%, +3X, + 2%, +X, =-5;

Bapuanr 4

1. Haiitu pemenne cucteMsl MeTogoMm ['aycca:

x+2y+42=31 X+ 20, +4xy =31
a){9X+ y+21=29, 6) 10X + X, 42x, =29,
X-y+ 2=10 3, x4y, =10;
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X, =3x, +4X, =-5;

5 X, - 2X, +3%, =4
3X, +2X, -5x, =12,

A% +3%, 5%, ==,

IIpakTnueckas padora Ne7

Paznen 1 DnemMeHTsI TMHEHHON anreOpbl
Ieab padoThl: 3aKpeIICHNE TEOPETUUECKOr0 MaTepuaa
KonTpoabHbie Bonpochl

1.  Yro Takoe onpeneauTens MaTpULbl?

2. Yro Takoe MHHOp M aIrebpandeckoe TOMOIHEHHE dJIeMeHTa i MaTpuibl A?

3. Kak HaifTi cOor03HYI0 1 00paTHYIO0 MaTPHIIBI JJIT MaTPHUIIBL A?

4. Yro nazpiBaeTca MaTpuuei? [latb onpeeneHusi OCHOBHBIX MOHSATUN MaTpPULIbI.

5. Kakas marpuna HaspiBaercs kBajgpatHoi? Enunuunoii?

6.  Kaxue oneparuu MOKHO TPOU3BOINUTH HAJl MATPULIAMU?

7. UTto 3HaYUT pemnTh CUCTEMY YpaBHEHUI? [laTh onpeneneHne oOUero 1 4acTHOro
peuieHui.

8. B uem coctout meton 'aycca penieHus: cucTeM JIMHEWHbBIX YpaBHEHUH Bbl 3HaeTe?

9. YkaxkuTe 00Inid BUJ] CHCTEMBI N JIMHEWHBIX YPAaBHEHUH C N HCHM3BECTHBIMHU.

10. Yro 3Ha4YMT pemuTh cUCTeMy ypaBHeHUi? [laiiTe onpeneneHne OOIEro u 4acTHOTO
peLeHui.

11. B uewm cyts MeTona Kpamepa? Ilepeunciute popmyssl Kpamepa.

12.  Yro0 3HAYMT PEMIUTH CUCTEMY YpaBHEHHIA?

13. B dYeM cCyTpb MaTpUYHOTO METOJA PEIICHUS CHUCTEMBl JMHEWHBIX YpaBHEHHIA?
[Tepeuncnure Gpopmyibl.

IIpakTnueckas padora Ne8
Paznen 2. DnemeHTHI aHATUTUYECKON TEOMETPUH

«Omnepauuu Haja BeKTopamMu. Boruncienue Moaysist U CKaJIipHOTO MTPOU3BEACHUSD
Heab padoThl: HAYYNTHCS BBIMOJIHATH ONEPAllUK HaJl BEKTOPaMH B KOOpJAWHATaX
Kpartkas Teopus:

Bexkmopom Ha3pIBaeTCS HANPABICHHBIN OTpe30K. BekTop, 3ajaHHbIl Mapoli  HECOBMAJAIOIINX
Touek A u B, 0603Hauaercs cumBonom AB Touka 4 Ha3BIBACTCS HAYAIOM, A TOUKA B — KoHyom
BeKkTOpa. PaccrosHue |~B| hasbiBaercs dnunoi (MogyneMm) BekTOpa AB . Jlns 0603HAYCHHS
BEKTOPOB y1'IOTpe6J'I$IIOTC$I TaK)Ke CTPOYHBIE JIATUHCKHE OYKBBI CO CTPEIKOI HaBepXy: a, b, .,
x, v, Bexkrop AA | KOHIBI KOTOPOIr'0 COBIIAJAIOT, HAa3bIBACTCS H)Je6blm BEKTOpOM. [lnuHa
HYJIEBOTO BEKTOpA paBHa HyJI10. J[Ba BEKTOpa HA3bIBAIOTCS KOJLIUHEAPHbIMU, €CIIM OHU JIEXKAT Ha

OHON TpSAMOW WJIM Ha MApAJUIEIBHBIX MpPAMBIX. EcCiIM 1Ba HyJIEBBIX BEKTOpaA a u b

KOJUIMHEApHBbI, TO OHU MoryT OBITh HampaBJieHbl JUOO OJWHAKOBO, JIMOO MPOTHUBOIIOJIOXKHO. B
MEPBOM CJIy4yae BEKTOPBI a u b wuaspBaoTCH COHAnpPagIeHHbIMU (a ™ b), BO BTOpOM —
NPOMUGONONOHCHO HANPABIEHHBIMU (a ™ b). PaBHBIE BEKTOpHI COHANMpaBIEHBI W PaBHBI MO
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Moxymo, T.e. ecti @a=b 1o a ™ b u |8/ = [B] u o6parno, ecnn BexTOpH conampasens! M

PaBHBI 10 MOJYIIIO, TO OHA paBHbL, T.e. ecit a TTb y 8/ = [Bl o a=b.

Jniss Toro YTOOBI TMOCTPOUTH CYMMY JIBYX JIAHHBIX  BEKTOPOB a+b, HYXXHO BbIOpaTh
NPOU3BOJIEHYIO TOUKY A ¥ OTIIOXHTH OT Hee BeKTop AB = &, a 3aTeM OT TOUYKH B OTJIOKUTH BEKTOP
BC =b . Torma BEKTOP AC spistercs CYMMOIL:

c=a+b=AB+BC=AC

)

OTOT c110CO0 MOCTPOEHUS Ha3bIBAETCS IPABUJIOM TPEYTOJIbHUKA.

CymMMy JIByX JaHHBIX BEKTOpoB & u b mMoxHO TMOCTPOUTE M CIIE/IYIOIINM oOpa3zom.
OtkiagpiBasi OT MPOU3BOJIBHOM TOUkHM O BEKTOPBI OA=a y OB=b, MOCTPOUM

napasuienorpamm OACB. Toraa Bektop OC (tae [oc] JIHaroHajb napannenorpaMMa) SABIIAETCA
HUCKOMOU CyMMOﬁI a+b=0A+0OB=0A+AC =0C 26,
IIPaBUJIOM I1apajuIeIOrpaMMa:

B o
| /
' — B
0 c A

ot

DTOT C€Iocod MOCTPOCHHUS HA3BIBACTCS

JIBa BeKTOpa HA3BIBAIOTCS HPOMUGONOIOHCHBIMU, ECITU X CyMMa paBHA HYJIEBOMY BEKTODY.

—_ — — — —

BexTop, mpOTHMBOMOJOXKHBIM BEKTOpy &, o0Oo3HayaroT -a. TakuM o00pazom, a+(— a): 0.
HenyrieBpie  MPOTHBONONOKHBIC ~BEKTOPBI MMEIOT DAaBHBIC JUIMHBI H  TPOTHBOMOIOXKHBIC
HarpaBJieHus1 . BekTop ¢ Ha3bIBaeTcs PA3HOCHBIO BEKTOPOB a y b, ecm c+b=a. Yrobs

BBIUECTH U3 BEKTOpa a BEKTOP b, JIOCTAaTO4YHO npubaBUTh K BEKTOPY a BEKTOD,
IIPOTHUBOIIOJIOKHBIA BEKTOPY b , T.€. a-b=a+ —b)
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Ipoussedenuem HEHYNCBOTO 6eKmMOpa & Ha 4ucio M HA3BIBACTCS BEKTOP, HMEFOLIMIA
HampasjieHue Bektopa &, ecmn M>0) y NMPOTHBOTIONOKHOE HATPABICHHE, ECIH m <0, Mmuna
9TOr0 BEKTOPA paBHA HPOM3BEICHHIO UTHHBI BEKTOPA a ma MOZYJIb 9HC/a M.

HpomBez[eHHe BEKTOpa & Ha 4YhCI0 M obo3Hauaercss Ma . [Ipu moGbIX M U & BEKTOPHI
ma u a xomwmueapust u |™3 = Iml-[3a],

Yenom mercoy o06yma wHeHyneBbIMU BEeKTOpaMHM & u b Ha3piBaeTCs Yroil Mexay

HAIPABJICHUSAMHU 3THX BEKTOPOB: (a, ’\b)= @, ,rne 0= =180"

YacTHble ciyyau:
1) ecnn a T b, 10 (a b)
2)ecmn a T4 b, 10 la (a.~B)= 180°.

O

IIpumepbl 10 BHINOJHEHUIO NPAKTHYECKOH padoThI

Ipumep 1. Jlanbr koopauHatel Touek T.A(2;-2;1), 1.B(-3;1;4). Haiitu mymHy Bekropa
AB .

Pemenme: AB =(-5:3;3) |AB[=v25+9+9=va3.

Ipumep 2. JlaHbl BEKTOPHI a=&—12),b = (23i—1) . Haiitu:

1)IUTHHBI BEKTOPOB; 2) X CYMMY M Pa3sHOCTb; 3) HaiiT BeKTOp 2a + 3b;
Pemennue:
1) ‘5‘ —Vi+x1+4a—./6; ‘B‘ =Ja+9+1=-/14.

2) a+b=@L-12)+ (231 = (32D a—b=(—1—4:3).
3) 2a -+ 3b = 2(1;,—1;2) + 3(2;3;—1) = (8;7:1).
33}13Hl/lﬂ AJIS IPAKTHYECKOI0 3aHATHSA:

Bapuant 1

Hanst Touku: m. 4 (3; -2; 4), m. B(4; -1; 2), m. C(6;-3; 2), m.D (7; -3; 1);
m. E(-2;4;3)u m.F(5; -1; 3).

— —
1. Haiitu BeKTOpBl A8 U CD ¥ BBIUUCIUTH UX JIUIMHY;

2. HaiiTu BeKTOpHBI rT1 _ ZKC— SE M n = DF+3BE.

Bapmunanr 2

Hanbl touku: m. 4 (5; -8; -1), m.B (6; -8; -2), m. C(7; -5; -11), m.D (7; -7; -9),
m. E(6;-1;5)u m.F(4;-7;5).

— —
1. Haiitu BeKTOpBl A8 W CD W BBIYUCIHUTH UX JUIUHY;

2.Haiitn BEKTOPBI ) _ 2 AC_ DE ¥ n=DF+3BE.

Bapuanr 3

Hanst Toukn: m. A (1; 0; 3), m.B (2; -1; 0), m.C(0; -6; -5), m.D (-8; -5; 1),
m.E@3; -3; Hdu  m.F(5;-2; 7).

— —
1. Haiitu BeKTOpBl A8 U CD W BBIUUCIUTH UX JUIMHY;
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2. Haiiti BEKTOPBL 1 _ 9> AC_DE Y

Bapuanr 4
Hansr Touku: m. A (-6; -5; 7), m.B (-7; -15; 8), m. C(14; -10; 9),
m.D (4;-1; 7), m. E(-5; 9; 7)HmF(5 0; 4)

1. HaiiTu BeKTOpbI AB u CD M BBIYMCIIMTH UX JJIMHY,

—

2. Haiiti BEKTOPBl |\ _ > AC_pDE Y n=DF+3BE.

IIpakTuyeckas padora Ne9
Paznen 2. DneMeHThl aHATUTUYECKON F€OMETPUHU

Brrancnenue MOAYJIA U CKAJIAPHOI'O IIPOU3BEACHUS)

Heab padoThl: HAYYUTHCS BBIYUCISATH MOIYJIb M CKAIIPHOE MTPOU3BEICHNUE.
Kparkas Teopus:

JlekapToBa cucTeMa KOOpAUHAT. /leiicTBHe HAJl BEKTOPaMH B KOOPIHHATAX
z

JlekapToBY MPSIMOYTOJIBHYIO CUCTEMY KOOPAMHAT B MPOCTPAHCTBE 3a1a/IUM C IIOMOIIIBIO
Touku orcyera — 7.0 U 3-X B3auMHO nepneHuKkyasspHbix oceit OX, OY, OZ — 310 ock abeuucc, och
OpJIMHAT M OCh anIuInKat. BerOepem Ha HUX MacliTad, U TOT/ia MOJIOKEHUE MTPOU3BOJIBHOM Toukn M
OTpEeIeTISIETCS. TPOMKOM YHCe — KOOpANHATAMH TOYKH B IPOCTpaHcTBe: T.M(X;Y;2). DTOi ToUKe
MIOCTaBUM B COOTBETCTBUHU BEKTOP OM | KOTOPBIN Ha30BEM PaJNyC- BEKTOPOM, 3TOT BEKTOP
OyZeT UMeTh Te )K€ KOOPIUHATHI oM (X;y;2).

Beenem Ha ocsix OX, OY,0Z enuHUYHBIC BEKTOPBI: 1 = (1;,0:0) J = (0:1;0)

K = (0;0:1)

B HekoTophIx yueOHHKaX UX 0003HAYAIOT eiesie; Buaum, 4T0 OHM B3aUMHO NEPIEHANKYJIIPHBI
(T.K. JIe)KaT Ha KOOPAMHATHBIX OCSIX) U UMEIOT EAMHUYHYIO JUTHHY: T1LJ1K ; 7] =13]=[<] =2,
Taxue BEeKTOpbI HA3bIBAIOT Opmamu U OHU 00pa3yloT fa3uc 3-X-MepHOIo NpocTpaHcTsa. T.0.,
YTOOBI 33/1aTh JIEKapTOBY MPSMOYTOJIbHYIO CUCTEMY KOOPJIMHAT B IPOCTPAHCTBE, HAJIO 3a1aTh
Havayio orcuera T.O u 6a3uc. Torga paguyc-BexkTop OM B 6azuce LJ.K packiIaabIBaeTCA TaK

OM = (X; y; 2) = (X;0;0) + (O; y;0) + (0;0; z) = x(1;0;0) + y(0;1;0) + z(0;0:1) = xI + yJ + zK.

Ilycts B I€KapTOBOM CHCTEME KOOPAMHAT 3aJaHbI BEKTOPHI
- ro. . -
a= (rl,az,rs) ub= (bl;bz;b3),
TOrJa
CYMMOI 6€KMOpOo6 HA3bIBAECTCA BEKTOP C KOOPAMHATAM
a+b=(a +b;a,+b,;a,+b,), 1)
PA3sHOCMbI0 6€KMOPOE HA3ZBIBAETCSI BEKTOP C KOOPAWHATAMU
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a—-b=(a —b;a, —b;a, —b;); )
npouseedenue 6eKMoOpPa HA YUCLO M HA3bI6ACMCS BEKTOP C KOOPIAMHATAMU
ma = (m#,; m#,; ir ) (3)

O0JluHa 6eKmopa a=(r;a,75) HaxoauTcs o hopmye
HENCET RN )
Eciu Bektop AB 3a1aH  KOOPAMHATAME HA4aia i KOHI[A
A(XaiYaiza) u B(Xa; Yai2a),
TO €ro KOOPIUHATHI BEIYUCIISIOTCS TI0 (hopmyIie
A_B':(XB_X/.\;yB_YA; ZB_ZA) (5)

a €ro JjimHa

D 2 2

[AB| = (xs —xaF + (Yo — Ya) + (25 —2,)% | (6)
C noMo11bio 3TOH (POPMYITBI BEIYUCIISAETCS TAKXKE PACCTOSHUE MEXIY IBYMSI TOYKaMH Ha
IIJIOCKOCTH.

CKaJl}lprlM npou38e()enueM ABYX BEKTOPOB HA3bIBACTCA YMCJIO, PAaBHOC

;'B:albl"'azbz"'asbs (7)

CKaJ'ISIpHOG IMPOU3BCACHUC IBYX HCHYJICBbIX BEKTOPOB, C ,Z[perﬁ CTOPOHBI, MOKET OBITh HaﬁHeHO
KaK IIPpOU3BCIACHUC MO,Z[y.]'I@ﬁ OTUX BCKTOPOB Ha KOCUHYC YyIJIa MCKAY HUMMU:

a-b= ‘5‘ . ‘5‘ . cos(;,"B) (8)
—_— - - (v
CKaJl}lprlM Keaodpamom BEKTOpa & Ha3bIBACTCS CKAISIPHOE MPOU3BEACHUE a - a . CKaJIHpHI)II/I
KBaJpaT BEKTOpa paBeH KBaJapaTy €ro JiIUHbI:

Yzon mexncoy eexmopanu @ =(F118,:7;) y b= (0:35,:b,) Brramcnseres mo bopmyne
a-b
COS ‘

i
Yenosue konnuneapnocmu 08yx eexkmopoe a=(r;a,7;) y b= (bl b,; b3) UMeeT BUJ

a_a_3 (10)
b, b, b,

T.C. €CJIN COOTBCTCTBYIOIINEC KOOPAUHATHI ABYX BCKTOPOB IMPOINNOPHUOHAJIBHEBI, TO BEKTOPBI

KOJUIMHCApPHBI.

‘ ©)

Yecnoeue nepnenoukynapunocmu 06yx 6ekmopog BbITEKAET U3 PABEHCTBA HYJIIO CKAIIPHOTO
IMPOU3BCACHUA, TIOOTOMY UMCCT BU
ab, +a,b, +a;b, =0
IIpumepbl 10 BHINOJTHEHUIO NPAKTHYECKOH PadoThI

Mpumep 1/anb1 Bektoper @ = (L—12),b = (2:3:—1D) | Hajiru:
HAWTH UX CKAISIPHOE MPOM3BEICHIE; HAUTH YTOJ MKy TAaHHBIMH BEKTOPAMHU.
Pewenue:
ab = (1—-12)(2;3;;-1)=2—-3—2=-3

cos(a; b) = s% = \/gjﬂ =— 2jﬁ , @ = [7AB) = arccos(—

33}13HI/IH JIA MPAKTUYECKOI0 3aHATHA:

3
~109°
2«/21] .
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Bapuanr 1

Hanbl Touku: m. 4 (3; -2; 4), m. B(4; -1; 2), m. C(6;-3; 2), m.D (7; -3; 1);

m. E(-2;4;3)u m.F(5;-1; 3).

m. E(6;

m. E(3;

1. Bbluucnuth ckajasipHoe

IIPOU3BCACHUC rT1 H;

2. HaiiTu yriel Mexay BEKTOpaMu BD u AF; CE u F%B;

3. Haiitu paccrosaue mexy cepemmnami orpeskos ICF ] u[ED];
4. ITpu xakoMm K BEKTOpBI Z(—3; 1; k) u BF MEePICHINKYIISIPHBI?

6. IIpu xakom t BekTopel b = (—6; t; 4) u CA KOJUITMHEapHbI?

Bapmuanr 2

Hansl Touku: m. 4 (5; -8; -1), m.B (6; -8; -2), m. C(7; -5; -11), m.D (7; -7; -9),

-1;5)u mF(4;-7;5).

- —
1. Berunciure ckaJisipHOE TPOU3BEICHUE M- N |
—> —> —> —>
. Haiitu yrael Mexxny Bektopamu BD u AF; CE u FB;

2

3. Haiitu paccrosiame Mesxy cepemunamu otpeskos [CF] u[ED]:

4. TIpu kakoM K BEKTOpPBI 2(6; ki —4)u BHF NEePHEHANKYJIPHBI?
5

. IIpu kakom t BekTOoppl b =(—6; —9; t) u 5A KOJUIMHEapHbI?
Bapuant 3

Hanst Touku: m. A (1; 0; 3), m.B (2; -1; 0), m.C(0; -6; -5), m.D (-8; -5; 1),
3, Hyu mF(5;-2; 7).

1. BerunuciauTe cKaisipHOE

IIPON3BCACHUC r; ﬁ ;

2. HaiiTu yriiel MeX1y BEKTOPaMHU BD u AF; CE u F_)B;

3. Haiitu paccrosiame Mexy cepemmnami orpeskos ICF ] u[ED];

4. Tlpu kakom K BeKTOpBI a(k; 4—8) u BF NEPIECHIUKYIIAPHBI?

5. Ilpu xakom t BekTOpbl b = (3; t; 24) U CA KOJUIMHEApHBI?;

IIpakTnueckas padora Nel0

Paznen 2. DneMeHThl aHATUTUYECKOW T€OMETPUH

«CocraBiieHHe YpaBHEHUH MPSIMBIX Ha TIJIOCKOCTH.

Heab pa6oThl: HAYYHUTHCS COCTABIATH YPABHEHHS MPSIMOM HA TJIOCKOCTH.
Kpartkas Teopus:

OO0uee ypaBHeHUe IPAMOit

Ecnan Ha muiockocTH IpOW3BOJIBHO B35iTa JIEKApTOBA CHUCTEMAa KOOPAMHAT, TO BCAKOE YpPaBHEHUE
IIEPBOM CTENEHU OTHOCUTEIBHO TEKYIINX KOOPJINHAT X U Y

Ax+By+C=0, 1)

rae A u B onHOBpeMEHHO He paBHBI HYJIIO, ONIPEAETSeT MPSAMYIO B 3TOM cucTeMe KOOPAUHAT.
BepHo u o6paTHOe yTBepKAeHHE: B IEKAPTOBON CUCTEME KOOPJIMHAT BCSAKas MpsiMasi MOXKET ObITh
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IIpEJCTaBICHa ypaBHEHUEM MepBoil creneHu Buaa (1). VYpaBuenue (1) HasbiBaeTcs o0ujum
ypasHenuem npAamoil.

YrioBoit KO3(pPUUHMEHT NPAMON. YpaBHEeHUE IPAMOIi ¢ YII10BBIM K03 (puuueHToM 1
HAYaJIbHOW OpPAMHATOM

Yenom naxnona npamoit k ocu Ox Ha3pIBacTCs HAUMEHBLIUI Yroia @, Ha KOTOPBIA HY’KHO
IOBEPHYTh B IOJIO)KUTEIBHOM HAIpPaBJIEHUU OCh abCLUCC 10 €€ COBNAACHUS C JaHHOM MpPsAMOIL.
Hanpasienue n11000# mpsMoit xapakTtepusyercs e€ yenoevim Kodpuuuenmom K, KoTOpBIii
OTIpeNeNIsIeTCsl KaK TAaHICHC yrila HAaKJIOHA ¢ 3Toi mpsiMoil Kk ocu Ox, T.e. K=tg ¢. Mckmodyenus
COCTaBISE€T JIMUIb MpsMas, MEepHEeHAUKYIspHas ocu Ox, KOTopas HE HMEET YIJIOBOIO
Ko dunmeHTa.

VYpaBHeHue npsiMol, uMmeroniel yrioBod koadduiuent K u nepecekaroumii ocb Oy 6 TOUKe,
opAMHAaTa KOTOpoi paBHa b (HayanbHast OpJiMHATa), 3alHCHIBACTCS B BUJIC

y=kx+D. 2

M

¥

A 1°

0 ]

VYrnoBoit koadduiment K mpsmoit, 3amanHoi ypaBHeHuem AX+By+C=0, nHaxomuTcs Kak
ko3 durment K mpsmoi, 3amaHHON ABYMs Toukamu A(Xg' Vg) W B(xpyp), BBMUCIAETCA IO

bopmyne

_Ys—VYa
Kas = X, — X, 3
"Fﬁl' B

b
A

¥a 7
Xa

0

e X

YpaBHeHue NpsAMoOii B 0Tpe3Kax
Ypaenenuem npsamoii 6 ompesxax Ha3bIBA€TCsl ypPaBHEHHUE BUJA
X, Y
PRl @
a b
rae a u b — abcuucca 1 OpIHATA TOUYCK MepecedeHus npsiMoii ¢ ocsimu Ox u Oy, T.e. [UTUHBI

OTPE3KOB, OTCCKACMbIX HpHMOﬁ Ha KOOPAUHATHBIX OCAX, B3ATBHIC C COOTBCTCTBYIOILIMMU 3HAKAMH.

YpaBHeHHe NPAMOI, NPOXoAsALIeil Yepe3 TOYKY B JaHHOM HAINIPaBJICHUH
YpaBHeHUE MPSAMOU, TPOXOAIIeH Yepe3 T.y A(Xg, Vg) U UMerolei yrioBoit koddduimeHt K,
3aIMCBHIBACTCS B BUIC v —ya=K (X —Xa). (5)
YpaBHeHue npsaMoii, npoxoasiuiei yepes ABe TOYKHU
Ecnu npsimast mpoXoIuT 4epes aBe TOYKH T. 4 (X1, y1) U T.B (X2, y2), UMEET BU]
X=X _¥Y=%
X2 =% Yo=Y (6)
HopMmaJsibHOe ypaBHeHH e IPAMOH
[Tycts nana npsimast C, mpoxojsias uepe3 AaHHYI0 TOYKy Mo(Xo; Yo) U MEpHeHIUKYIspHas
BEKTOPY n (A;B). JIrob6oit BekTOp n=o, TIepIeH UKy IAPHBI JaHHOH mpamoii ¢ | HaskBaeTcs
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ee HOpManbHbIM 6eKmopom. BribepeM Ha IpAMOil Mpou3BONbHYIO T. M(x,y). Torga N L MM 5

3HauuT uX cKanspHoe mnpoussenenne N MoM =0 319 papencrBo MoxkHO 3amucats B
KOOpIMHATAX
A(x-x0 )+B( y-yo)=0 (7)

ITapamMeTpuyecKkoe H KAHOHUYECKOE YPABHEHNSI NIPAMOii
[Tycte npsimas | 3amana HavanbHOW TOYKOM Mo (Xo; o) | HANpPABISIONMM BEKTOPOM &

(a1;a2),. Tlycts T. M(x ; y) — mobas Touka, nexamas Ha npamoii | . Toraa sexrop ~MoM

KoIUIMHeapeH Bektopy & . Cruemosatensno, "MoM =ta | 3anuceBas 310 ypaBHeHue B
KOOPJMHATAX, MOIy4aeM MapaMeTpHYecKoe ypaBHEHHE IPAMOii

X=X, 1,1,
y=y,+a)

Uckmounm napametp t u3 ypaBuenus (9). 3To BO3MOXKHO, Tak Kak BekTop < * 0, u motomy

X—X
r=—="

(8)

XOTsI ObI OJIHA U3 €r0 KOOPAMHAT OTIWYHA OT Hyms. Ilycte 41 # 0ya,# 0, TOrAa PR
1

Y =)o X=Xy V= DXo
H, CJIEI0BATENBHO, = . 9)
a, a,

Vpasrenue (9) Ha3bIBACTCS KAHOHUYMECKUM YPAGHEHUEM RPAMOIL C HATIPABISIOIMM BEKTOPOM
a =(ay; a).

Ecim a1 =0 u % #0 10 ypaBuenus (8) nmpumyT Bu

X=1,

V=)t
OTUMU ypaBHEHUSIMU 3aJaeTcs NpsMasi, napauuienbHas ocu Oy U npoxojsuias uepe3 Touky Mo
(xo, y0). KaHoHHUYEeCKOE ypaBHEHUE TaAKOM MPSAMON UMEET BT
X=X0 (10)
Ecim @ # 0, @, =0 10 ypasnenus (8) npumyT Buj

X=X,+a,,

V=
9TI/IMI/I ypaBHeHI/IHMI/I 3a4acTCA HpHMaﬂ,

napayutenbHas ocu Ox U mpoxojsmas yepe3 Touky Mo (xo; yo). KaHoHHYeckoe ypaBHEHUE Takoi
MIPSIMON UMEET BUJL

y=yo (11)
IIpuMepsI 10 BHINOJTHEHHUIO IPAKTHYECKOH padoThI
IIpumep 1. CocrtaBuTh ypaBHEHHE MpPsIMOM, KOTOpPash OTCEKAaeT Ha OTPULIATEIBHON

nostyruiockoctu Oy OTPe30K, paBHBIN 2 eIMHUIIAM, U 00pa3yeT ¢ ockio Ox yron ¢ =30°.
Pemrenue: Ilpsimas mepecekaet ock Oy B Touke B (0;—2) u umeet yrioBoii ko3ddunuent k=tg ¢=
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=——. llonaras B ypaBHEeHHH (2) K

J3

yz?x_z, wm ~V3x—3y—-6=0

>3 H b = -2, moiayuyum HCKOMOE ypaBHEHHE

Ipumep 2. CocTtaBUTh ypaBHEHUE MPAMOM, IIpoxosiieh yepe3 Touku A (—1; 2) u
B (0;-3). (Ykaszanue: yrnoBoi ko3hduiineHT npsiMoit Haxoautes mo popmysie (3))
-3-2
Pemenne: X :—0_ -1 =9, Otcroga umeem Y = —5Sx—b [ToncraBuB B 3TO ypaBHEHHE

KoopauHaThl m.B, nomyunm: —3=-5-0+6 e mavanenas opamrata b = —3 . Tornaa momydum
ypaBHeHne Y = —OX —3,

IIpumep 3. OOGmee ypaBHeHHE npsiMod 2x — 3y — 6 = 0 IPHUBECTH K YpPaBHEHHUIO B
OTpe3Kax.
Pemenue: 3anuiieM gJaHHOE ypaBHEHHE B BUE 2x — 3y=6 U pa3fenuM o0e ero 4acTH Ha CBOOOIHBIN

X Yy
WieH: 3 + 5~ 1. 370 1 ecTh ypaBHEHNE 1aHHOI IPAMOIi B OTpE3KaX.

IIpumep 4. Yepe3 Touxy A4 (1;2) npoBecTH NpsSIMyr0, OTCEKAIOIIYI0 HA MOJOKUTEIbHBIX
MOJIyOCSIX KOOPJIMHAT PaBHbIE OTPE3KHU.

. . X, Y
Pemenue: IlycTs ypaBHEHHE HCKOMOM NPSAMOM MMEET BHI + b 1 Mo ycnosuto a=b. Cnemona-

TEJIbHO, YpPaBHEHUE NIPUHUMAET B X + ) = a. Tak kak Touka A (1; 2) npuHaaiaeXuT 3TOH NpsIMOii,
3HAYUT €€ KOOPJIMHAThl YAOBJIETBOPAIOT YPaBHEHUIO X +y = a; T.e. | +2 =a, otkyna a = 3. Urax,
HCKOMOE ypaBHEHHE 3alIMChIBACTCA ClleAyrouM obpazom: x +y =3, wm x +y—-3=0.

Ipumep 5. s npsmoi Y =ZX—3 HalMCcaTh YypaBHEHHUE B OTpe3Kax. Berumciuth

IUIOIA/Ib TPEYTOJIbHUKA, 00OpAa30BaHHOTO 3TOM NPSAMOI U OCIMU KOOPAMUHAT.

3
Pemenne: IlpeoOpasyeM naHHOE YypaBHEHHE CIEAYIOIIUM 00pa3oM: 2 X=Y=3  wm
X_y X Yy
1 3 1. B pesynbTare mony4uM ypaBHEHHE 2 + 3° 1, xoTopoe u sBNAETCS ypaBHEHHEM

JTAaHHOM MpsIMOi B oTpe3kax. TpeyroabHUK, 00pa30BaHHBIN JaHHON NPSIMON U OCSIMU KOOpAMHAT,
ABJIIETCS MPSAMOYTOJIbHBIM TPEYTrOJbHUKOM C KaTeTaMH, paBHbIMH 4 U 3, MO3TOMY €ro IUIOIIAIb

1
paBHa S = 5'4'3:6(K6. €0.)

B0.-3)
3anaHus 1)1 MpaKTUYeCKon padoThI
Bapmuanr 1

1. IlpuBectm oOmiee ypaBHeHue mpsiMOl 2X+3y-6=0 K ypaBHEHHIO B OTpe3Kax H
BBIUMCIUTh IUJIOIIAAb TPEYrOJbHUKA, OTCEKAeMOro JTOW NPSIMOH OT COOTBETCTBYIOLIETO
KOOPJIMHATHOTI'O YIJIa;

2. B AABC Bepmmabl uMel0T KoopauHatel Touku A (-3;4), Touku B (-4;-3), Toukn C
(8;1). CocraButs ypaBHenus croponsl (AB), Beicotsl (BK) u meauans (CM);

Bapmuanr 2
1. TlpuBectu obmiee ypaBHeHHE TpsiMON 3X-4y+12=0 Kk ypaBHEHHUIO B OTpe3Kax H
BBIYMCIIUTh JUIMHY OTpPE3Ka,  KOTOPBIM OTCEKaeTcss OT H3TOM NpsIMOM  COOTBETCTBYIOLIUM



43

KOOPJMHATHBIM YTIIOM;
2. B AABC BepiimHbI HIMEIOT KOOpAUHATHI TOuku A (4;2), Touku B (1;5), Touku C (-2;6).
CocraButh ypaBaenus croporsl (AB), Beicotsl (BK) u menuanst (CM);
3. Beruncaute yriioBoit k03¢ GUIMEeHT NpsMoi, mpoxoasmiend yepe3 Touky Mo (3;-4) u
napaiensHoil Bektopy @ (-7;5);

Bapuant 3

1. IlpuBectn oOmee ypaBHeHue mpsiMoil 4X-5y+20=0 Kk ypaBHEHHIO B OTpe3Kax H
BBIUMCIUTh IUIOLIAAb TPEYTOJbHUKA, OTCEKAEMOrO0 JTOW HPSIMOH OT COOTBETCTBYIOLIETO
KOOPJMHATHOI'O YIJIa;

2. B AABC Beprmmabl nMet0T KoopauHATH Touku A (3;-2), Touku B (7;3), Touku C (0;8).
CocraBuTth ypaBaenus croponsl (AB), Beicotsl (BK) u menuanst (CM);

3. BbruuciuTh yrinoBod Kod3(h(GUIMEHT MpsMOid, mpoxosiei yepe3 Touky Mo (-1;-2) u
apaIeIbHON BekTopy @ (3;-5);

Bapuanr 4
1. IlpuBectu oOuiee ypaBHeHue mOpsAMor 12X-5y+60=0 k ypaBHEHHIO B OTpE3Kax MU
BBIYMCIIATh JUIMHY OTpEe3Ka, KOTOPBIM OTCEKAEeTCsl OT 3TOM NPsIMOM  COOTBETCTBYIOIIUM
KOOPJMHATHBIM YIJIOM;
2. B AABC Bepmunsl nMetoT KoopauHatel Touku A (0;-2), Touku B (3;6), Toukn
C (1;-4). CocraButb ypaBaenus cropousl (AB), Beicotsl (BK) u meauansr (CM);
4. BpluuciauTh YriaoBod KOX(pOUIHMEHT mpsMol, mpoxomsimei uepes Touky Mo(4;:4) wu

napaniensHoil Bekropy @ (-2:7);

IIpakTnyeckas padora Nell
Pa3nen 2. DneMeHTHI aHATUTUYECKON T€OMETPUN
Omnpenenenne B3aMMHOTO PACTIONOKEHHSI IPSAMBIX.
Ilenb padoThI: ONPENENATh B3aUMHOE PACIIOJIOKEHUE 2-X MPSMBIX.
Kparkas Teopus.
Yroa mexkay nNpsAMbIMH. Y C10BHE NAPAJICAbHOCTH M NEPIIEHANKYJISIPHOCTH ABYX NMPSAMBIX

HYCTI) AaHbI 1BC NPAMBIC, 3aJaHHBIC 06HII/IMI/I YpPaBHCHHUAMMU:
AXx+B,y+C =0 4 A,x+B,y+C, =0
Torga yros ¢ Mexay HUIMU OTpeessieTcs: o popMyIie:
|A,A, +B B,

Cosp =
VA +B] A} +B}

(12)

YcaoBue napanieabHOCTH 2-X IPSIMBIX:
Al _ Bl
A, B, (13)

YcaoBue nepneH MKy JIAPHOCTH 2-X IPSIMBIX:
AA,+BB,=0 (14)

y=kXx+b uy=k,x+b
Eciii npsiMble 3a1aHb! yPaBHEHHSIME C YITIOBBIME KO3 uIHeHTaMu
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TO YroJ ¢ MEXIYy HUMH BBIYUCIISIETCS IO GopMyliaMm

|k1k2 +1| k, —k,

Bkt 9 19)
YcaoBue mapauieJIbHOCTH B 3TOM Cliyda€ UMECT BU/:

k, =k, (16)
YcaoBue NEPHNECHAUKYJIAPHOCTH IIPAMBIX:
kp-kp =-1 (17)

cosp =

Ecmm ABEC IMPAMBIC 3aaHbl KAHOHMYCCKUMHU YPABHCHUSIMMU n b = b
1 2

TO YOIl (¢ MEXKy STUMH NPAMBIMH ONpeenseTcs mo Gpopmye:
la,b, +a,b, |

cosg =
JaZ +aZ - \Jor +b? (18)

YciaoBue nmapaui€JIbHOCTH ITPAMBIX:

4 _3
b, b, (19)
Yci0Bue neprieHTUKYISAPHOCTH IPSIMBIX:
a1b1 + azbz =0 (20)

Paccrosinne oT TOUKH 10 IPSIMOI
Paccrosinue d ot touku M(x1,; y1) nmo npsimoii AX+By+C=0 Bbruucisiercs no gpopmyie
] /A, + By, +C|

[ A? + B? (21)

IIpumepbI M0 BHIMOJHEHUIO MPAKTHYECKOH PadoThI
Ipumep 1. Beruucnuts yroa Mexay OpsiMbIMU 2x+3y—7=0 3x—-7y+4=0,
2:3+3-(=7)| 15 0546 i
\/22 432 \/32 N (_7)2 - \/E\/@ - : @ =arccos0,546~= 57"

HpnMep 2. BBISICHUTEL B3aUMHOE PacCIIOJIOKECHUC TPAMBIX:
7) 46-56+3=0 ¢ 56+46+11=0; a) —-36-76+6=0 ¢ 96+216-1+0
A, 4 -5 B

Perenue: a) A_ = g * 4 B — 3Hayum, npiAmele He I’ldpaﬂﬂeﬂbel;
2 2

cos @ =

Pemenue:

6) AA, +BB, =4-5+(-5)-4=0 — suauum, npsvvie nepnenOUKyIspHbL.
5
Ipumep 3. BbI4uCINTS yroa Mex Ly npsaMeiMu Y =2X =3 u  y = ?x +4

Pemenue: K =2 u K, = 7

2-§+ 17
7 7 17

22+1_\/[3T+1 ) \/g.\/;_“ ~ J5-74

IIpumep 3. BBISICHUTH B3aMMHOE PaCcOIOKEHUE MPSIMBIX:

=0,883;, ¢ =arccos0,883 ~ 28°.

cosQp =

) 6=46-3 ¢ 6=46+10; d) 6=26+7 ¢ 6=-26+9
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a) k =k,=4 — 3nauum, npsmvie napannenvHvl
Pemenne: 6) k -k, = % (-2) =-1 — 3nauum, npsamvie NEPREHOUKYIAPHBL
x—4 y+2 x+3 y-8
IIpumep 4. HaiiTu yron Mexay npsiMbIMH 5 7 H 6 11
5:6+7-14 101 _ 09037, ¢ =arccos0937 ~ 20°

. COSQ = =
Pemienne: J52 472 .62 1112 J74-4157
3agaHus IS NPAKTHYECKOI0 3aHATHSA:

Bapuanr 1
1. BerauciuTh yriaoBoi Ko3(hGHUIMEHT IpIMOM, mpoxoasiiei depe3 Touky Mo (-2;4) u
napauielbHoil BekTopy & (6;-1);
2. OnpeaenuTh B3aMMHOE PACIIOIOKEHUE 2-X IpsIMBIX 2X — 5y —20=0 wu 5x +2y-—10
= 0,
3. BBIYHCINTD PAacCTOSHHE OT cepequHbl oTpeska AB o mpsivoit 12X =5y +1=0 ecny
M3BECTHBI KOOPAMHATHI KOHIIOB oTpe3ka T.A(1; 6) u 1.B(9; 8).

BapuanT 2
1. BBIUKCAUTD YTroJI MEXKIY MPSMBIMHU:

3
a)2x-3y+7=0 u 3x-y+5=0; 6)y=zx—5 H o y=2x-4;
X+2 y-3 x—15=y+6_

2.0mnpenenuTh B3aMMHOE PacoIOKEHUE 2-X MPSAMBIX: 5 4 H# ~2 5

3. BBIUMCIINTD PACCTOSHHE OT CepeMHbI oTpeska AB 1o mpsmoit /X +24Y —5=0ecy
U3BECTHBI KOOPJMHATHI KOHIIOB oTpe3ka T.A(18;8), 1.B(-2; -6).

Bapuanr 3
1. Beruucnuth yriaoBoi ko3dduimeHT npsamon, npoxoasmiei yepe3 Touky Mo (-1;-2) u
napajenbHoll Bektopy < (3;-5);
3. BbluMcauTh yroia Mexy NpsSMbIMUA
X—6 vy
a)3x+y-7=0 u X-y+4=0; 6)T=§ u 3 1

3. OnpenenuTh B3aMMHOE PACIIOIOKECHUE 2-X MPSIMBIX Y = 5 X+8 y  y=5x+3;

IIpakTnyeckas padora Nel2
Ieap padoThl: 3aKpeniecHHe TEOPETHYECKOr0 MaTepuaa
Pa3znen 2. DneMeHTHI aHATUTUYECKON T€OMETPUN
KonTpoabHbie BOnpochl

1. Jaiite onpeseneHune Bekropa. Uto Takoe JuimHa BeKTOpa?

2. Kakue neiicTBUsS MOXXKHO TPOM3BOJIUTH HAJ BEKTOpaMH, KAKUMHU CBOWCTBAMH OHHU
o6nagaroT?

3. [Mepeuncnure GOpMyIIBI CYMMBI, pA3HOCTH, YMHOXKEHHS BEKTOPA Ha YUCIIO B KOOPAUHATAX.

4. Kak HailTu CKaJIIpHOE MPOU3BE/IEHHE JIBYX BEKTOPOB?
5. UYro Ha3bpIBaeTCs YIIOM MEXKAY IByMsl BEKTOpaMH B IPOCTpaHCTBE?
6. UYemy paBHO CKaJsIpHOE POU3BEACHUE JIBYX OPTOTOHAJIBHBIX BEKTOPOB?
Ha3oBure ypaBHEHMS NHpsAMON Ha IUIOCKOCTH, KOIZA M3BECTHBI TOYKA, 4epe3 KOTOPYIO OHa
IIPOXOJUT U €€ HAIPABIISAIOIUN BEKTOP.
Kakoit Bu1 uMeeT HopMasbHOE, 001ee ypaBHEHUs PSMON Ha MJIOCKOCTH;
HazoBure ypaBHeHHe npsMoi, IPOXOIALIEH Yepe3 IBE TOUKH, YPaBHEHUE NPSAMOM
B OTpE3KaX, ypaBHEHHUE MPSIMOH C yIIIOBBIM K03 HULIneHTOM;
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[lepeuncnure QopMynbl A7 BBIUMCIEHUS yIJIa MEXAY HOPSAMBIMH, 3aJaHHBIMHU
YPaBHEHUSIMU C YIIO0BBIM KodduienToM. ChopMynupyiTe yCaoBHs MapauieIbHOCTH U
NEPIIECHAUKYIIIPHOCTH BYX MPSMBIX.

Kak HaiiTu paccTositHuE OT TOYKHU A0 IPSIMOI?

IIpakTnueckas padora Nel3
Pa3znen 2. DnemMeHThI aHATUTUYECKON T€OMETPUN
«Perenue 3a1a4 Ha KPUBBIE BTOPOTO HOPSIAKA»
Lesab padoThl: HAYYHUTHCS pEIIaTh 33/1a4H HA KPUBBIE BTOPOTO MOPSIKA: SJUIUIIC, THIIEPOoITy U
napabouy.
Kpartkas Teopus:

Dnanunc eCTb MHOMKECTBO TOYEK IUIOCKOCTH, CyMMa pAcCTOSIHMM OT KOTOPBIX J0 JIBYX
(UKCUPOBAHHBIX TOYEK, HA3bIBAEMBIX @hOKycamu >IUIAIICA, €CTh BEIWYHMHA IMOCTOSIHHAs (paBHas
2a), OosibIast, YeM paccTosTHUEe MeX Ty hokycamu (paBHOE 2¢).

[Ipocreiitiee ypaBHEHHE SIIIMIICA TONTYYACTCS, €CIH PACHOJIOXKHUTh KOOPAWHATHYIO CHCTEMY
CIIeIYIOMUM 00pa3oM: 3a 0ch OX MPUHSATH MPSAMYI0, POXOASIIYI0 depe3 ¢okychl F1 u F2, a 3a och

Oy — nepneHIUKYISIp K ocu abcumcc B cepenune otpeska [FiF2]. Torma ypaBHenue smiurnca
IMPUMCT BU

2 2
%‘*‘g—zzl, rae b? = a? — ¢? Q)
Touku A u B, C u D mnepecedeHus 3umIca ¢ €ro oCIMU CUMMETPUH (KOOPAMHATHBIMU OCSMH)
Ha3bIBAIOTCS gepuunamu sumunca. Otpesku [AB] — doavuoit ocvro, a [CD] — manoit ocero, tax
kak a > b. Takum oOpa3om, mapamerpsl & U b, BXomsiiue B ypaBHEHHE JLIMIICA, PABHBI €r0O
HOJIyOCSIM.

v
- Vi
C(0: b) C(o: B
F, i c)
Af-a; ) Big: O Af-a; 0} Bia 0)
W-e:0) |0 Fofies ) X 1] x
B (- b) Fafls <)
Dy 0; -b)

DKcyenmpucumemom >IIUTICA HAZBIBAETCS OTHOIICHHE PACCTOSHUS MEXIy (POKycaMHu K ero
OOJIBIIIOH OCH, T.€.

oo C
~a )
OueBuaHO, 9TO € < 1.
Ecnu snmunc, onpenenseMslii ypaBHeHueM Bujaa (1), pacnosokeH Tak, 4To ero (OKyChHl Jiexar
Ha ocu Oy, To Torma b> a u GoMbIIoil OChIO CITYKUT 0Tpe3ok [B1B2] mawmnoit 2b, a mamoii ockio —

otpe3ok [A1Az2] nauHON 2a. DKCUEHTPUCUTET TaKOTO AJUIUIICA BRIYUCIAETCS 1o hopmyrie
c
— — 2 2
€=y, raec=vb -a (3)
T'unepbonoi Ha3bIBaeTCS MHOXXECTBO TOYEK, JUII KOTOPBIX aOCONIOTHAs BEJIWYMHA
pPa3sHOCTH PpACCTOSIHMM 1O JBYX JAaHHBIX TOYEK, Ha3blBaeMbIX (POKycaMM, €CTh BeIMYUHA

NOCTOSIHHAS (2a), MEHbILIAs, YeM pacCTosHuE Mexay hokycamu (2c).
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[Tpocreiiniee ypaBHEHHE TUNIEPOOITBI MOIYYASTCS, €CIM PACTIONOKUTh KOOPAMHATHYIO CHCTEMY
cleayromuM oopazoM: 3a ock OX TPUHATH MPSAMYI0, TPoXosiryto uyepe3 hokycel F1 u F2, 3a och
OV — nepneHauKyssIp B cepenuHe otpeska [F1F2]

R
B
Ayf-a: Aoffa; O}
Filf-e; @) ] Fafe: OF X
Bz
Toraa ypaBHEHHE THIIEPOOIIBI IPUMET BH/T
X2 yZ
?_b_zzj-’ e b? = ¢2 — a? 4)

['unepbona mMeeT 1BEe OCH CUMMETPUU (KOOpJMHATHBIE OCH), C OAHOH M3 KOTOPHIX (OCBHIO
abcuucc) OHa MepeceKkaeTcs B IByX Toukax A1 U A2, Ha3bIBaeMbIX eepuiunamuy Tunepoonsl. OTpe3ok
[A142] nnuHO# 2a Ha3bIBaETCS delicmeumebHoi 0cbio TUIIEPOOIIbI, a 0Tpe3oK [B1B2] mmuHoit 2b —
MHUMoU ocblo tunepbosbl. Takum o0pasom, mapameTpsl @ u D, Bxojsme B ypaBHEHHE
TUIEepOOIIbl, PABHBI €€ MOIYOCSM.

Ixcyenmpucumemom runepOOIIBI HA3BIBACTCS OTHOLICHUE PACCTOSHUS MEXy (okycamu K e
JEUCTBUTEILHOMN OCH:

e C
=3 (®)
OueBuaHO, uTO € > 1.

FI/Inep60na HUMECT ABC acumnmombl, YpaBHCHUS KOTOPBIX
b

b
y—gx u Y——gx (6)

Ecnu mHMMast och runepOosbl HanpasiaeHa o ocu OX U UMeeT AMUHY 2a, a JeUCTBUTENbHAS OCh

nuHO# 2b HampasieHa o ocu OV, To ypaBHeHHE TUIIEpOOIIbl HMEET BUJT
2 2

x* y
EPCREYI ()
i
Fy0; )
T B.rg-hﬁ-,u__;/

Ap-a; @) L fa O

o X
Eﬁﬁbu
‘r/-,f Fofl =) \\

3KCL[CHTpI/ICI/ITCT Takok PHHCp6OJILI BBIYHCIIACTCA 110 (bOpMy.TIC

=5 (8)
E€ acumnroTel Te e, 4ro u y runepbonsl (4). TunepOonbl (4) u (7) HasbBaloTCA
conpsaxcénnvimu. I'unepOoiia Ha3bIBACTCS PAGHOCMOPOHH eI, eClTU €€ NCUCTBUTEIbHAS U MHUMAs
OCH paBHBI, T.€.
a = b. Tlpocreiinme ypaBHeHHE PaBHOCTOPOHHEH rUIepOOSIbl KMEET BHUT
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x2 _ y2 = a2 (9)

Ilapa6onoit Ha3pIBAETCSI MHOYKECTBO TOYEK IUIOCKOCTH, PaBHOYAAJIEHHBIX OT JIaHHOM TOYKH,
Ha3bIBAEMOU ¢hoKycom, M TaHHOU MPSMOH, Ha3bIBAEMOW dupeKkmpucoil mapadbobl.

Bennuuna p, paBHas paccTOSHUIO OT (OKyca OO0 IOUPEKTPHUCHI, HA3BIBACTCS HAPAMEMPOM
napabonbl. [lpsamas, mpoxozsmas yepe3 (oKyc mapadoibl MEpHEeHAMKYIIPHO €€ IUPEKTpHCE,
Ha3bIBACTCS OCHIO, A TOYKA TIEepecedeHus Mapaboisl ¢ €€ OChl0 — 6epuiunoil TapadoIbl.
[Ipocreiimee ypaBHeHHEe NapaboJibl MOJTYYaeTCs, €CIM KOOpAWHATHAs CHCTEMa pAaCIoIoKeHa
CIICAYIOIIMM 00pa3oM: 3a OJHY M3 KOOPAMHATHBIX Ocel Oepércs och mapabouibl, a 3a IPYryro —
npsMasi, NeprIeHAUKYIIpHas OCH Mapalboibl M TpoBenEHHas TOCPEIUMHE MEXAy (OKycoM u
nupexTpucoil. Torga ypaBHeHue napadosbl IPUMET BU:

2.0 F i
O FZ o x : X
[
A
»? =2px =-2px (11)
Jljl
Fii);
x*=2py  (12) x*=-2py (13)
YpaBHeHue

y=ax*+bx+c (a#0) (14)

ornpezenseT napadoiy, 0Cb KOTOPOH MEpHEeHINKYIsSpHa OcH abcuuce.
AHaJOrM4HO, ypaBHEHUE
x=my?+ny+p (Mm#0) (15)
ompenenser mapadbosry, ocb KOTOPO# MepreHAuKY/IsipHa OCH opauHar. YpaBHenus (14) u (15)
npuBogaTcs K mnpocteimemy Bumy (10) — (13) nyréM TOXIECTBEHHBIX NpeoOpa3oBaHUM C
MOCIIEAYIOLINM NTEPEHOCOM KOOPAUHATHON CUCTEMBI.

IIpumepsl 10 BHINOJTHEHUIO NPAKTHYECKOH PadoThI:

IIpumep 1. Haiiti ocu, BepuinHbl, GOKYCHI U IKCHEHTPUCUTET ILITUIICA
x? + 25y% — 225 = 0.
Pemenue: IlpuBeném nanHoe ypaBHeHHE K TpocteimeMy Bumy (1), mams 4ero cBOOOAHBIA WICH

nepeHecéM BIPABO M pa3JIeIMM Ha HETO BCE WICHBI YpaBHEHHUS. B pe3yabTare moryaum
2 2 2 2
Xy Xy
—+—=1 wum St 7=
25 9 52 37
CpaBHuBas MoJlyueHHOE ypaBHEHHE ¢ ypaBHeHHUEM (1), umeem a = 5,
b = 3. Orcrona naxoaum ocu snurnca 2a =10, 2b=6 u xoopaunate! Bepimu A1( -5; 0), 42(5; 0),

B1(0; -3), B2(0; 3). Jlanee, Haxogum € = vb® —a® =+/25-9 =4,
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CnenoBarenbHO, (okycamu syuturnca ciayxar Touku Fi1 (-4; 0) u F2 (4; 0). DKCICHTPUCUTET

3JUIATICA BBIYUCISEM IO popmyite (2):  e= % = % :

Ipumep 2. Haiitu ocu, BepmuHbl, (OKYCHI, IKCUEHTPUCUTET U yPABHEHUS ACHMIITOT
runep6oisr  16x% — 9y? — 144 = 0.
Pemenue: IlepenecéM CBOOOMHBIM UIIEH BIPaBO M pPa3feidM Ha HETO BCE WICHBI JTAHHOTO

ypaBHEHUs1. B pe3ynbpTare moixydum npocreiiiiee ypaBHeHUE TUIIEPOOIIBI
2 2 2 2

Xy Xy
9 16 - MM 3 g
CpaBHHMBass 3TO ypaBHeHHME ¢ ypaBHeHueM (4), mmeeM a = 3, b = 4. Takum o0pasom,

JCHCTBUTENbHAS OCh TUIep00Jbl_2a = 6, a MHUMas och 2b = 8; koopauHate! BepimH A1 (—3; 0) u

A2 (3; 0). Jdanee, c=+a*+b* =+/9+16 =5, cnenoBarenbHO, POKycaMu THUIIEPOOJIBI CIIYKAT TOUKH

Fi(—=5; 0) m F2(5; 0). Dkcuentpucuter rumnepooiisl BeraucisgeM 1o dpopmyie (5): e = ¢/a = 5/3.

Haxownen, mojacrasisist 3HaueHuss a = 3, b = 4 B popmyinsr (6), MoayduM ypaBHEHHSI aCHUMIITOT
4x

runepooer Y = 3 u y= 3

Ipumep 3. CocraBuTh ypaBHEHUE apadoJIbl C BEPUIMHOW B Ha4Yaie KOOPMHAT U
dokycom B Touke F (0; —8).
Pemrenne: ®okyc napadosibl JISKUT HA OCH OPJMHAT, a BEpIIMHA — B HaYalle KOOPJIUHAT, TOITOMY
ypaBHEHHE TapabolIbl MOKHO 3aIicaTh aubo B BUAE x> = 2py, mubo B BHue x° =— 2py. Janee,
TIOCKOIIbKY OpAMHATA (hOKyca OTPULIATENbHA, ypaBHEHHE Mapabolbl ClefyeT UCKaTh B BUIAE X°= —
2py. U3 xoopauHaTel ¢okyca mapabonsl umeeM p /2 =8, otkyna p=16 wu 2p =32, u
OKOHYATEeNFHO ToNydaeM x> = — 32y.
3anaHus 1J1s NPaAKTHYECKOT0 3aHATHS:

Bapuant 1
1. CocTaBUTh ypaBHEHHE OKPYKHOCTHU, KOHIIBI TUAMETpa KOTOPOil UMeroT koopauHatsl (0;
3)u (6;-7);
2.CocraBbTe ypaBHeHWe mmunca ¢ ¢okycamu Ha ocu OX, ecinm pacCTOsSHUE MEXITY

doxycamu paBHo 20, a sxcueHTpuCHTeT © = % ;

2 2
y .
3.Jlana rumnepOoina a—g=1. Haiinute BepmmHbI, (QOKYCHI, 3KCLEHTPUCHUTET,

ACHUMITOTHI 3TOM runepOoJIbl;

2
4.Ilapabona 3amaHa ypaBHeHueMm Y = 14X. Vka3aTh KoopAMHaThl (oKyca mapabosbl U
ypaBHEHHUE €€ JUPEKTPUCHI;

5. CocTaBUTh ypaBHEHHE OKPY)KHOCTH, LIEHTP KOTOpOH JEXHUT B (hokyce mapaloibl

2 2
2 _ _8 o o e y — 1 .
V" =78x,a panuyc pasen aeifcTBuTENBHOM oc dmmnca T o+ S5 =1

Bapmuanr 2
1. CocTaBUTh ypaBHEHUE OKPYKHOCTH, KOHIIBI IMAMETPA KOTOPOM UMEIOT  KOOPJIMHATHI

(-2;3)u (2; 5);
X2 y2
2.YpaBHeHume odmmnca -+ =1

25 g Haiitu paccrosnue Mexay ¢GokycaMu W

OKCHCHTPUCUTET JSJUIAIICA,
2 2

Yy
144 256

3.lana runepOona Haiigute BeprmiuHbl, (OKYCHI, SKCHEHTPUCUTET
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ACHMIITOTBI 3TOU TUIIEPOOIIBL;

2
4. TlapabGona 3amana ypaBHeHHEM Y = -5X. YKa3aTb KOOpAuHATHI (OKyca mapaboJibl U
ypaBHEHHUE €€ JUPEKTPUCHI;
5. CoctaBuTh ypaBHEHHE MapadoJIbl, BEPIIMHA KOTOPOW JIKHUT B Hadalle KOOPAHMHAT, a

dOKyC  COBIAZACT C LEHTPOM OKpyxKHOCTH X +° —8y+12=0:

Bapuant 3
1. CocTaBpTe ypaBHEHHE OKPYXHOCTH C IIEHTpOM B TOo4Yke (-1; 4) W mpoxojsiiel uepes
TouKy (3; 5);
X2 y2
2.YpaBuenue omnca - +-- =1, Haiitu paccrosuue wmexay Qokycamun u

16 7
SKCLIEHTPHUCHUTET DILIUIICA.
3.CocTtaBuTh ypaBHEHHE THIEpOONBI, €Clau JIMHA €€ JNEeHCTBUTENIbHOW OCH paBHa 12, a

OKCHCHTPHUCUTCT PaBCH 3 Haiitu e€ (bOKYCHOG PacCTOAHUC U ACUMIITOTEI;

4. Tlapaboma 3amaHa ypaBHeHHEM Y? = 6X. YKa3aThb KoOpAMHATHI (hOKyca Mapaboisl U
YpaBHEHHUE €€ TUPEKTPUCH;
5. CocTaBUTh ypaBHEHUE OKPYKHOCTH C LIEHTpOM B Touke (-3; 8), auamerp KOTOpoi
2 2
paBeH (JOKYCHOMY PacCTOSHUIO AJUTUIICA  ~~ T - 1
100 36
BapuanT 4
1. CocTtaBpTe ypaBHEHHE OKPYKHOCTH C LIEHTpoM B Touke (-3; 04) u mpoxopsiel yepes3
TOuKy (2; 4);
2.CocraBbTe ypaBHeHue snunca ¢ ¢okycamu Ha ocu OX, eciau pacCTOSHHE MEXIY

dboxycamu paBHO 12, a SKCIIEHTPUCUTET €= % .

3. Haiigure BepmuHBL, (OKYChI, SKCLUEHTPUCUTET M aCHUMOTOTHl TUIEPOOIBI
2 2

XY 4
81 144

4. TlapaGona 3ajiaHa ypasHeHHeM Y = -4X. Yka3zaTh KOOpAMHATH (okyca mapabosibl U
ypaBHEHHE €€ TUPEKTPHCHL;

5. CoctaBHUT ypaBHEHHE TUepO0bl, HOKYCH KOTOPOH COBMANAOT ¢ (OKyCaMH IUIMICA
x? N »? _ 4
100 36

1,a oxcuentpucurer pasen 7 .

IIpakTnyeckas padora Nel4
Pa3znen 3. OCHOBBI MaTEMaTHYECKOTO aHAIN3a
«Bpruncnenue npenenos. PackpbiTrie HEONPEAEIEHHOCTEN»

Hesas padoThl: HayunThcst BBIYMCIATD Mpeaeibl QYHKIMU, pACKPBIBATh HEONPEIEIEHHOCTH MPU
BBIUNCJIEHUH [IPENIETIOB.
Kparkas Teopus:

[Tycte ¢ynkums f(X) onmpeneneHa B HEKOTOPOH OKPECTHOCTH TOYKH @, KPOME, OBITH MOJXKET,
camoii Touku a. Yucino B HaspiBaeTcs npedenom ynkuyuu f(X) 6 mouke a (mnmm npu X,
CTpeMsIILeMCs K @), €CIIH JUIsl JTI000H MOCIeI0BaTeIbHOCTH 3HAYCHUH apryMeHTa Xn#d, CXOIsIIencs
K a, TIOCIIeIOBATEILHOCTh COOTBETCTBYIOMNX 3HaueHui (pyHKimn f(Xn), NeN cxomurces x uucny B.

B 5TOM cilydae NUIIYT: limf(x)=B wm f(x)>B mpu x—a.
B= !!Ta f(x) , !L”Q f(x)=B I 000H  MOCISHOBATEILHOCTH XnZd, NeEN,

Kopoue, ecim

CXOJIALIEHC K a, T.€. Xn—a IIPU N—300.
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Teopema 1: OyHKIMSA HE MOKET UMETh JIBYX Pa3HbIX MPEIECIOB B TOUKE.
Teopema 2: Ilpenen cymmbl (pa3HocTd) (GYHKIHMA paBeH cyMMe (pa3sHOCTH) HUX IPEAETIOB, €CIIH

nocrennue cymecrsyor: W/ () £ g(x)) =lim f(x) £limg(x)
Teopema 3: [Ipenen npousBeneHus GyHKIMNA paBeH MPOU3BEACHUIO UX MPENIEIIOB, €CIIH MOCIEIHNE
— lim(/(x)- g() =lim £ (x)- limg(x)
CaeacrBue: [10CTOSIHHBIN MHOKUTEIb MOKHO BBIHOCUTH 3a 3HAaK MpEEa, T.€.

lim(¢f (x)) = clim f(x)

X—a xX—a 1
Teopema 4: [Ipenen oTHomeHHs 1BYX (PYHKIMN paBeH OTHOIICHUIO UX MPEIEIOB, €CIIH IMOCICTHUE
CYILLECTBYIOT U IIPEJEI ACIUTENSA OTIMYEH OT HYJIS:

f (X) lim f (X)

X—a

g g(x) lim g(x) »

ITycts ¢dynkmus f(X) ompenmenena Ha Bcell umciioBod mpsimoit. Yumcimo B HasbiBaeTcs

npeoenom ynuxyuu f(X) npu x—+oo, ecin !]LT) f(x,)=B JUTsE JTF000H TOCIe10BaTeIbHOCTH (Xn)

TaKOM, 4TO ,!Lrgx =10 B srom cllyyae MHIIYT XIEPOO J(x)=8 . AHaJIOru4HO, xlir_nw J(x)= C

= o o i = —00
ecimn !,erjo f(x)=C JUTs1 JTF000# MMOCIIeI0BaTEeIbHOCTH (Xn) TAKOM, UTO ,!'j!,} X B psne ciayqaes

nosegenre ¢yukmuu f(X) pasHoe mpum x—>+oo m mpum x—>-co. Hampumep, s GyHKIHMH

9x? +1 9x? +1 A9x? 41

f (X) = —————, onpenenennoi s Bcex x # 1, nmeem I|m ———=-3, Im ———=
Xx—1 - X =1 x—>+0 X —1
[TosToMy mipu HUccieOBaHUH CBOMCTB (DYHKIIMI pacCMaTPHUBAIOT KaK XILTD F(x) , TAK 1 nllj_TL F(x)
ChopmynupyeMm OIpeECIeHHEe 0OeCKOHeuH020 npedena @yHKyuu: €civu JUisi J000M
o o limf(x,)=0
HOCIIeIOBATEIbHOCTH 3HAUCHUH apryMmeHTa (Xn) Takoi, 4TO Xn # @ HMEET MECTO g =V " , TO
OO
TOBOPSIT, uTO Tipenen pyHkimu f(X) B TOUke @ ecTh OECKOHEUHOCTbD, U MUIITYT Ian; F()=
i = 00 «
Ecnu 'X'LQ F(x) , To ynkius f(X) Ha3pIBaeTCs deckoneuno Gonvuion npu x—»a. Ecin xe
limf(x)=0 £ 6 . A
X>a , To ¢ynkuus f(X) Ha3piBacTCs OecKOHeuHO Manod npu X—>da. AHAJIOTUYHO

OTpeAesATC OECKOHEUHO OO0JIbIINE U OECKOHEUHO Majible (PYHKIUH MPU X —>+ 00, X —3- 0,

3aMeTHM, YTO MMEET MECTO cieayroiiee yrBepxkacHue: eciau ¢ynkmnus f(X) — 6eckoHeuHO

1
manast npu x—a u f(X) # 0 111 x # a M3 HEKOTOPOH OKPECTHOCTH TOYUKHU d, TO QyHKIMS ¢ )

OeCKOHEYHO Ooublnasi Mpu x—a. BepHo u oOpatHoe yrBepxkaeHue: ecnu ¢GyHkums f(X) —

1
OeCKOHEUHO OOJIbIIAs TIPH X —>a, TO QYHKIHUA ¢ () 0ECKOHEUHO MaJiasi IPU X —d.

IIpumepbI 10 BHINOJHEHUIO TPAKTHYECKOH PadoThI

1) IIpeoen muozounena.

Ipumep 1. Beruucauts IX'_En(SX +2x* =3x+7)

Pemenue:
lim(5x® + 2x? 3x+7)—I|m(5x )+I|m(2x )—I|m3x+I|m7 5limx® + 2limx® - 3limx+7 =

xX—>2 X—2 X—2 xX—>2 X—2 xX—2 xX—2 xX—>2

=5(Iimx)3+2(llmx)z—3Iimx+7:5-23+2-22—3-2+7=49

X—2 X—2
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T.o. s BeuMCIeHUs npenena MHorowieHa f (X) mpu X —a J0CTaTOYHO BMECTO MEPEMEHHOM X
MOCTaBUTh 3HAYCHUE @, K KOTOPOMY OHA CTPEMHUTCS, ¥ BBIOJHUTH COOTBETCTBYIOIINUE JCHCTBUS,

re. limf(x)=f(a)

X—a

lim—=< ( )
1 X—a g(x)
a) Ecin g (@) # 0, TO MOXKHO IPUMEHUTH TEOPEMY O IIPEJIEIIE YACTHOIO.
f(x) i X —2x-3

Ipumep 2. Ilycts TpeOyeTcs BRIYUCIUTD lim g(x)’ - Ix—)3 %% +3x+3

2) Ilpeden omuowenus 08yx MHO2OUICHOG 20e a— yucio.

Pemenme: f(X)=x*—2x—3 m g(X) =x*+3x+3. Takkak g (3) =32+3-3+3=21#0.10
(3
x3—2x—3_“m(x—2><—3) 18 6

x—3

im—
¢ +3x+3 limld +3x+3) 21 7

x—3

HNMECM.

0) Ecnu g (@) = 0, To Teopemy 0 Ipejene YacCTHOrO MPUMEHUTh Henb3s. Torna ecnu f(a) = A # 0,
f(x)_

TO IXLT g (X) X, ecmn xe f(a) = 0 — umeem HeonpeaenéuHocty Buma (0/0). B stom ciyuae
(%)
npeaen IX'LTJ g(x) MOXHO BEMHCIHTE PA3/IOKEHHEM MHOMOWICHOB f(X) 1 g(X) Ha MHOKUTEITH.
n 3B I|m x> —5X+6
pumep prauennts (MM o
Pemenne: 3aech f (2)=22-52+6=0,9 (2) =22- 62 + 8 =0. Tak KaK X # 2, UMeeM
iim X —5%+6 (x 2)x-3) im X=3_1

x>2 X2 —6X +8 Hz(x 2 x—4) Hzx 4 2

(%)

3) IIpeden omHnouleHuss MHO2OUIEHO8 g(x) npu X — oo .

) |im3 —2x? +3x+1
IIpumep 4. Boruucints M 4x% —x2 —7x+8 "

Pemenne:
s a s X 3_E+%+i3 lim 3—g+%+i3
Iim3x —2X +3x+1_|. X x° x) = x x* x)_ 3-0+0+0_3
xoe 43 —x2—Tx+8 x= o 1 7 8 1 7 8) 4-0-0+0 4°
X X° X o X X° X
x® +3x—2

I|m
IIpumep S. Boranciurs S — 2% +3x—1"

3 2 3 2
X1+ - =
X3 +3x-2 . ( X2 xsj , Lt x2 X
lim— - =lim =lim =
or X =2+ 3 -1 o 2 3 1) o= 2 3 1
x x° X x x* X

4x° —2x* +3x—1
o X3 4+2x% +4x—2

Ipumep 6. Berunciauts I|m



s(, 2 3 1
5 4 X 4—*+7—75
“m4x-—2x+3x—1_|.m X X X
Pemenme: 1073 52 Ay 0 xow X3( 2 4 2} x>
3

4) IIpeoenvt nekomMmopwiX UPPAYUOHATLHBIX (PyHKYULL. JIIsS BEIYUCICHUS IX'H; VT (X) :

rne f (X) =2 0 u IX'Ta f(x): f(a), BOCIIOJIB3YEMCSl PaBEHCTBOM IX'Ta\/ f (Xj - f(a)’ KOTOpOE
IpUHUMAETCs HaMU 0€3 T0Ka3aTeIbCTBA.
: 2
Ipumep 7. Beruncaurs !'_[Pl V2X® =3x+4.

Peinenue: ||rpl\/2X2 —3x+4 = \/2(—1)2 —3(—1) +4 = \/5 =3
lim 2X
IIpumep 6. Boruncouts 5,0 V32 —x+4—_2

H 2
Tak xax i'ﬂg(\/ 3x _X+4_2):0, TO TEOPEMY O MpeJIelie YaCTHOrO MPUMEHUTh Helb3s. MMeem

HeonpenenéHHocTs Buaa (0/0). YMHOXKas YMCINTENb U 3HAMEHATENh Ha BRIPAXKECHUE, CONPSHKEHHOE

3HAMEHATEIIO, TIOJIyYUM
2X i 2x(\/3x2 —X+4+ 2): lim 2x(\/3x2 —X+4+ 2)= i 2(\/3x2 —X+4+ 2)

lim = |lim
X0 \/3X2—X+4—2 x>0 (3X2—X+4)—22 x—0 3x% =X x—0 3x—1

Ilp
_2(J30-0+4+2)

3-0-1

=-8

H 2
umep 9. Haiitu npenen JLTO(V X~ +1—X) JlaHHbI}A TpUMEp AEMOHCTPUPYET TEXHUKY PACKPHITHS
HEOTIPE/ICIICHHOCTH BH/IA (00-00).

lim (VX2 +1— %) < fim X FLI=0CX 414000y XEAL=XE

lim

= = . =0
y—>+00 y—>+o0 /X2 +1+X y—>+00 /X2 +1+X y—>+ /X2 +1+X

5) Ilpumenenue 3ameuamenvhvlx npedeios

. sinXx X
Iim =1 " Iim(1+£j =e

x>0 X x>0 X

HOJIB?»y}ICB OTUMH (I)OpMy.]'IaMI/I, MOKHO BBIYUCIIUTD pAd PEACIIOB.

. sin3x
IMpumep 10. Berurciutsb !('Lr(} X

Pemienue:
“msm3x =lim 3sin3x = 3“mS|n3X , 3aMeHss 3X =Y M yuuThIBad, 4yTo Y — 0 mpu
x>0 X x—0  3x x—0 3x
X — 0, momy4yaem: “msm3x —31imX"Y _3.1-3

x—0 X y—0 y .

tg5x

lim
Ipumep 11. Beruucours |71 sin3x -
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. tg5x . sin5x 1 . 1 5sin5x 3X
lim— =lim - — =lim . — =
x>05in3Xx x>0\ cosbx sin3x x—0\ cOS5X 5x 3sin3x

Pemenne: 5 1 Iimsin5x 1 51,1 5
3 limcos5x x>0 5x . sin3x 311 3
x—0 im=———
x—>0 3X
311ech MBI BOCIIOJIB30BATHCH U3BECTHBIM MPEIEIOM Iin;JlCOS x=1
X—> .
3 5x
Ipumep 12. Boruucnurs )I(Lrg(1+ gj
15
2%4.345 (2%) %

. . 1 . 1
Penienue: I|m(1+3/2x)5" =lim 1+ =lim| |1+
X—>00 X—>0) ‘2%’ X—>0 ‘2%’

2X

3ameHss 3 =Y u YUYUTBIBasA, YTO Yy — o0 IIpH X — 00, MOXEM HallncCaTb

AN

22
3/ P Zim|| 14 on _him| 1+ —e2,
Ax)g X—>00 2% y—>o y
( 3)

33}13HHH AJIA MIPAKTHYECKOI'0 3aHATHUSA

Bapuant 1

: 3 2
1. Beraucauts npeaensl GyHKIUN B TOUKE: a) lim (3x” +2x" ~7x+1) ;

X—2
2_ 2_ _ _
)“mx 121_ 5) X© =X 6' D im x/x2+6 3
x=>11 x—-11 ° Xx—3 X—3 ° x-»3 X —3x '

. 3x*+5
2. Beruncnuth npenens! GyHKIH Ha OECKOHEYHOCTH: a) 1|m -

o 5 — X%
. 4x 12x3® —5x+2 - 2 2
lim_— 7% im =X TOX+ 2 lim(:/2x? +3 —/2x* = 7).
0) B2 %7 Zbx B) 20 6x% 1 5x—2 7 r) Hoo( ),
3. BBIHCINTD, HCITOJIB3YS 3aMeYaTelIbHbIC MTPEICIbL:
2 X 3x
limxctg2Xx. ~ lim 4x : Iim[1+ij : Iim(x_zj
a) x>0 : 0) I COS5x —Ccos3x’ B) T 3x )’ DN T
Bapmunanr 2
H 3 2
1. Boraucnuts npenensl QyHKIMI B TOUKE:  a) !@3(5)( —4x" +6x+2) ;
2 2
. — . —-64 Y. -
6) ||mw )||mX 6 . F) ||mw
X—>-5 X+5 ’ X—>8 X — ? x—8 X—8 !
5 . TX*+2x—6
2. Boruncnuth npenenbl yHKIUA Ha OECKOHEYHOCTH:  a) 1'_[2 T 245
2 3 2
. X°+2X . 3XT+x-1 : 2 2
lim> <% . im=22 "2~ I|m(x/x +x—1—\/x -X+1).
0) 0% —ext s BN siax 1) o ,

3. BLI‘{I/ICJIPITB, I/ICHOJ'IB3Y$I 3aMCcYaTCJIIbHBIC Hpel[eJ'IBI:
i cos5x — cos3x (143 x i [ %53 2
6) lim ;o) lim v~ ) p) fim .

x—0 X2 4 X—>0

lim .
a) x—0 tg3x N

Bapuanr 3
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H 3 2
1. Beraucnuts npenensl GyHKIUI B TOUKE: Q) XILmz(X +6x" ~12x+4) ;

|imw Iimﬁ lim__ X~=° .
6)xa3 X—3 > B) x>5 X4+§5 ° F) x=5 . /X+31-6"

: 1+ x?
2. Beruncauts nipeenbl GyHKIUNA Ha OCCKOHEYHOCTH: a) !ﬂlm ;

x3  Ix*+x3-6

) lim

lim .
0) x>0 44X — 2X%

im s o r) lim(v/x? +2x — /X2 — 2x) -
x—0 3X° + 22X’ X—>00 '

3. BBI‘-II/ICJII/ITB, HCIIOJIb3Ys 3aMCUATCIIbHBIC ITPCACIIbIL:

sin 2x . cos2x—1 x — 4\ 5\
lim . ittt i . i = 1.
a) x—0 tg 4x > 6) !(I% 4X2 ’ B) !(Lrg( X j H r) !(Lrg[l_'_ 6Xj ’
BapuanT 4
H 3 2
1. Beramcnuth npenensl QyHKIHNA B TOYKE: a) !(ILnS(X —4x" +8x-18) ;
lim X +5x-14 Iimﬂ- lim__X*t7
) x—2 X—2 ’ B) x=>-7 X+7 ' F) x>-7./X+32-5"
2. BerauciuTh npeessbl GyHKIUNA Ha OECKOHEYHOCTH
Iim9x2+2x—1 Iim3x2—7x3 _
a) X0 6_3X2 ’ )X~>oo X3 —12X5 )
. 8x®—4x+9 :
p) lim=——_—"~=-=. ry lim (/x* +5x —x).
xow 4 —2X 4+ X"’ X0 ’
3. BeIunCIUTb, HCHONB3Ys 3aMeUaTelIbHbIC PE/IEeIbI:
X 4x
lim ctg3x-sin4x. ~ lim 2X v timl1e8) . o im X3 .
2) %50 » 0) 350 sin3x +sin7x’ B) 10 5x ) > r) 0 X '

IIpakTnueckas padora Ne 15
Pa3znen 3. OcHOBBI MaTeMaTHYECKOTO aHAIM3a
«uddepennmrpoBanue ca0xkHON QYHKIIUI
e padoThl: HAYYUTHCS BBIYUCIATH MPOU3BOIHBIC CIIOKHBIX (PYHKITHIA
Kpartkas Teopus:

[lycte ¢ynkums f (X) ompenencHa B HEKOTOPOH OKPECTHOCTH TOUKU Xo. [Ipou3seoonoii
¢yukyuu [ (X) 6 mouxe Xo Ha3pIBaeTCS OTHOIICHHWE npupaiieHus (yHkuuu Af (Xo) K
NPUPAIICHUIO apryMeHTa AX pu AX — (), €CITi 3TOT MPE/eIT CYIIECTBYET, U 0003HadaeTcs f’(Xo).

()= fim 2100) _ jy F1X)=70) )
Ax—0  AX X—>Xg X_XO

df Yy
[MpousBoanyto dyukiuu y = f (X), X € (a;b ) B Touke X o6o3nauatot f’(X), y’(X), dx dx > HpHaéM

BCe OTH O00O3HAuYeHHsS paBHOMNpaBHbL.  Omepanus HaxOXICHHUS MPOU3BOAHON HA3bIBAETCS
ouggepenyuposanuem gynkyuu. DOyHKIUA, UMEIOLIAs TPOU3BOJHYIO B TOUKE X0, Ha3bIBaeTCA
oughpepenyupyemoni ¢ >1oii mouxe. DyHKIMA, UMEIONIas TPOU3BOJHYIO B KaXKIOH TOYKE
uHTepBana (a;b), HaszpiBaeTCs Jugphepenyupyemoit na 3ToM unmepeae; Ipu 3TOM POU3BOIHYIO
£’(X) MoxHO paccmaTpuBaTh Kak GyHKIHIO Ha (A ;b).

Tadauua npou3BOAHBIX 3J1EMEHTAPHBIX (PYHKIUH
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1. C'=0
2. (x") =nx"?,
3. (sin x) =cosx
4. (cosx) =—sin x
: 1
5 (99 = cos® x
1
6. (ctgx) =—
(ctgx) sin * x
7. (arcsin x) =
( )=
1
8. (arccos x) =-
1-x?
9. (arctg x) = L
1+x°
- 1
10. (arcct =-
(arcctg - x) 1+x?

1. (ax)' =a‘lna

12 .. (ex)' =e*
13. |l =
(log » x) = ———
14. (Inx) = 1
X

IIpaBuna 1udpepeHnpoBanus

Ha npakTuke npuMeHsI0T cienyoomue npasuia quddepeHupoBaHus
1 UEV), —u, v,

2. (W), =uyv+vu (Cu), =Cu, -

Xy
u UV —v,u
3\l T 2
v § V2 ’

rze U u v o6o3HavaroT auddepenunpyemole GyHKIMM TepeMeHHOM X, C - KoHcTaHTa.

HuddepenunpoBanue c10KHONH QYHKIIMH

Teopema. Ilycts mama cnoxuas dyskmas Y = 9(U) | rpe U= T(X) Ecnn dynxums

U= f(X) gudpepenumpyema B Hekoropoii Touke xo, a dymxmms Y = 9(U) onpenencha Ha

MHOXecTBe 3HaueHnii dynkmmn | (X) u nuddeperumpyema B touke Yo = f(X0) | 1o cnoxmas

dyuxus ¥ = 9(F (X)) 5 ganmoit Touke xo MMeeT IPOM3BOHYIO, KOTOPAs HAXOAUTCSA TTO HOPMYIIE
Yi(x0)=9'Wo)- F'(X0) wmm  Yi=u-Uy

IIpuMepsI 10 BBINOJTHEHHUIO IPAKTHYECKOH padoThI

[Tpumep 1. BoIUHCIUTH f'(x) ,ecan T(X)= (x*=5x+7)°

Pemenue:
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f'(x) = ((x® -5x+7)°) = ‘ o6o3nauum 3a Z = X> —5x+7 ‘ =(2°), -z, =92°-

-(Bx? —5) = 9(x® —5x+7)% - (3x* —5).

Ipumep 2. Borameants | '(X) e () =%/(5+3x—2x%).

Pemenue:

2 1
F/(x) = Q/(5+3x - 2x*)*) = |t =5+ 3x - 2x*| = (t°); -t; =§-t 3.(5+3x—2x%), =
_2(3-4x)
335+ 3x - 2x?
Mpumep3.Boruucmuts T (X) | ecn D F () = Jaresinx;
2) f(x) = (In(arccos x?));

Perienue:

- Y . Y 1 1 1
f'(x) = (/arcsin x ) =|t =arcsin x | = [/t -t = . = .
1) (x) (x ) | | ( )t 24t 1-x2 2\/(1— x*) arcsin x

2) nanHas QYHKIUS SIBISIETCS CYNEPIIO3UIEH TpeX (PYHKIHHA, TOITOMY UMEEeM

£/(x) = (In(arccos( x2))), = ‘ nonoswcum t = arccos x2 ‘ =(In t)’t -(arccos XZ)’x =
1 2X

:‘ nonoocum Z = X* ‘z%-(arccos Z)’z -Z) :i.(_/ﬁ)-ZX:—
N -

33[{31—[1/“[ AJIA IPAKTHYECKOI0 3aHATHSA:

arccos x2 +/1— x*

Bapuant 1
1. BeruuciauTh mpOU3BOIHBIC CACAYIOMNX (HYHKIIUMA:

1) y=(7x*~5x+9)°:  2) y=-/Bsinx—Bcosx: 3) y =2 2.
y:|nl+7x.
4) 1-x

5) y = arcsinx’ 6) ¥ =arctgv/x;

.1
2. Beramemuts  T'(V2), ecom f(X) =arcsm;;

9x
fr(2+/2 f(x) =
3. Beruuciuts f'( ), eciu Nl

Bapuanr 2
1. BerauciauThs Ipou3BOAHBIC CASAYIOMUX (QYHKITAN:

1) y=(2x°—4x+5)": ) y=In(2cosx—9sinx). 3) y =73,

4) y=4/§;§ 5) y = (arcsinx)®: 6)y:M;
.1
2. Beucauts | (5),ecnp1 f (x) = arccos ~/x :
X
3. Haiitu T'(v3), ecnm F(¥) = .
1-vx°+1

Bapuanr 3
1. BeraucanTs mpou3BOAHBIC CIASAYIOMUX (QYHKITHIA:
1) y=0@x"+2x"+1)°: ) y=cosL—7x+4x%): 3) y=3onresx
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4) y=In 5) y = arccos-/x ; 6) Yy = arcctgx’;

54X’
T

2. Beruucmuts | (Z ), e T (X) =-/arctgx;

3. Haiitu f'(+/3) Jecmu f(X) = (x* —2)7/x” +1,

Bapuanr 4
1. BeraucnuTh MpOU3BOAHBIE CIEAYIONINX (DYHKITU:
1) y= (2 + 3x —8x2)7 , 2) y = Inctgx : 3) y= ebarcsinx-2

- X y=arctg£- = 2arcsinx®-
4) V=47 5) i 6) Y= :
2. Boraucmurs | (D) ,ecn T(X)= ~/arccos x -

3. Haittn T'(V2) ecn () = (x® +3)V/x? -1,

IIpakTnyeckas padora Nel6

Paznien 3. OCHOBBI MaTEMaTHYECKOrO aHAJIN3A
«"eomeTpruecKkuii 1 GPU3NIECKUNA CMBICI TIPOU3BOTHOM.
Lesb padoThl: HAYYHUTHCS pEIIaTh 33/1a4d HA TEOMETPUICCKUN U PU3NIECKUI CMBICTT
IIPOU3BOJHOM.
Kpartkas Teopus:

TI'eomempuueckuit cmpici nPOU3600HOI COCTOUT B CIICIYIOIIEM: IPOU3BOIHAS (DYHKIIUH
Yy =Y (X) mpu JaHHOM 3HAYCHUH apryMeHTa X = Xo paBHa YIJIOBOMY KOA(Q(QHIMECHTY KacaTeIbHOM,
npoBeNEHHON K TpaduKy 3TOHM QPyHKIIMH B TOYKE ¢ aOCIMCCOM Xo.:

y' (%0) =tg a=k (1)

=Y

7 X

VYpaBHeHue KacarenbHOU K rpaduky (yHkmuu Yy =Y (X) B Touke Mo (Xo ; Yo) HIMeeT BU/
Y = Yo + Y’ (Xo) (X - Xo) (2)

Ecnu dyskust Yy (X) uMeeT nmpu X = Xo OECKOHEUYHYIO MPOU3BOIHYIO, TO YpaBHEHHE KacaTeabHON
UMeEeT BHI:

X =Xo (3)

Dusuueckuii cmvicn npouseoonoi. lpomssognas Y (X0) or byHKIMH Y = Y (X), BBIYACICHHAS
IIpY 3HAUYEHUU apryMeHTa X = Xo, €CTh CKOPOCTb U3MEHEHHS 3TON (PYHKIIMU OTHOCUTEIBHO
HE3aBUCUMOM NIEPEMEHHOM X B TOUKE X = Xo. Toraa, ecam 3aBHCHUMOCTb MEKy MPOIICHHBIM
nyTéM S ¥ BpeMeHeM t pu MpsIMOJIMHEITHOM HEPaBHOMEPHOM JABM)KEHUU MaTepUaIbHOW TOUKH

BhIpaxkaeTcst hopmyiioii S = S (t), To €€ MrHOBEHHas1 CKOPOCTh V() B n1060ii MOMEHT BpemeHn Lo



59

paBHa IMPOU3BOJHOM IIyTH 110 BPEMEHU:
’
V(to) =3 (to) (4)
HpI/I HpHMOHHHeﬁHOM AIBNXKCHUN MaTepHaHBHOﬁ TOYKH YCKOPEHHUE €CTh CKOPOCTH N3MCHCHUSA
CKOpOCTH, TO

a(to) = V,(to) 5)

IIpumepsbl 0 BBHIMOJHEHNIO PAKTHYECKOH PadoThI

Ipumep 1. HaiiTi yron HakJIOHa 1 ypaBHEHHE KacaTelbHOH K mapaboine y = 2X° - 6X + 3
B Touke Mo (1 ; -1).

Pemenue: Cormacao dopmyne (1) BeraucauM yriioBod KO3(hOHUIIMEHT KacaTeJIbHOW - BBIYUCIAM
IPOM3BOIHYIO (YHKIUHK Y = 2X° - 6X + 3 1pu Xo= 1. imeeM Y’ = 4X - 6, otkyna Y’ (1) = -2. 3naunr
k =92 = .3  Torga «=180"-arctg2~117°  Bocnons30BaBIIUCh ypaBHEHHEM (2), TOLYUUM
ypaBHeHHE KacatenpHOl:  y=-1-2(X-1), mmm 2x+y-1=0.

Ipumep 2. CocraBuTh ypaBHeHUE KacaTeabHOH B Touke M (3 ; -1) k KpuBoit

x=t'-1
y=t'+t-3

Pewenue: ompenenum npexnie Beero 3Hadenue t, coorBercrBytoinee Touke M (3 ; -1). D10
3HaYEHME JOJKHO OJTHOBPEMEHHO YOBIETBOPATh ypaBHeHusM t2-1=3 u t?+t-3=-1, 1e. t?
=4ut?+1t-2=0. Kopau nepsoro ypapHenus t1 = -2 u t = 2 ; KOpHM BTOPOTro ypaBHeHus t1 = -2
u 1t = 1. Takum o6pa3om, Touke M cooTBeTCTBYeT 3HaueHue t = -2. YrimoBoii kodhHuueHt
KacaTeNbHOM K KPUBOI B Touke M paBeH 3HAYEHHIO IPOM3BOIHOM Y’ (%) B 310it TOUKE :

y_t'_2t+1_3

Y = " ot 4- CUienoBaTenbHO, HCKOMOE YPaBHEHHE KacaTeIbHON HMEeT BUJ
t

3
y=(-1)=7(x-3), wm 3x-4y-13=0.

t3
IIpumep 3. Touka ABMKETCS NPSIMOIMHEWHO 110 3aKOHY S = 3 +2t° —t (s BBIpaXKacTcs B

MeTpax, t - B cekynnax). Haiftu ckopocTh U yckopeHue uepe3 1 cex mocie Hayana JBUKEHHUS.

Pemenne: CkOpoCTh NPAMOJMHEMHOTO JBW)KEHUS pPaBHA NPOU3BOAHOW IIyTM IO BpPEMEHH:

ds .

v(t) = dt =t"+4t-1 Orcioma v (1) = 4 (w/c). YcKOpeHHe NPAMOINHEHHOTO JIBXECHHUS PABHO
5 5 d’s

BTOPOI IPOM3BOIHOM myTH 1o Bpemern: A(t)= e 2t+4  y, cienoBaTeNbHO,

a (1) =6 (m/c?).

33IlaHI/IH AJIS MPAKTHYECKOI0 3aHATHUSA

Bapmuanr 1
1. Haiiti yrnoBoii ko3¢ (HUIIMEHT KacaTenbHON, MPOBEACHHON Yepe3 JaHHYIO TOUKY
7w
M (E; 0)  rpaduka pynkuun f(X) =2cosx;

2. Haittu yrom HakjoHa KacaTeIbHOH, MPOBENEHHOW K KPHBOH Y = SIN2 X B TOYKE ¢
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. 27
abcruccon X = —~

3
3. CoCTaBHTb ypaBHEHHE KacaTembHOil K kpuBoit | (X) ~% B TOuke C abcuuccoit

4. B xakoii Touke rpadpuka ¢pynkimu  f(X) = 2(X — 9)? + 12, B KOTOpOii KacaTelnbHas
napauiensHa OX.

5. CocTaBUTh YpaBHEHME KacaTe€JbHOM K KpUBOW Y = X + e [apaJuIeIbHON IIPSAMOMN
y=-X

6. Touka mBMXKETCA NPSIMOJIMHEHHO 1O 3akoHy S(t) = 4t+1 . Haittu MTHOBEHHYIO
CKOPOCTh TOYKH B MOMEHT BpeMeHu t = 3C.

7. Touka aemkercs 1o 3akony S(U) =t+1* +t° (3) HaiiT ckopocTb TOUKH B TOT MOMEHT
BpEMEHH, KOT/la €€ ycKopeHue Obu1o paBHbIM 20 mfc?

Bapuanr 2
1. Haiitu yrinoBoit koadduuueHT KacaTeabHOH, MPOBEACHHONW Yepe3 JaHHYI TOUYKy M

(775 0) rpaduka pynxuwun f (¥) = —tgx:
2. Haiiti yronm HakjoHa KacaTeIbHOW, MPOBENEHHOW K KPHUBOH Y = COS 3X B TOUYKE C

abcaucconn X = Z” )

. . _ 2 .
3.CocTaBUTh ypaBHEHHE KacaTelnbHOH K kpuBoit [ (X) =2X—X" p Touke ¢ aGcumccoit
Xy =2
o 1 2 o
4. B xakoii Touke rpapuka GyHkuun f(X) = > (X — 6)° - 12, B KOTOpOI KacaTeabHast

napasurensHa OX.

5. COCTaBUTh ypaBHEHHE KacaTeIbHONH K KpUBOM Y — V=X — 2 NapajuIeJIbHON IIPAMOM
y=3x

6. Touka JBMXeTcs TpAMoJHHEHHO co ckopocThio V(D) =t*—4t-5(m/c) B xakoit
MOMEHT BPEMEHHU €€ YCKOpeHHe Oy/eT paBHBIM HYIIIO.

7. Touka apmwkercs no sakony S(t)=t—4t"+2t° (3)) Haiitu ckopocTs TOUKH B TOT
MOMEHT BPEMEHH, KOT/Ia €€ YCKOpeHHe ObLIO paBHBIM 16 mfec?

Bapuanr 3
1. Haiitu yrnoBoii ko3¢ (ULIMEHT KacaTelIbHOM, POBEIEHHOMN Uuepe3 TaHHYI0 TOUKY

M Gz D rpaduka QyHKIHH f(x) =1+sinx
2. HaiiTu yroy HaKJIOHa KacaTeabHO#, TPOBEAEHHON K KpUBOM Y = tg X B Touke X = 2"

. . — x2 .
3.CocTaBuTh ypaBHEHHME KacaTeIbHOM K KPHUBOM f(X)=x"+1 g touke C abGcumccoii
X, =1
4. B kakoit Touke Trpaduka ¢ynkmumm f(X) = In 3X - X, B KOTOpOH KacaTermbHas
napamiensHa OX.
5. CoCTaBHTb ypaBHEHHE KacaTenbHOH K KpuBoit — ¥ =2X —INX ' papanensuoit
npsvoit Y =4,

1
6. Touka OBUXKETCS NPSAMOJIMHEHHO CO CKOPOCTHIO v(t) :Etz —4t+3 (m/c) B kaxoit

2
MOMEHT BPEMEHU €€ yCKopeHue OyJer paBHO 4 mfc?
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7. Teno amkercs mo 3akony S(t) =t s(t) =t° —4t* +5t—2 B gakoif MOMeHT BpemeHH

ee yckopeHue Oyner paBHBIM 4 mfe?

IIpakTuyeckas padora Nel7

Pazgen 3. OcCHOBBI MaTEMaTUUECKOT'O aHAIH3a

«HccnenoBanue (GyHKIUMH C MOMOIIBIO MPOU3BOIHOM. PereHue 3aa4 Ha MAaKCUMYM i MUHUMYM)
Heab padoThbl: HAYYUTHCS MPUMEHITH NMPOU3BOJHYIO K MCCICAOBAHUIO (YHKIUNA, K PEIICHHUIO
3a/71a4 HAa MAKCUMYM U MUHUMYM
Kpartkast Teopusi: K MOHOTOHHBIM ()YHKIIUSIM OTHOCSITCS BO3PACTaIOIIKE, CTPOTO BO3pacTarolIue,
yOBIBaroIIME U CTPOro yobiBaromue GyHKIMUA. IHTepBasbl, Ha KOTOPHIX (DYHKIIHS BO3pAacTaeT WU
yOBbIBaeT, HA3BIBAKOTCS UHMEPEANAMU MOHOMOHHOCMU YTOU PYHKITUH.

Touka Xo - HasbiBaeTCst moukou munumyma Gyuxiuu f(X) , eciiu cyIecTByeT OKpeCTHOCTh

Touku Xo O(Xo), takasi uro V¥ € O(Xo), X # Xo gpmonnsercs yenosue f ()= (%) y
Ha3bIBaeTCA moukoit maxkcumyma Gynxuuu f(X) , e BBIIONHIETCS YCIOBUE

f (X) < f (XO) .Toukn MHUHUMYMa U MaKCUMYMa HA3bIBAOTCS MOUYKAMU IKCMmpemyma d)ynkuuu.

le
le

HpaBI/I.TIO HaXO0KACHUS UHTEPBAJI0OB MOHOTOHHOCTH H TOYCK IKCTPpEMyMa:

1. BeuucnuTh NpOU3BOJAHYIO QYHKIIUH (%)

2. Haiitm xpuTHueckue TOYKH (PYHKIUH, T.€. TOYKH B KOTOPBIX F')=0 ymu me
CYLIECTBYET;

3. HccnenoBathk 3HaK MPOM3BOIHON (YHKIIMU B MHTEpBaJlaX, Ha KOTOpPBIE pa30MBaeTcs
o0nacth onpeneneHns QyHKIUU 3TUMHA KPUTUIECKUMH TOUKaMHU;

!
4. Ecm B paccmarpusaemom untepsane | (X) <0 1o Ha stoM nutepBane Qynxums
!
yosisaer; | (X) >0 10 Ha 5ToM HHTepBae (yHKIMA BO3pacTaeT.
4
5. Ecim Xo - kpuTHUecKas TOUKa M IPU mepexofe depes Hee | (X) menser 3Hak o

«t» Ha « - », TO X0 - TOYKAa MAKCMMYMa; €CJIU K€ OHA MEHSET 3HaK C « - » Ha «+», T0o Xo - Touka
MUHHUMYMa.

Kpusas y= f(X) Ha3bIBaeTCs 6bInyK01 6HU3 HA npOMedcymKe (a; D), eciii OHA JIEKUT BhIIIE
KacaTeJIbHO! B JIFOOOH TOYKE ATOTO MPOMEXKYTKA M HAa3bIBACTCSl BHITYKIIOH BBEPX, €CITH HA00OPOT.

f !

L ]

a b a b
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BeimykiocTs BBepXx Ha (a, b) Beimykiiocts BHU3 Ha (a; D),

[IpomexxyTku, B KOTOpBIX Tpaduk (YHKIMK OOpalleH BBIIYKIOCTHIO BBEpX WM BHH3,
Ha3bIBAIOT Hpomexcymkamu evinykiaocmu rpaduka pynkiuu. Touka rpaduka ¢pynkiun y=Ff(x),
paszensioniasi MPOMEKYTKH BBIMYKIOCTH HPOTHUBOIOJIOXHBIX HaIpaBJICHU 3TOro rpaduka,
HA3BIBAIOTCS TOYKAMU TIeperuoa.

)

R
X1— abcrcca TOYKH nepernda KpuBou

Toukamu nepem6a MOT'YT CIIYXKUTB TOJIBKO KPUTHYCCKHUEC TOUKHU, IIPUHALJICIKAIIUC obnactu

n
onpenenenus ¢pynkuuu y= f(X), B KOTOPBIX BTOpas MPOM3BOIHAS f7(x) oOpaiaercsi B HyJlb WJIN
TEPIHT PA3PHIB.

IIpaBu/io HaxX0XKIeHNS HHTEPBAJIOB BBINYKJIOCTH rpauka
(pyHKuMHu U TOUek neperuda:

1.  BbuuCIUTH BTOPYIO NPOU3BOJAHYIO (PYHKIIUH f7(x)

2. Haiitn y pyHKIMHM KPUTHYECKHE TOYKHU 2-TO POJIA, T.€. TOUKU B KOTOPBIX f"(x)=0
WM HE CYILECTBYET;

3.  MHccnenoBate 3HaK BTOPOW MPOWM3BOAHON (YHKIMHM B HMHTEpBaJaX, Ha KOTOPHIE
pa3zbuBaetcs o06nacTh onpezeneHus GQyHKIUN KPUTUYECKUMHU TOYKaMU 2-TO POJa;

n
4. Eciu B paccMaTpuBaeMOM HMHTEpBaje f"(X) <0, 10 na s1om UHTepBasie rpaduk
"
(YHKIMM BBITYKIIBIN BBEPX; f7(x) >0 , TO Ha TOM MHTepBaJie rpapuK QyHKIMHU BBITYKIbIA BHU3;
n
S, Ecmu Xo - xpuruyeckas Touka 2-To poja M NPH MEPEXOJE YEPE3 HEE f7(x)

MEHSET 3HaK, TO Xo - Touka meperuoda.

IIpaBni10 HaX0KIEeHNS HANMEHbIIEr0 M HAN0O0JIbIIEr0 3HAYCHUS (PYHKIIMH B HEKOTOPOM
NMPOMEKYTKe:

1. HaiiTi kpuTHYecKne TOUKH, IPUHAAISKAIINE 33JaHHOMY ITPOMEXYTKY, U BBIYHCIUTD
3Ha4YeHUs (PYHKIHHU B 3TUX TOUKAX;
2. BeruucnuTh 3HaueHne (PyHKIIMK Ha KOHIAX MPOMEXKYTKa;
3. CpaBHUTH NMOJNyYCHHbIE 3HAYCHUS, TOT/1a HAUMEHbIIIee U HauOoJIbIIee U3 HUX
SIBJISIFOTCS] COOTBETCTBEHHO HAUMEHBIIIMM U HAaMOOJBIINM 3HAYEHUSIMH (DYHKITUH B
paccMaTpuBaEMOM ITPOMEXKYTKE.

C nomomipio 3KcTpeMyMa (DyHKIUHN, peliaioTcs MHOTHE MPHUKIaJHbIE 3aJjaud TeOMETPUH,
MEXaHUKH U T.[., B KOTOPBIX TpeOyeTcs OIpeleiauTh HauMEHbIIee WM HauOoJiblliee 3HAYCHUE
GbyHKIMM, TpUYeM 3Ta (YHKIHS HE JTaeTcsi B TOTOBOM BH[E, & COCTABIIAETCS B COOTBETCTBHM C
YCIIOBUSIMU KOHKPETHOH 3a1a4H.
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IIpumepbI 10 BHINOJTHEHUIO MPAKTHYECKOH padoThI

Mpumep 1. Haiitn nurepsanst MoHoTonHOoCTH dynkiuu | (X) =3x* —2x° +6;
Pemenue: nannas GyHkius onpeaeneHa Ha BCel YnciioBoi npsimoid. [IpuMeHnM mpaBuiio
OTBICKaHUs TPOMEKYTKOB MOHOTOHHOCTH:

1. BbIYMCANM IIPOU3BOIHYIO: f'(x) =6x—6x":

2. HaiigeM KpUTHYECKHE TOUKU:
f'(x)=6x-6x>=0=6x-(1-x)=0<=
=0 u x,=1 — xpumuyecxue mouxu

3. OnpenenuM 3HAKH MPOU3BOJIHON B MHTEpBAJIaX:

N e~ T
T T T

4. Oyukius Bo3pacraeT Ha mpoMexyTke (0; 1), yosiBaeT Ha (=05 0) W (; +0)

Mpumep 2. Haiiti sxkcrpemymsl GyHKun ¥ = x° —3x
Pemenne: D(f)=R,
1) Haiizem kputuaeckne Toukn gynxmun V' =3x" —3=3(x" =) =3(x —D(x+1) =0
x=1 u x,=-1 — xpumuueckwe mouxu f(X):
2) Omnpenenum 3HAKH MTPOU3BOJIHON B HHTEPBAIaX, HA KOTOpPhIE pa3OnuBaeTcs 001acTh
OIPECICHUS KPUTUYCCKUMH TOYKAMHU

" F1()

- +

- X

3) T.o. X1 =1 - 1ouxa makcumyma - max f(x)= f@ =(-1°-3(-1) =2;
X, =1 - pouka muuMyma - Minf(x)=f@)=1"-3-1=-2;

IIpumep 3. HaiiTu npoMexyTKH BBITYKIOCTH rpaduka GyHKINU BBEPX, €CIU QYHKLUSA
samana (opmyioii f(X)=x"+3x* -9
Pewenue:
1. BBIUHCIMM BTOPYIO IPOM3BOAHYIO GyHKimn | (X) =3x *+6x; T7(x)=6x+6;
2. Haiimem y QyHKIHH TOYKH, B KOTOPBIX f"(x)=0 WM  HE CYLIECTBYET:
6x+6=0 = x=-1
3. MHccnenyem 3Hak BTOpOi MPOM3BOAHON B MHTEpBaslaX

T, T

X
Jix)
4. Tk f'(X)<0 yga (o0 —1) , 3HAUNT Ha (—o0; =D rpaduk GyHKIMH BBITYKIIbIN BBEPX.

IIpumep 4. B xakux Toukax rpapux QyHKIun Y = 4x* —8x*+2  yyeer neperuo:
Pemennue:
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1. BbI4HCIINM BTOPYIO IPOM3BOAHYIO pyHKImu V' =16x° —24x%; " =48x" —48x -

Haiinem y GyHKIUU TOYKH, B KOTOPBIX f"(x)=0 W HE CYLIECTBYET:
Y =48x" —48x=0 = 48x(x-1)=0=>x,=0 x,=1

Hccenenyem 3HaK BTOPOM IIPOU3BOAHONM B IOIYYEHHBIX MHTEpBaIax

+ + -f”(x)

o
=

X
0 . Jix)

T.k. ¢yHKUIHS MEHSET 3HAaK B 00E€MX TOUYKAX, 3HAYUT y HAC JIBE TOUKH nepernda. Borancnum

BTOpBIE KOOpAMHATHI HalAeHHBIX ToueK: Y(0)=2, y(1)= -2, 3HauuT TO4KHU neperunda Cleayronme
(0;2) u (1; -2).

IIpumep S. Haiitu  Hammenpmee ©  HaumOonbliee  3HAUCHHE  (PYHKIUH
f(x) =2x° —3x* —=12x+10 ya orpeske [~ 3 3]

Pemenne: @ynxuus T (X) =2x* —3x* ~12x+10 HEIpephIBHA Ha OTpPE3Ke [-3: 3], HaliieM
KPUTHYECKHE TOYKU (PYHKIIUH, U ATOTO BBIYHCINM €€ TIPOU3BOHYIO U IIPUPABHIEM €€ HYJIIO:
f'(x) =6x* —6x—-12=6(x* —x-2)=0=>x =-1 X, =2 - KPUTHYECKHE TOYKH (DYHKIIHH,
npudyeM o0e OHM MPUHAJIEKAT OTPE3KY [ 3: 3], Buuncium snavenns (GYHKLIMU B KPUTHUYECKUX
TOYKaX ¥ Ha KOHIAX OTpe3Ka: f(-) =17, f(2)=-10, f(-3)=-35 f(@) =L T.o.,
HalMeHblllee 3HayeHue (yHKIMM paBHO -35 W JOCTUraeTcs Ha JIEBOM TIpaHMIlE OTpe3Ka, a
HanboJblee 3HAYeHNe QYHKIMK PaBHO 17 M JOCTUraeTcs BO BHyTpeHHel Touke X = —1,

IIpumep 6. TpeOyercs oOropoauTh MPOBOJIOYHOW CETKOM JUIMHOM 2p  ydacToK
npsMoyroibHoil  ¢gopmbl. HaliTu  pa3mepbl yuyacTka, MpH KOTOpPBIX €ro Iuiomaas Oyaer
HanOOJIbIICH;

PelieHne: U3 yClIOBHI 3a/1@a4d MMEEM, YTO MEPUMETP ydacTka paBeH 2p. OGO3HAYMM JUIMHBI

CTOPOH TNpSAMOYrOJbHMKa X W y. Torma M3 TEpUMETpPa IPAMOYTOJbHUKA HMEEM

P=2(x+Yy)=2p =X+y=p =Y=P—X  (O6osnaunm uepes S(X) IUIOMmAnb MPIMOYTOIBHHKA.

Torga S(X) =Xy =X(p—X)=px—x* npuuem P € [0; p]. Hccnenyem monmydeHHYO (QYHKIHIO Ha
p

SKCTPEMYM: S' () =(px—x*)'=p-2x=0 = 2x=p =>x= 5 - KpHTHUECKas  TOUKa,

) ' . P P.
NPUHAIEKAIIAST  OTPE3KY [0; p]. Uccnenys smak O (X) B nurepsanax (0’ EJ u (E pj,

HoJIy4aeM, 49TO Ha mepBoM M3 HuUX S(X) Bo3pacraer, a Ha BTOpoM yObiBaeT. Clie/j0BaTeNIbHO, TIPU
_ P . . _ _ P _
X = 5 IUIOWA/k NPAMOYTOIbHIKA Oyner Hanbospiiel. Haiitem Y = P—X=P— 575 3HauuT, U3
IPSIMOYTOJILHUKOB € MEPUMETPOM 2p, HaUOOJBIUIYIO IJIOL[aAb OyJIeT UMETh KBaJpaT CO CTOPOHOM
p

E .
3azlamm MJIA MPAKTUYECKOI0 3aHATHUSA:

Bapmuanr 1
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1. MccnenoBatk GyHKIUIO HA MOHOTOHHOCTh M 3KCTPEMYM:

a) T)=x"+3x*-9x. g y:g_x2

2. HaiiTu MHTEpBaIIbl BBIIYKJIOCTU U TOUKH IIepernda rpaduka QyHKINH:
y=x>—3x*—24x+7
3. HaiiTn HauMeHblIee U HanOoblLIee 3HaYeHre PYHKIUHM Ha YKa3aHHOM POMEXKYTKE: a)
y=6x?-3x*-1, xe[-2;2] 6) y=+25-x2 xc[-4; 4].
4. TlpencraBbTe YUCIO 3 B BUJIE CYMMBI JIBYX IOJIOKMTEIBHBIX YMCEN TAK, YTOOBI CyMMa
YTPOEHHOTO IIEPBOTO CIIAra€MOT0 M Kyba BTOPOIO CIaraeMoro ObLIa HAUMEHBILEH.

Bapuanr 2
1. MccnenoBarh GyHKUIMIO HA MOHOTOHHOCT M IKCTPEMYM:
2X—-3
f(x) = 2x® —3x* —36x ==
1) () : ) V="

2. HaiiTi uHTEpBabl BBIMYKJIOCTH U TOUKH Ieperrba rpaduka GyHKImu:
y =10+15x+6x> —x°

3. Haiitn HanMeHbIIee 1 HauboJIblee 3HaYeHnEe QYHKIIUN HAa YKa3aHHOM IIPOMEXyTKe: 1)

1 1 1
y :§x3 +§x2 —2x=2, X el-22} 2) y=¥x*(2-x) xe[-6; 1.
4. TIpeacTaBbTe 9UCIO 5 B BUIE CyMMBI IBYX MOJNOKMTENBHBIX CIArAMBIX TaK, 4TOObI

IMPOU3BCACHUC IICPBOTO CJIaracMoro u Ky6a BTOPOI'O CliaracMoro OBLI0 HAaHOOJIBIIIHM.

Bapuant 3
1. UccnenoBath pyHKIMIO HA MOHOTOHHOCTh U IKCTPEMYM:
1) y=X4—X—3—2X2+X' 2) yzﬂ
3 ’ X

2. Haiitu uHTEpBaJIbl BBITYKJIOCTH U TOUKH Neperuda rpaduka GyHKuu:
y=15x*-2x>+5_
3. Haiitn HauMeHblee 1 HanboJpliee 3HaueHue (PyHKIIMM Ha YKa3aHHOM ITpoMexyTke: 1)
y=x*+3x?>-9x-7, xe[-43] 2) y=x—_1 xe[0; 4]
x+1
4. TInomanp IPsAMO yrodbHKEKA paBHa 16 cM?. KakoBbI JOJKHBI OBITH €T0 Pa3sMephl, UTOObI
€ro nepuMeTp ObUT HAUMEHBIINM.

Bapmuanr 4
1. I/ICCJ'IG,Z[OBaTL (1)YHKI_[I/IIO Ha MOHOTOHHOCTb M 3KCTPEMYM!
a) Y=x"+8x*+5; 6) ¥ =x(x-3),

2. HaifTi uHTEpBaJIbI BBIMYKJIOCTH U TOUKH nieperunda rpaduka GyHKIIUU:
y=(x+1)*5G-x),
3. Haiitu HanmensbIiee u HanbosbIee 3HaYeHNE (PYHKITMN Ha YKa3aHHOM MTPOMEKYTKE:
1, 2 ) o T
1)y—§x +x?—3x—4, xe[-4 2]; 2)y—SIn2X X, X€|: 2,2]
4. TlepumeTp npsIMOYTOJIbHUKA COCTaBIIAET 56 cM. KakoBbI €ro CTOPOHBI, €CIIU 3TOT
MPSIMOYTOJILHUK UMEET HauOONbIIYIO TJIOMAIb?
IIpakTnyeckas padora Nel8
Pazpgen 3. OcHOBBI MaTEMAaTHYECKOTO aHAIN3a
«[IpumeHeHre TPOU3BOTHOM K MOCTPOCHUIO TPadUKOB (HYHKITHII»
Leab padoThl: HAYYUTHCSA IPUMEHSITH MPOU3BOJHYIO K TIOCTPOSHUIO TpaduKOB
GbyHKIUH.
Kparkas Teopus
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Jnst mocTpoeHus TpaguKkoB (PYHKIMIA MOYKHO UCIIONIB30BaTh CIEIYIOUIYIO CXEMY:

1. Haxopmsat o0macth onpeaeneHus GyHKIUY;

2. IlpoBepsroT (GYHKUMIO HA YETHOCTh M HEUYETHOCTH (3aMETUM, 4YTO TpadUKd YETHBIX
(GYHKIMH CUMMETPUYHBI OTHOCUTENBHO ocu (OVY), a HEYETHBIX — OTHOCUTEIIHO Hauana
KOOPJMHAT); IPOBEPSAIOT (GYHKIHUIO HA IEPHOAUYHOCTH;

3. Haxomsar Touku mnepeceueHust rpaduka ¢ KOOpAUHATHBIMH ocsiMu (ock OX  umeer

ypasuerne ¥ =9 oce OV umeer ypasuenue X =0);

Haxonat acuMnToTsl rpaduka QyHKIUY;

HccnenyroT (pyHKIHIO HA MOHOTOHHOCTD U HAXOJAT TOUYKH IKCTPEMYMa;

Haxonsat uHTEpBalibl BBITYKJIOCTH Tpaduka QyHKIMHY U TOYKHU €ro neperuoa;

CrtposT rpaduxk.

No ok

st npuMeHeHust JaHHOUW CXeMbl, BCMOMHUM HEKOTOPbIE OCHOBHBIC MOHSATHS U ONPEICIICHUS.
psivas ¥ = KX+D gaspiaercs naxnonnoii acumnmomoii ns rpaduka dpynxmmn Y = f(), ecim

lim(f(x)—kx—b)=0 )
Yucna K u b B YPaBHCHUU ACUMIITOTBI HAXOOATCS U3 YCHOBHﬁZ
k =lim m b =Ilim (f(x)—kx) 2)
X—»00 X X—»00

Ecin k= 0 , TO MpAMas y:b Ha3bIBACTCA 20pu30Hma]le01/7 acumnmomod.
Hpi[Mafl X =a Ha3bIBACTCA 6€pmul<'afle01/7 acumMnmomoui I‘panI/IKa (bYHKIlI/II/I y= f(X) , €CJIN
im f(X)=o0 wm lim f(x)=o
x—a-0 x—a+0 '

3aMETUM, YTO NPU HAXOKAECHUM BEPTHKAIBHBIX acUMOTOT rpaduka (pydxkuuu Y = f(X) g
KayecTBe TOYKHU @, 4Yepe3 KOTOPYH MOXKET MNPOXOJUTh BEpTUKaJbHAas acUMMTOTA, CIEIyeT
paccMaTpuBaTh TOUKY pa3pbiBa JAHHON (YHKIIMH.

IIpumepbI 10 BHINOJTHEHUIO MPAKTHYECKOM padoThI

IIpumep 1. Hccnenosare pyHkuio » = X +x’-x-1 y MOCTPOUTH €€ TpaduK.
Pemenue: uccnenyem QpyHKLHIO 110 CXEMe:
1. D(Y)=R;
2. ¥(x)=(=x)’ +(-x)* = (-x) ~1=—x"+x" +x-1=~(x’ =x" —x+1) - pynkums ue Gyjer HU
YETHOW, HU HEUETHOU; (YHKIIHUS HETepUOoIndecKasi;
3. Haiinem Touku nepeceuenuss ¢ (OX): x*+x*—x-1=0. [TepeGupast nenutenu cBOOOIHOTO

uJIeHa, HAXOIUM lieyible Hymy Qynkiun: X =1 u#  x=1
Haiiiem Touku nepecedyennus rpaduka GpyHkmun ¢ ockio (OY): ecmu ¥ =0 10 ¥ =-1;
4. AcuMmToT HET;
5. Hna HaXO0XKJICHUS WHTEPBAJIOB MOHOTOHHOCTH ¢byHKIMK Haiiem ee

npousBoaHyko: V' =3x* +2x—1_ Hajinem kpuruueckue Toukd QyHkimm: ¥ =3x° +2x-1=0,

1
Homyamm: % =-1 u x,= 3 Haiinem nHTepBaiibl Bo3pacTaHus ¥ yObIBaHUS (PYHKIIMU:

R
+ N;'(-T)
I

—
=
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1
U3 ueprexa mMmeeM, uTo (yHKIus Bospactaer Ha (—o0—1) u (g,m) , yObIBaeT Ha

1
% g) . Haiizem skctpemymsl ¢ynxnum: Max fO)=f(=D)=0, 3HA4YUT, TOYKA MaKCUMyMa
; . 1 5
nmeer koopamHater (1 O) | min f(x) = f(g) = —15. 3HAYUT, TOYKA MHUHHMYyMa HMEET
1 5
KOOPJAUHATHI (E;_lf)
6. Hdnsd HaXOXICHHS WHTEPBAJIOB BBIMYKJIOCTH rpa¢puka (GYHKIUH BBIYUCIUM BTOPYIO

"
NpoM3BOAHYK: YV = 6x+2  Haiigem KpPUTHYECKHE TOUKH 2 pona (ymkmuu: 6¥+2=0&x=

OnpenenyM 3HAK BTOPOW MPOU3BOJHOM B HHTEpBallaX, Ha KOTOpble  pa30uBaeTcss 00JacTh
ornpezeneHus

- A e

BBLN. BOEDX 1 cwnenus  F(5)

3

1
3nauut, rpaduk (yHKIUKM OyaeT BBINYKIBIM BBEpPX Ha (—Ooi—g) U BBIITYKJIBIM BHHU3 Ha

1 1
(—§;+OO) - T.x. BTOpas MpoM3BOJHAs MEHACT 3HAK MPH MEPEXOJE Yepe3 TOUKy ¥ = ~ 3, TO B HEll
1 16
rpaduk  Gymer wumerb meperu6. Borumemam: f (- g) =T o7 3HauMT, TOYKAa Teperuda
1 16

7. Tloctpoum rpaduk:

y=x4+r-x-1

x? +1
x? -1

IIpumep 2. [Toctpouts rpaduk GyHKIUN y =

Pewenne:
1. Haiinem oGnacte ompenenenust ¢yHkuuu. OHa 3amaercss ycinoBusiMu X # 1, X # -1 (npu
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3Ha4YeHUsAX X # 1, X # -1 3HameHarenb qpodu obparaercs B HyJb). HUTak,
D(f)=(-00;1)(-1:1)(1;+o0).
2. UccnenyeM GyHKIUIO HA YECTHOCTH!
(=x)2+1  x?+1
(0?1 x?-1 1)
3HaunT, 3a7aHHas (QYHKIHUS 4YeTHA, ee rpadUK CUMMETPUYEH OTHOCHUTEIBHO OCH OpJAMHAT, a
MOTOMY MOKHO JIJISl Hauaia OTPaHUYUTHCS TOCTPOCHUEM BeTBel rpaduka mpu X > 0.
3. Touek nepeceuenus rpaduka ynkumuu ¢ ocbro OX Her,
Haiizem Touky nepecedenus rpaduka Gynkimuu ¢ ocbio OY: ecim X =0 mo y=
4. Haitnem acumMnToThl rpaduka. BepTukanbHOW acUMOTOTON SABISIETCS mpsiMast X = 1, MOCKOJIBbKY
IIPU 3TOM 3HAYEHUU X 3HaMEHaTeNlb IpoOH oOpalaercs B Hyllb, @ YACIUTEIb OTIMYEH OT HYIIS.

f(=x)=

-1

JlJis OTBICKAaHUS TOPU30HTAILHON aCUMITTOTHI HA/IO BBIYUCIIUTH )I(Erol f(x):

X2 1 1+1

) AL -

X +1 . 2 2 . 2
lim=,——=lim* X =lim %X =1

xomo X5 —1 x> X 1 x—)ool 1

X X X

3HauuT, y = 1 — ropu30HTaNbHAS aCUMITOTA rpaduKa GyHKIIHH.
5. Haiinem kpuTHYeCKHE TOUKH, TOUKH SKCTPEMyMa M MPOMEKYTKH MOHOTOHHOCTU (DYHKITUU:

( +1J' (et (e m)- (e 1) (1) 2x(o1)-(F-1)2x _ —ax
x? -1 (x2 —1)2 (x2 —1)2 (x2 —1)2 '

Kpurnueckue Toukn Haiinem n3 cootomenus Yy = 0. [Tomydaem —4x = 0, 0TKy/1a HAX0UM,

yto x = (. Ilpu x <0 umeem y > 0, a mpu x > 0 umeem Y < 0. 3Haumut, X = 0 — TOUKa MaKCHMyMa
2

byHkmH, npudeM ymax = f(0)= 071 —1. TIpu x > 0 umeem y < 0. Ho crnenyer ydecTh Hamudue

TOYEK pa3phiBa X =- 1 U x=1. 3HaYUT, BEIBOJI O TPOMEKYTKAX MOHOTOHHOCTH OY/ET BBHITJISICTh TaK:
Ha npoMexyTkax (-o; -1) u (-1;0]  dynkmus Bo3pacraer, Ha npomexyTtkax [0;1) u (1;+o)

(GyHKIHS yOBIBACT.
BbIunciiuM BTOPYIO MPOU3BOIHYIO
0= (2P y o TAC DT Ax- 20 D) 2x _ —4(¢ ~1) +16x° _12x7 + 4
(" -1)° (¢ -1 (-1 (1)

4
f7(x) HUTJIe He oOpalaercs B HONb, KPUTUYECKHUMH TOYKAMHU OYAYT TOJNBKO TOYKU X = +1,

14
Onpenemnm snak | (X) B unTepBaax:

ﬂ%1H""\\/,f”ﬂif_ﬁx“wx\fﬁ/”fifrif“(x}

ERNL EMMT | anm. geapd 1 swm sxusf(x} o

7. OrmeruMm (0;-1) — TOUKy MakCUMyMa, TIOCTPOUM TIpsIMBIE Y = | — TOPU3OHTAIBHYIO aCUMIITOTY,
yro X =1 u X = - 1- BepTUKaJIbHBIE ACUMITOTHI;
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A==l =1

3aIlaHI/Iﬂ AJIA MPAKTHYECKOI0 3aHATHSA

Bapuant 1
UccnepoBats o cxeme u moCTpouTh rpaduku  HyHKIIMIMA:
3 2 1
) y=x"+6x"+9x+8; 2) y=3qx+_—.
3x
Bapuanr 2
HccnenoBath Mo cxeMe U MoCTPOUTh rpaduku QyHKITUII:
) y=2x*-3x"-12x-1; 2) yzf—x
X
Bapuant 3

HccnenoBaTh 10 cxeme U MOCTPOUTH TpapuKu (PyHKIIHIA:

1) yzgxs—x2—4x+1; 2) y=§+x.
3 x

Bapuanr 4
UccnenoBath o cxeme u MOCTPOUTh Tpapuku  QyHKIIHIA:
1) y=x>-6x"+16; 2) y=x—£;
X

IIpakTnyeckas padora Nel9
«BbIYHCIIeHNE HEOTIPEICNIEHHBIX HHTETPATIOB METOAOM HEMOCPEICTBEHHOT'O HHTETPUPOBAHMUS
Hear paGoThI: HAYYHUTHCS BBIYHCIIATh  HEONPEACIEHHBIE HMHTETPalbl  METOIOM
HETOCPEICTBEHHOTO HHTETPUPOBAHUSL.
Kparkas Teopus:
Oynxuus F(X) HasbiBaeTcs nepeoobpasnoii ans Gyukuun  f(X) B mpomexytke 4 < X <D ecin
B JIF000#1 TOYKE 3TOr0 MPOMEKYTKA ee MPpou3BoAHas paBHa f(X):

F'(x)=f(xX)=>dF(x)=f(x)dx, a<x<b (1)

COBOKYITHOCTh BceX NepBo0oOpasHbIX QyHkmmid F(X) + ¢ mia ¢ynknum f(X) Ha HEkoTOpOM
IPOMEXXYTKE Ha3bIBAETCS HEONPeOenEéHHbIM UHmMe2paiom 1 0003HadaeTcs
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jf(x)dx =F(x)+C, @)

roe T ()AX yaspisaercs IIOBIHTEIPAJIBHBIM BBIPAKEHUEM, X — [IEPEMEHHON MHTEIPUPOBAHUs, a
C -mpou3BONIBHOM NOCTOAHHOM MHTErpupoBanus. [Ipomecc HaxoxIeHUs IEPBOOOPA3HON HYHKIIUU
Ha3bIBACTCS UHMESPUPOBAHUEM.

OcHoBHbIe (hopMyJIbI HHTETPHPOBaHUs (TA0JIMYHBbIE HHTEIPAJIbI)

n+l

dx = X 4. x"dx = ) n=-1
1 J +C; 2. | — e (=)
dx x x
3 f7='”|X|+C; 4. Jerax=e’ic;
5 Iade: a’ +C; 6 j'sinxdx=—cosx+c.
' Ina ’ ’
7.J'cosxdx=sinx+c. 8 j =tgxX+C:
’ " cos® x ’
dx dx i
= —ctax . ———==arcsinx+C;
0. [ 55 =—ctox+cy 0. ) ==
dx X dx .
11 jm =arcsin=+C; 12. Il+x2 = arctgx+ C;
dx 1 X dx 1, |x—a
_ — t J— - —:—I .
13'ja2+x2 aarcga+C, 14'J‘xz—a2 2a nx+a+c’
dx 77
15. Iﬁzlnx+ x* +a’ +C; 16. _flnxdx:xlnx—x+c;

OcHOBHBIE CBOMCTBA HEOIPeIeJEeHHOI0 MHTErpaJja
1. HeomnpeneneHHBI HHTETPAT OT aJIreOpanveckoil CyMMbI (PYHKIIHIA PaBeH alreOpanveckor cyMme
HEOMpeICNIEHHBIX HHTETPAJIOB OT 3TUX (DYHKIIHIA:

_[[f (x)+ @(x)]dx = _f f (x)dx + j¢(x)dx )

2. IlocTOsTHHBIE MHOXKHUTEIb NOABIHTETPAJIBHOI'O BBIPAXKCHUSA MOXHO BbBIHOCUTH 3a 3HAK
HCOMPCACIICHHOI'O UHTETpaJia:

[af ()dx=af f(x)dx a =0 (4)

ITon HemocpeACTBEHHBIM HMHTEIPUPOBAHMEM MOHUMAIOT CHOCOO MHTErPUPOBAHMS, NpU
KOTOPOM JaHHBIM MHTErpaji MyTeM TOXIECTBEHHBIX MPeoOpa3oBaHUM MOJBIHTErpaIbHON (YHKIIUH
Y TIPUMEHEHUS CBOWCTB HEOIPENEICHHOIO MHTErpaja NPUBOAATCA K OJHOMY WM HECKOJIBKUM
TaOJIMYHBIM UHTETpaJIaM.

IIpumepbl 10 BHINOJTHEHUIO NPAKTHYECKOH padoThI

IMpumep 1. Beraucans: I(5x4 —4x° +3x* —1dx
Pemenue:
1) j(5x4 —4x® +3x* —1dx = 5Ix4dx—4fx3dx+3jx2dx—fdx =x>—x*+x*—x+C.

(x+2)%dx

IIpumep 2. Boruncnauts: _[ ”

Pemenue:
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3 3 2
J"(XJFZ) dx :IX +6x +12X+8dx=_[(xz+6x+12+§)dx=%x3+3x2+12x+8ln|x|+c
X

X
3aganus AJ1s1 NPAKTHYECKOT0 3aHATHS
Bapuanr 1
1. MeToaoM HEMOCPEeACTBEHHOTO HHTETPUPOBAHUS BHIYMCIIUTD:
2 —3x)? 4
(2x% +7x —1)dx - (7dv 6 — ——)dx
1) J : [ 3 [E =)
8 5 dx
3sinx + dx - dx - S —
4)'[( j ) I(COSZX \/9—x2j ) J.121+x2 :
8 = = g
25 x—3x sinZx+SxcosEx
—dx dx
7) -rr x2 : 8) f X COBX :
N s S x5+ Tx+12
[——dx [———dx
9) v1i—x4 10) x+3
BapuanT 2

1. MeTtoaom HCTIOCPCACTBCHHOI'O UHTCIPUPOBAHNA BbIYUCIINTD!:

2
1) [(ax* —8x® +-/x)dx 2) j@dx; 3) J(lOCOSX—ZsjdX;
X

X

1 12 dx x4
4>f(sinzx‘81+szdX: 5>IK*W? 6) [ (67—

7) ~r 3 ; 8) f cogZxtsinix o
— x+1
) 2+ x)x2 5 xdx ; 10) f
Bapuanr 3
1. MeTo/10M HEMOCPEACTBEHHOTO HHTETPUPOBAHHUS BBIYMCIIUTD:
4 242 y
1) (X —8x% + aydx 2) I(X;rsx)dx; 3) [G/x* —5*)dx
4 1 sin 2x dx
dx - . AN
4)‘.-(x/49—x2 " ZSiHZXJ X 5) -[ cos X ax; 6) J‘25+16X2 :
1+cossx 244 2" —x®
7)" ltcoslx 8) V1l—x*
. 22
x*—Sx+6 +2
———dx
o) | —= 10)J|~1+1
Bapuanr 4

1. Metoaom HCMMOCPCACTBCHHOI'O UHTCTPUPOBAHUS BEIYUCIIUTD:

2y2
1) I(st +3x* —8)dx : 2) IO(_)?()dx; 3) _‘-(23X —9./x +5)dx :
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4)_[( 8 1 jdx- 5)J'£+4cosxdx- 6)IM7X
100+ x> 4cos’x) x* : 4 —49x?

-":1 dx Exsin:"'x+1dx
7) Vx+l 8) gin®x
F+2x—x? x*—3x—10
[——dx [——dx
9) x 10) x5

IpakTuyeckas padora Ne2(

«Bpluncienyre HeonpeIesIeHHbIX MHTErPajioB METOI0M M1OICTAHOBKU U MHTEIPUPOBAHUS 110
4acTAM»
Leas padoThI: HAY4YUThCSl BBIYUCIIATH HEONPEACIEHHBIE MHTErpajibl, NPUMEHSS  METOJ
IIOJICTAHOBKU M METOJ] UHTETPUPOBAHHUS 110 YACTSIM.
Kpartkas Teopus:

CyLIHOCTh MHTETPUPOBAHUS METOAOM MOACTAHOBKH 3aK/II0UaeTcs B IpeoOpa3oBaHUM MHTErpalia
J- f ()dX g purerpan f F(u)du | xoropsiit erko BEMKCIAETCS 110 KAKOH-THOO M3 OCHOBHBIX
dopmyn uHTErpHpoBaHUA. NI HAXOXKICHHS J- F()AX  3amensem mepemeHHylo X  HOBO
TepeMeHHOl U ¢ momormpio mogcranoBkn X = P(U) | [iudpdepenimpys 310 paBeHCTBO, MOTydaeM
dx = ¢'(u)du
[Moncrarisis B MOABIHTETPAJIBHOE BHIPAKEHHE BMECTO X M OX MX 3HAYCHUS , BBIPAKCHHBIC Yepe3
u du, umeem

[ £ 09dx = [ flpW)]p'(uydu = [ F(u)du Q)

[locne Toro, kak MHTErpajl OTHOCUTEIBLHO HOBOW IEpEeMEHHOM u  OyneT HalJeH, C IMOMOIbIO
nopctanopku Y = #(X) on IPUBOJUTCS K IEPEMEHHON X.

Mycrs gyrxkman Y =U(X) y V=V(X)  pyeror HenpepbIBHBIE TPOU3BOIHBIC HA HEKOTOPOM
npomexyTke. Haiinem nuddepennnan npousBeaeHus 3TUX QYHKIIHMNA:
d(uv) =uvdx+uv'dX g gax no ycmosmo ¢ymkumu UV w UV’ HempepbiBHBI, MOKHO
POMHTETPUPOBATh 00€ YaCTH ITOTO PABEHCTBA,
_[d(uv) = Iu'vdx = Iuv’dx, I,Umj'd(uv) = Ivdu +J'udv , HOJ‘d(uv) =uv+C
CIIeZI0BATETHbHO
fudv:uv—fvdu (2)

B mnpaBoii uyactu ¢opmynbl (2) MOCTOSHHYK HHTerpupoBaHus C He NMIIYT, T.K OHa

(dakTUyecKu MPHUCYTCTBYET B HHTErpaje _f vdu - @opmyna (2) HasbiBaeTcs gpopmynoi
UHMEZPUPOSAHUSA NO YACHIAM.
CyIIHOCTh METOJ1a MHTETPUPOBAHMSI 10 YACTSM BIIOJIHE COOTBETCTBYET €ro Ha3BaHMIO. Jleno

B TOM, YTO TPH BBIYMCIICHUU WHTETpaja 3TUM METOJIOM IOJBIHTEIPAIbHOE BBIPAKEHHE f (x)dx
MIPEICTABIISIETCS] B BUJIE MPOW3BEACHUS MHOXXUTEEH U g dv . pU 3TOM dX oszarensHO
sxonsT B AV . B pe3yibTaTe MOJIydaeTcs, YTO 33aJaHHBIH MHTErpaJl HaXOIsT 10 YacTsIM: CHavajia
HAXOSAT I dv 3 sarem J. vdU | EcrecTBEHHO, YTO 3TOT METOJ MPUMEHHUM JIUIIb B CIyJae, eClid

3a/la4ya HaXO0XJICHHA YKa3aHHLIX ABYX HHTCIPAJIOB Oonee pocCTa, 4Y€M HAXOXJACHUC 3aJaHHOI'O
HUHTCIrpaJia.

HpI/I BBIYUCJIICHUNW HWHTCIPAJIOB MCTOAOM HHTCTPHUPOBAHUA IO YACTAM TJIABHBIM SABJISCTCSA

pasyMHOE pa30ueHne MOIBIHTETPAITHHOTO BHIPAKEHUS HA MHOXKHUTEITH U y dv. O6mmx
YCTAaHOBOK TI0 A3TOMY BOINpocy He wumeercs. OHAKo, i HEKOTOPBIX THIIOB HWHTETPAJIOB,
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BBIUMCIIAEMBIX METOIOM UHTETPUPOBAHMS 110 YACTAM, CAEIATH OTO BO3MOXKHO.
ax H
1. B nnTerpanax Bua [POye™dx IP(X)SII’] axdx jP(x) cosaxdx
rae P(x) — MHOTOYICH OTHOCUTENBbHO X, @ — Hekoropoe umcio, momaraor Y = P(X) a sce

ocTabHbIe COMHOXHTEMM 32 AV
2. B unTerpanax Buja IP(X) Injax{dx IP(X) arcsin axdx IP(X) arccosaxdx

J‘P(x)arctgaxdx, fP(x)arcctgaxdx

nonarator P (X)dX =4V 5 gcranpupie comnoxuremm za U .

3. B uHTerpanax Bujaa J- e™ sinbxdx Ieax cosbxdX e a u b uncna, 3a YU moxuo

IIPUHATH M00YI0 u3 QpyHkuumii €% um sin bx (uam cos bx).

IIpumepbl 10 BHINOJITHEHUIO IPAKTHYECKOH padoThI

Ipumep 1. Berauciuth I(1+ x)°dx :

Pemenne: monoxum 1+x = z. Tlpoauddepenumpyem sto HepaBercTo: d(1+ X)= =dz wumm dx =
dz. 3ameHUB B MHTErpalic MEPEMEHHYIO HHTCTPUPOBAHUS, TOTYUHM:

_[(1+x)5dx=stdz=Z—6+C=1-(1+X)G+C
6 6 '

2/ %dx
IIpumep 2. Beruucauts jm
Pemenue: mycts 1-€°=2 | rtorma dl-e*)=dz : —e*dx=dz; = e*dx=-dz C y4ETOM
HOJIyYEHHOTO HMEEM
1-e") z z l-e
6 +1

dx

IIpumep 3. BLI‘II/ICJ'II/ITLI

Pemenne: X +2=1 = x=t-2 =dx=d(t-2)=dt

2
jx L ox _j(t 2) ledt_jt 4t+5dt=j(t 442 jdt—t——4t+5ln|t|+C—
x+2 t 2

:(x+2)

2 2
—4(x+2)+5ln\x+2\+C=X7—2x—6+5ln\x+2\+c=X7—2x+5ln\x+2\+cl,

IMpumep 4. Berancnutp I X - /X —3dx
Peenne: cenas 3ameny ~/X—3 =t momyunm X =t°+3, dx=2tdt [Josromy
5 3
t

J.x-«/x—3dx=_|.(t2+3)-t~2tdt=2j(t4+3t2)dt—2 o 65 +C=

:%\/(X—3)5 +2/(x=3)° +C;

Mpumep 5. Borauciutsb _fsm 8X cos2x dx
Pemenue: 3TOT HHTErPajl PEIIACTCS C TOMOMIBIO (POPMYIT TPUTOHOMETPHH:

sin o cos f = %(sin( a—p)+sin(a+ p)) .
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. 1 . . 1 1
sin8x cos2x dx = —| (sin10x +sin 6x)dx = ———c0s10x — —cos6x +C -
[TosToMmy, umeeM j 2 I( ) 20 12 ;

Ipumep 6. Berancnutsb Ixsin xdx .
Pemenne: nonoxkum U =X dv=sinxdx: rtorga du=dx, IdV = ISi” xdx 1o V=-C0SX,
Ucnionb3ys popmyity (2), MOIydum
_fxsin xdx = —xcosx+_[cosxdx: —XCOSX+sinx+C

Ipumep 7. Boruuciaurs I xIn xdx

dx X2
Pemenne: monoxum U=Inx, dv=xdx; torma du = > V= _[dV = _[XdX =

x? 1 X x?
Hcnons3ys Gpopmyiry (2),  IOTydHM: _[ xIn xdx = > In x— EJ- xdx = > In x— 7 C . 3ananus

AJIA NPAKTHYECKOI0 3AaHATHUA

Bapuanr 1
1. MeTo10M MOICTAHOBKH BEIYHCIUTD:
s . 5dx 5
(7 +3x) dx - 3sin 5xdx - _ 3/(2—-5x)"dx -
a)J. 5 6)-" ’ B).[1+9X2, r) J.)\ ’
3dx In? xdx .
X _1 . Xd . 5 3 d .
) J\/e e*dx e)jl+2x’ )K)I NI 3) Ism x cos3xdx
2.MeTo/10M UHTETPUPOBAHUS 10 YACTSIM BBIYUCITUTH!
2) | @—x)sin xdx 5) In X
Bapuanr 2
1. MeTo10M IT0/ICTAHOBKH BBIUMCIIATD:
6 4dx 7dx
(5—4x) dx- 7 cos 6xdx . - . _—
2) J . ol ’ I3—4x ’ n J‘x/l—16x2 !
32 e*dx tgx dx . .
AU X —3 - xdx. . sin 2xX sin 6xdx -
n Y N ey 0 [ oszy: 0] ,
2. Meronom WHTETPUPOBAHUS 10 YACTSM BBIYUCIIUTD:
a) J'xcosxdx. 6) In x
BapuanT 3
1. MeTo10M MOICTAHOBKH BEIYMCINTE:
a 5dx 2dx
(2—7x) dx- 6 cos 2xdx - . .
a) | ; 6)J , .[3 ax r)_[1+16X :
S|n X dx
4/(7x + 4)°® dx. e* cos(e*)dx. cos4x cos5xdx -
2. MeTo10M HHTETPUPOBAHUS 110 YACTAM BBIYHUCIIHTH:
a) _fxe"dx : 6) jarcsin xdx;

IIpakTnyeckas padora Ne21
«BpI4HCIIeHNE ONPEICICHHBIX HHTETPAIIOB METOIOM MOJICTAHOBKY M MHTETPUPOBAHUS 10 YACTSIM)»
Les paGoThl: HAYYUTHCS BBIYHCIATH ONPENCIEHHBIE HHTETPAJIbl METOIOM TOJICTAHOBKH H
METOJIOM HHTETPUPOBAHHMS TI0 YaCTSIM.
Kpartkas Tteopusi:[Ipupamenne F (b) — F (a) mo6oit u3 nepBooOpasubix ¢ynknmii F (X) + C
¢y f (X) mpu M3MeHeHMM apryMeHTa OT X = & 10 X = D Ha3wIBaeTcsi onpedenéHuvim
unmeepanom om a 0o b om @ynxyuu f(x:)
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b

[ £()dx=F(b)-F(a) )

a
Yucna a u b HaseiBatoTcst npedenamu unmezpuposanust, a — HudicHum, b — eepxnum. Otpesok [a;b]
Ha3bIBACTCS ompeskom unmeepuposanus. Dynxius T (X) HasbiBaeTcs nodviHmezpanbHOU
¢ynKyueil, a IepeMeHHas X — nepemenHol unmezpuposanus. Popmyina (1) HazwIBaeTcst ghopmynoti
Hviomona - Jleiibnuya.

FCOMeTpI/I‘IeCKI/Iﬁ CMBICJI OIIPEACJTCHHOI'0 HHTErpaJia

Ecnu unterpupyemass Ha otpeske [3;b] dynkums f (X) HeorpuuartenbHa, TO ONMpeacHEHHBIN
b
UHTErpaj I f(x)dX  gpcnenno paBeH IIomaad S KPUBOJUHEHHON Tpareuu, OrpaHHueHHOM
a
rpadukom pyukmuu T (X), ocbro abcuuce v mpssMbIME X =au X = b :
Y=t

CaBoiicTBa Ol'[pejle.]'léHHOl"O HHTErpaJjaa

1. TlocTOSSHHBIM MHOKHATEIb MOKHO BBIHOCHTD 3a 3HAK HHTCIrpaia:
b b
IAf (x)dx = Aj f (x)dx
a a

2. OmnpenenéHHplii UHTErpall OT anreOpanvyeckol CyMMbl JIBYX HEHPEPBIBHBIX
¢byHKLUH paBeH anredpanyeckoi CyMMe UX UHTErpajioB, T.€.

(700 9 (x = [ ()x+ [ g(x)ox

b c

b
3. Eemm a<c<b, To j f (x)dx :I f (x)dx +_[ f (x)dx .

a a

4. Ecmu dynkius f (X) HeoTpuiarenbHas Ha otpeske [a;b], rae a<b, To
b

[ f(x)dx=0.

a

b b
5. Ecimu f (X)>g (X) nms Becex X € [a;b], roe a<b, to I f (x)dx > _[ g(x)dx
6. Ecnu m u M — HamMeHbIliee U HAaHOOJIbINEE 3Haqca3HmI q)yHKL;/m f (X) Ha orpeske
b
[a:b], e a<b, 10 M(b—a)< [ f(x)dx<M(b-a)
7. (Teopema o cpenHaeM). Ecmu ¢ynaxmus f (X) menpepeiBHa Ha oTpeske [a;b], To

b
cymectsyer touka © € [2:0] rakas, uro _[ f(x)dx = f(c)-(b-a)

a
Henocpeocmeennoe unmezpuposanue TpEINONaraeT HCIOJIb30BaHHE OCHOBHBIX CBOWCTB

oTpeielieHHOro uHTerpaia u popmynsl Hetorona — JleliOHumna.
b

Memoo noocmanoeéku CBOJIUT ONPENEIICHHBIN WHTErpail I f(x)dx C MOMOIIBIO MOJCTAHOBKH
a
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u=9() g OIPEJIETICHHOMY MHTETpaly OTHOCUTEIIBHO HOBOU niepeMeHHoM u. IIpu aTom crapsie
npesieibl MHTETPUPOBAaHMS da W D 3aMEHSIOTCS COOTBETCTBEHHO HOBBIMHU IIpE/ICIaMH

HUHTCTPUPOBAHUA @ u bl KOTOpBIC HaXoOsATCsda U3 HCXOHHOI;'I IOACTAaHOBKU
b

a =@(a), b =q¢pb),
IIpumepbl 10 BHINOJTHEHUIO TPAKTHYECKOH PadoThI

1
Ipumep 1.  Breruucauts I(ex —1)4 e*dx

0

Penrenue:
gt —1=¢
die” —1) = dt 3
: ¢ el (o= 001
¥ + oy _ ¥ _ = f4fif:— — - — _15
I(e l)edx—ecix—dr. _I!- 5|u 5 5 5':'5? )
! a=e"—1=10
b=pl-1=e-1

2
dx
IIpumep 2. Beruncoutes | 77— .
pumep ! VBx -1

1
Pemenue: cienaem noacranopky 9X—1=1 Torpga d(5x—1) =dt = Sdx = dt = dx = gdt .

HoBble Ipe/iesTbl HHTErPHPOBAHKS: 1 = 51-1=4 t =5-2-1=9 (Cyepoparensho,

9

2
Ipumep 3. Berauciantsb IXZ 4 —xdx,
0

dx:2costdt‘ Ecu Xx=0, mo t=0 eCIn

5

Pemenne: [Monoxum X =2SiNt  Torma

=2 t="
r=amo L= losromy

) 3 2 3
J‘xzx/4 — x%dx = _f4sin2t«/4 —4sin?t 2cost dt =16Isin2t cos?® tdt =16I£llsin2 2t dt =
0 0 0 0

E1 1. z 7z 1. T
=4| = (1—-cos4t)dt=2(t—"-sin4t) 2 =2(--"sin(4--))-0=r
J5¢ dt =2~ sin4t) [z =2~ sin(4-2)
4
Ipumep 4. Berauciantsb Ix In xdx
dx 2
Pemenwne: monoxxum U=Inx, dv=xdx. Torga du = N V= o .CiemoBaTebHO,
4 2 4 4 2 4 2 2
lenxdx:x—lnx —ijzd—xz8ln4—e——3x2 —gh4-% —44% -
2 2 e Ze X 2 4 e 2 4
2
—8h4-4-%
4

33)13HI/I$[ JIA MPAKTUYECKOTI0 3aHATHSA

Bapmuanr 1
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1. Beruncnuth cnez[ylonme HUHTCrpajibl MCTOAOM MMOACTAHOBKHU:

1 i
2 p sin x £ cosX
1) | (6-2x)"dx; x; 3) [--S%%  gx:;
Iz -([3 cosx !x/ZSinijl
,r 3
2 2 dx 1 —
4 sin x Xdx ; 5 S E——— 6 wa..1+xdx
)!e cosxd )_!‘3_'_4)(2 )
2
f.‘?.-'la EQ'E'II'.'L'I J"lﬂul'l".'..'.
7) .‘T,-'4 I:DEEI 8) |]I 5+Eu
2. BBI‘-II/ICJII/ITL METOAOM I/IHTGI‘pI/IPOBaHI/ISI I10 9aCTsM:
1 V4
1) j(l— x)e “dx : 2) J'ex sin xdx;
o] 0
BapuanT 2
1. Beruuciautse cne):[y}oume HHTCIrpajibl MECTOJOM ITOJACTAHOBKHU:
3 3
2 2 2 2
1) J(2x—1)dx; j COSX_ax;  3) [3e* xdx ;
2 5 2+sinx 5
4 L ox 1 dx
4) _[sinx-coszxdx; 5) _([ex +5dX’ 6) Jru Ji—gz
0
J-l x2dx J-l =d=
—1laxE43 0 z941
7T 8)

2.BeraucanTe MCTOJOM UHTCTPUPOBAHUS 110 HACTAM:

1)

1
x sin xdx: 2) _f arccos xdx;
0

Oty [N

Bapuant 3
1. BplUuCANTS CAEAyIOMME HHTErPaIbl METOAOM MOICTAHOBKHU:

T

5 12
1) [(4=x) dx; J'd—;( /3sinx +1cosxdx;
4 5 COs” 3x

O V| X

K ar
z . T
2 - 2 = T
SN X x . & T
4) J' - dx; 5) _[e xdx . g) I cus{a u) du
5 L+ cos” x 3
J-'-.-"ﬁ 2xdx 2 ~coszds
7) 0 VxTyi 8) E einfz
2.BI)I‘—H/ICJ'II/ITI) METOAOM I/IHTerI/IpOBaHI/ISI 10 9aCTsIM.
T T
2 2
1) Ixz sin xdx; 2) jex cos xdx;
0

IIpakTnueckas padora Ne 22
Pa3znen 3. OCHOBBI MaTeEMaTHYECKOTO aHAIN3a
Heas padorbl. ChopmHupoBaTh yMEHHS U HaBBIK HCIOJB30BAHUS HHTErpaja IMpH PEIIeHUU
Pa3IMYHBIX MPAKTUYECKHX 3334 U 33J]a4 Ha BHIUMCIIEHHE 00BEMOB Tela.
Pemienue npuk/IagHbIX 32124 ¢ HOMOLILIO ONPEIeJEHHOI0 MHTErPaJjiay
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Kpartkas Teopus.
3aoaua o evluucienuu nymu
CornacHo (pU3M4IeCKOMY CMBICITY TIEPBOM TPOMU3BOTHOM, TPOU3BOIHAS ()YHKIIMH B TOUKE €CTh

, el
vty =s(t) = —
MTHOBEHHAsI CKOPOCTh TOYKH, T.€. di  Orcrona,

PaBEHCTBO B Ipezenax oT t1 70 t2 mojydaem
¥

J'c;t’s = Iv(ﬁ)a".ﬁ

ds = V(f-:'fﬁ_ HuTerpupys noiaydyeHHoOe

Torna myTh, NPONUIEHHBIA TOYKOW MPU HEPABHOMEPHOM JIBUKEHUM 110 MPSIMOM C IEPEMEHHOM

CKOPOCTBIO V(€) 3a OTPE30K BPEeMEHHU [‘ﬁl"ﬁf4 |BBIpa)KaeTCAa UHTErpaIoM
t
S=| v(t)dt.
b4
)

Ipumep 1. CKOpocTh IIPAMOIHHEHHOTO IBIKEHHUS TeNla BrIpakkaeTcs popMymoii L = 2t+3t3(m/c).
Haiitu yTh, MPONICHHBIN TEJIIOM 32 5 CEKyHJI OT HavaJia JIBUXKCHUSI.

Pemenue.
5

5
S=|( 2043t 2 )dt = (¢ *+£*) | =150(m).
0 0
HpnMep 2. [[Ba TCJla HaYaJIn ABUIaTbCA OAHOBPEMCHHO U3 O,Z[HOI71 TOYKH B OAHOM HAIIPaBJICHHUH I10

npsiMoii. TlepBoe Teo ABHKETCS o CKOpocThio v =(6t2+2t) M/c, BTopoe — co CKOpOCThIO V2=(4t+5)
Mm/c. Ha kakoM paccTosiHUS IpYT OT APYyra OHU OKaKyTCs uepe3 5 ¢?

Pemenune. ckomast BemuurHa €CTh Pa3HOCTh PACCTOSIHUH, MMPOWJICHHBIX TEJIAMU 3a S C.
5

5
5= (6t7+20dt= (2t *+£7)| =275(m)
0 0
5

5
S,=1(4t+5)dt= (2t*+5 )| =75(m)

0 0
Takum ob6pazom, S=S1-Sp= 275-75=200 (m).
2. 3aga4a o BbIYMCICHHH PA0OTHI NEPEMEHHOH CHIIBI
IlycTe MarepuanibHas TOUKa oA aevcTtBueM cwibl F aBukercs no npsmoil. Ecinu geictByromas
CHUJIa TIOCTOSIHA, a MPOMIEHHBIN MyTh paBeH S, TO KaK U3BECTHO U3 Kypca Gu3uku, pabora A 3toil F
BBIUKCIISIETCS 110 opMyTIe:
A=F*s
Paboty nepemennoii cuibl f(X) mpu nepemenieHuu mo ocu OX MaTepualbHON TOYKU OT X=a JI0 X=D,
HaxoauM 1o ¢popmyine (3):

?
I Fixdx

A=z (2)

Pemenun 3amay Ha BbluKciIeHHE pabOThI CHIIbI YIIPYTOCTH, CBSI3aHHBIX C PACTSXKEHUEM U CHKaTHEM

NIPYXUH, OCHOBbIBaeTcs Ha 3akoHe ['yka. Ilo 3akony I'yka cmma F, pactaruBaromas win

CKMMaroIas MpyXuHy, TPONOPIHOHANIbHAS 3TOMY PaCTSKEHHIO WIM cxkaTHio, T.e. F=kx, roe x —

BEJIMUMHA PACTSHKEHUS WK CKATUA, K — KOOQPUIIUEHT NPONOPLHOHATBHOCTH.

Mpumep 1. Cuna ynpyroctu F npyxuns1, pactaayToii Ha 11 = 0,05 m, pasna 3H. Kakyio paboty

HaJI0 IPOU3BECTHU, YTOOBI pacTAHYTh NpYXHUHY Ha 12 =0,1 M?

Pemenwue. [loacraBus nanusie B hopMyny 3akoHa ['yka, momyunm: 3=k*0.05, 1.e. k=60,

CJIeIOBATENIbHO, CHJIa YIIPYTOCTH BhIpaxkaeTcsi cooTHommenueM F=60x. Haiinem paboTty nmepeMeHHOM

cuiel 1o hopmyne (2), momaras, uro a=0; b=0,1:
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i 1
Jaﬂxdx = Bafr
A= " =0,3 1k
3. 3amaua o cuJjie JaBJIeHHUS KHIKOCTH
CornacHo 3akoHy I[lackans BenmuuHa P maBieHHs JKUAKOCTH Ha TOPU3OHTAIBHYIO IUIOMIAIKY
BBIUHCIIsgeTCs o popmyrne P=gphS, (4)
I'ne g — yckopeHne CBOGOIHOTO TaAeHHs B M/c2;
P— TLIOTHOCTB KHAKOCTH B KI/M°,
h — ryOuHa OTrpy)KeHHS TUIOIAKH B M;
S — momak MIOMAAKH B M2,
[To aTo#t popmyIie Heb3s1 NCKATh JaBJICHUE XKHUJIKOCTH HA BEPTHKAIBHO MOTPYKEHHYIO TUIACTHHKY,
TaK KaK ee pa3Hble TOUKH JISKAT Ha pa3HbIX TIIyOMHAX.
[TycTh B ®HIKOCTH MOTPY’KEHA BEPTHKAILHO TUIACTHHA, OTPaHUYCHHAs TMHUSMHU X = a, X = b, y1
= f1(x) u y2=f2(x).
Jlnist perieHus 3aa4u pa3o0beM IJIACTUHY Ha N YyacTed (MaJIbIX TOPU30HT aJIbHBIX MOJIOCOK)
NPSIMBIMH, TIApAJICITBHBIMU MIOBEPXHOCTH KUAKOCTH (T.€. mapayuienbHbiMu ocu OY). Ha riryOune x

BBIJICJIAM OJIHY M3 HHX U 0603Ha4uM 4epes f(X) ee mmuny, a uepes &% ee mupuny. [IpHHSIB HONOCKY

3a I[IPAMOYT'OJIBHUK, HAXOAHUM €€ IUIOIIAAb &= f(x] Ax .

F=gofix) fx x

Hatinem muddepenmman dp 3toii hyHKIHH.

dp = gof (x) xdx

Torpaa no 3akony Ilackanst uHTErpUpys MOTy4YEHHOE PABEHCTBO B Ipe/eNiax OT X = a 7o X = b,

MMOJIy4Yum
3

J‘ PxRf(x)dx
P=g ¢ 3)
IIpumep
AxkBapuym umeer (opMy MpsSMOYTOJIBHOrO mapasuienenunena. Haiinem cuily naBieHHsI BOJbI
(mmotHOCTH Bobl 1000 kr/M%), HAMONHAIONIEH aKBApPHyM, HA OJHY M3 €r0 BEPTHKAIBHBIX CTEHOK,
pa3mepsl kotopoii 0,4 M x 0,7 m.
Pemenne. Boibepem cucreMy koopauHat Tak, 4ToObl ocu Oy u OX COOTBETCTBEHHO COAEpkKallu
BEpXHEE OCHOBaHHE U OOKOBYIO CTOPOHY BEPTUKAJIbHOM CTEHKH akBapuyma. Jlias HaxoXIeHHs
CWJIBI JIaBJIEHUS BOJABI Ha CTEHKY Bocrosub3dyeMcs ¢opmynoit (3). Crenka umeer Qopmy

IIPSIMOYT'OJIBHHUKA, ITO3TOMY f(x)=0,7x, x€[0,0.4] Taxk kak npenensl naterpuposanus a=0 u b=0,4,
TO MOJTY4HM:
0.4 2

4
P=g Jmoo*oy * xdx = 700 %r =565 ~ 549H
0

3amanus.
1. BBIUMCINTS MI0MIAIb GUTYPHI, OTPAHMYEHHOH THHUAME y = 4 — x2u y = - 5. CllenaTh 4epTéx.
2.CKOpoCTh JBMKeHHs Touku V = 18t — 3t? m/c. HaifauTe myTh, IpoiiIeHHBIH TOUKOH OT HaYasa
JBUKEHMS 10 €€ OCTAaHOBKH.
3.Ilpyxuna B criokoitHOM coctostHuM umeet JnHy 0,1 M. Cuna B 20 H pactarusaer e€ Ha 0,01 m.
Kakyto paboTy Haj0 coBepIIuTh, YT00bI pacTanyTh e€ ot 0,12 10 0,14 m?
4. BBIYMCIINTS TLIOMAAb QUTYPHI, OTPAHHYEHHOH TMHUAMH Y = X2 - 4x n 'y = 0. ClienaTh 4epTéx.
5.Teno OGpo1IeHO C MOBEPXHOCTH 3€MJIM BEPTUKAIBLHO BBEPX CO CKOpOCThIO V = 29,4 — 9,8t m/c.
Haiinute HanGonb1IyI0 BBICOTY MOABEMA TENA.
6.I1pu cxxatuu npyxunsl Ha 0,05 M coBepuaercs padora 30 [Ix. Kakyro paboty Heo6XoaumMo
COBEPILIUTH, YTOOBI cxKaTh MpykuHy Ha 0,08 M?

Boruncienue 00bEMOB ¢ MOMOLIBIO ONPENEJIEHHOTO0 HHTErpaJia.
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Kparkas Teopus.
[Iycth Bokpyr ocu OX BpalaeTcsi KpUBOJIMHENHHAs TpaneLus, OrpaHUUEHHas: HENPEPBbIBHOM JINHUEN

y=f(x) >0, orpeskom [a; b] ¥ MpAMBIMU X = a u x = b.

[Toyuennas pu BpamieHuu GUrypa Ha3bpIBAETCS TEJIOM BpallleHHSs.
Bpamenne Bokpyr ocu Ox.

b b
Ve =m[y* (x) dx Ve = 1[5 (%) — 3y 2(x)] dix

= y=y (x) Y Y=y %)

Bpamenne Bokpyr ocu Oy.

Y

x =x(y)
g

=/

d d b
V,=x[0dy Vo =nfln’ W) -x’0Wldy ¥, =2xfx-y(x)dx

IIpumepl.  Haiitu oObem Tena, o00pa30oBaHHOrO BpalleHHeM BOKpyr ocu OXx  ¢urypsl,

OTpaHUYEHHOU TUHUSMU y2 =2x,y=0x=1.

Pemenue:

1
V=1rf 2x dx =mx?|} = m (ky6. en)
0

IIpumep2. Haiitu o0beM KOHyca, MOJyYEHHOTO BpalleHHeM BOKpYr ocu OX MpsIMOYroJIbHOTO
TPEYTOJIbHUKA, €CJIA PAJANYC OCHOBAHMS, TIOJy4YeHHOTO KOoHyca R u BbicoTa H.

Pemenue:

Rx
Ouesnaro, f(x) =kx, rorna k=19 a="7". omyuaem: f(x)= H -

Beraucinum o0beMm:
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R*H

H R2x? AR "1
Iﬂ' dx = | 25

H
V = | #f 2(x)dx = =
! ) H? HZ.3

0 0

3aganuga:

Brruncaure o0beM TeNIa BpalicHus, OrpaHquHHOfI JIMHHUSAMM.

Bapwuanr 1. Bapuant 2.
1 |y=e¥x=0x=1,y=0 lly==x3x=0,x=2,y=0
: = * =—4x=-1,y=0 g > 1 5 0
Yy = xrx_ X = Y = y—;,x— X =9,y =
3 |ly=—x*4+x,y=0 3|ly=4—x%y=0
4 . T _ 4 3m
y—sm,x—z,x—ﬂ:,y—O y=cos,x=n,x=7,y=0
5 _ L _ _ 5 _ . _
y—BCOS,x——E,x—O,y—O y—ZSm,x—E,x=n,y=0
6 |ly=1+x3x=1,x=2,y=0 6 |ly=e*x=—2,x=0,y=0

IIpakTnyeckas padora Ne23
Pazpgen 3. OcHOBBI MaTEMaTHYECKOTO aHAIN3a
Heab padoThl: penieHue NPaKTUYECKUX 3a/1a4
3amanme: 1. Pemuts 3agaun
1) VYyactHuku MWHTepHeT-dhopyma yKazanu ropoja, TI/A€ OHU MpoxkuBawT. [lomyumics
CIENYIOLIUN CITUCOK:
MockBa, Cmonenck, MockBa, Mocksa, C.-IlerepOypr, YensOunck, Hazpanb, Mocksa,
Hopunsck, Yda, MockBa, Bomrorpax, C.-IlerepOypr, Hormnck, MockBa, Mocksa,
Yensounck, Mocksa, C.-lIlerepOypr, C.-Ilerepbypr, MockBa, YensOuHck, JIMUTpOB,
Mocksa, MxxeBck, MypMmanck, Bonrorpan, Mocksa, fIpocnasiib.
CocraBbTe TaONHINy MOJCUETa U TA0IHIly pacpe/esieHrs yYaCTHUKOB popyMa MO TOpoaMm.
2) B cocyxa ¢ temnoit Bogoit nmorpy3uian 10 tepmomerpoB. TepMoMeTpsl MOKa3anu CIEayIOIINe
pe3yJbTaThI:
34,5°; 35,1°; 34,4°; 34,2°; 34,7°; 34,6°; 35,0°; 34,2°; 34,5°; 34,8°.
a) UeMm MOXeT 00BSACHATHCS U3MEHYNBOCTD B MOKa3aHUSIX TepMOMeTpoB? HazoBuTe XOTs ObI
JIBE BO3MOKHbBIE IPUYHHBI.
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6) Pacronoxute mnosydeHHbIe 3HAYCHUS TI0 BO3PACTAHUIO.
B)HaiimuTe cpeqHee 3HaUeHUE TEMIIEPATYPhl U pa3Max MOIy4YeHHOTO Habopa.

3) Tlonp3yschk pe3ynbTaTamMu 3a7adu 1, cocTaBbTe TaONMIly OTKJIOHEHUH MOKa3aHW TEPMOMETPOB
oT cpeaHero 3HaueHus. CKOJBKO MOKa3aHWi MEeHbIIIe, yeM cpeqHee? CKONMbKO MOoKa3aHuii 00bIIe,
yeM cpennee?

1)

2)

3)

4)

[Tonp3ysice pe3ynpTaTamu 3ajaud 1. HalAUTE MeIuaHy MOKa3aHU TepMOMeETpPOB.CKOIBKO
MOKa3aHUK OOJIBIIE U CKOJIBKO MOKAa3aHUH MEHBIIIE MEIUaHbI?

3a mpakTUYECKyr paboTy 1Mo (hM3HMKEe MPernoaaBaTelb MOCTaBUI 7 MATEPOK, 9 4eTBepok, 8§
Tpoek M 2 naBoiiku. IlocTpoiiTe CTONOMKOBYIO IuarpaMmy Mo 3THM JAaHHBIM. Berawmciure
CPEIHIOIO OLIEHKY.

B nonenensHUK ¥ BO BTOPHHMK MarasuH MpoJall 1Mo 5 aBTOMOOWIEH, B cpefy—o0, B 4eTBEpT
—4, B matHuny —S8, a B cyb0oTry— 12 aBTroMoOuiel. Berumciure cpenHee 4uCIio
aBTOMOOWIIEH, IPOJaHHBIX 32 JeHb. [locTpoiiTe 110 ATUM IaHHBIM CTOJIOMKOBYIO AMATrPAMMY
«UHCII0 TPOJIAHHBIX AaBTOMOOUIICH 1O THAMY.

B kade npeanaraior aBa mepBbIx Oroma: OOpI, pacCOIbHUK — M YETHIPE BTOPBIX OIIO7A:
CYJISIL, KOTJIEThI, COCUCKH, MEIbMEHU. Y KaXXUTe Bce 00€bl U3 JBYX OJII0/, KOTOPHIE MOKET
3aKa3aTh IOCETUTEIb.

9)B 6acne VMBana AnapeeBnua KpeutoBa «KBaprer»: «mpokasnuma Mapteimka, Océn, Ko3én na
Kocojlanbeli  Mumika» ycTpOWUIM JIIOOONBITHBIM 3KCHEPUMEHT, OHU HCCIEIOBAJId BIUSHUE
B3aMMHOTI'0 PACIIOJIOKEHUSI My3bIKAHTOB Ha KaY€CTBO UCIIOJHEHHUSI.

[Ipoxazuuna-Maprteimika, Océn, Ko3én, na koconansiii Muika

3aresnu coirpath KBaprer.

Hocranu HOT, Oaca, anbTa, IB€ CKPUITKU

U cenu Ha JTy’KOK HOJ JIMTIKK — IUIEHSATh CBOMM UCKYCCTBOM CBET.

VY napunau B CMBIYKH, JIEPYT,  TOJKY HET.

«Croit, 6patupl, cToit! — kpuauT Mapteimka. — [loroauTe!

Kak my3bike uaru? Benb Bbl HE Tak CUIUTE.

Tw1 ¢ 6acom, MuiieHbKa, caiuch MPOTUB aJIbTa,

S, npuma, cs1y IpOTUB BTOPHI;

Toraa moiaér yx My3bIKa He Ta: y HacC 3aIUISIIIYT JeC U TOpb!»

Paccennce, Havanu KBaprer;

OH Bcé-Taky Ha J1aJ HENIET.

«[Tocroite x, g CbICKaN CEKpPET, —

Kpuunt Océn: — Mbl, BEpHO, YK TIOJIAAUM, KOJIb PAJOM CAIEMD.

[Tocmymanuck Ocna: yceauch YHHHO B pAL;

A Bcé-taku KBaprer HeWaET Ha .

Bor nymie npexHero nouuiM y Hux pa3oopsl

U crniopsl, KOMY ¥ KaK CUAETD.

Cnyumiocs CoJIOBBIO Ha IIIYM UX HPUIIETETh.

TyT ¢ npocb00ii Bce kK HEMY, YTOO UX PELIUTh COMHEHBE!

«IToxaiyii, — roBopsT: — BO3bMH Ha 4ac TEPIEHHE,

Yrto6s1 KBapTeT B MopsiI0K Halll TPUBECTD:

W HOTBI €CcTh y HAC, U UHCTPYMEHTHI €CTh;

CKaxul TUIIb, KaK HaM CeCTh!» —

«YT006 My3BIKAHTOM OBITh, TAK HAJIOOHO YMEHbE

W ymy BalIMXmoOHEXHEH, —

Nm orBewaet ConoBeid: — A Bbl, Ipy3bs, KaK HU CaTUTECH,

Bc€ B My3BIKaHTBI HE TOJIUTECHY.

Maptsimka, Océn, Kozén u Murika nepecakxuBaiicCh, CAUTast, 4TO OT ITOTO 3aBUCHUT 3ByYaHUE

My3bIkd. W eciii Ob1 He BMemaics CosioBel, yYaCTHUKH KBapTETa, HABEPHOE, TTePEnpoOoBaTH

OBl BCE BO3MOKHBIE BAPUAHTHI.
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Tak CKOJBKO ke CYIIECTBYET CIIOCOO0B, YTOOBI paccaauTh, HAIIPUMEP B OJMH PSIII, YUETHIPEX
MY3BIKAHTOB?

IIpakTnueckas padora Ne 24
Paznen 4. luddepennmanbupie ypaBHEHUS
«JleiicTBHsI HAaJl KOMIUIEKCHBIMU YHCIAMH B TPUTOHOMETPUYECKOH hopMey
Ieanb padoTbl: Hay4UTHCS MPOU3BOAUTH JEHCTBUS C KOMIIEKCHBIMU YMCIIAMHU B
TPUTOHOMETPHUUYECKOU (hopme
Kpartkas Teopus:
Tpuronomerpuyeckas popma KOMIUIEKCHOTO YHCIIa

JTi060e KoMmmekcHoe umcio Z =@ +bi ga KOMIIEKCHOH MIOCKOCTH M300pakKaeTcsl TOUKOH ¢
KOOpAMHATaMHU (@:6) ym paanyc-BEKTOPOM C TEMH K€ KOOPAUHATAMHU.

Imz 1

B z=ath

4 Reg

Toraa Kaxa0My KOMIUIEKCHOMY 4ucity Z = 4@ +bi MOXHO TIOCTaBUTH B COOTBETCTBHE €TI0 MOOY/Ib

= ==l u apeymenm ¢ = L2
r=|zl=+va®+b? " singo:é;cosqpzg (1)
r r
U3 popmya (1) Beipazum a u b:
a=rcosep, b=rsing (2)

[ToacraBus (2) B (1), MOXHO mepeiiTu oT anredpandeckoil (opMbl KOMIUIEKCHOTO YUCia K
HOBOMH 3aIIMCH KOMIUIEKCHOT'O YHCIIa

z=a+bi=rcosp+irsing =r (cosp+ising) Clie/10BaTeNBHO,

z=a+bi=r(cosp+ising) (3)
®opmyna (3) HazpIBaeTCs MPUSOHOMEMPUYECKOU POPMOLI KOMNIEKCHO20 YUCIA. 3aMETHUM, YTO
KOMIUICKCHBIC YMCIa, 3allMCaHHBIC B TPUTOHOMETPHUYECKON (popme, paBHBI TOTAa W TOJBKO TOTJA,

KOT/Ia paBHbI UX MOYJIH, @ QpIyMEHTbI OTIINYAIOTCSI Ha LIEJI0e YKCIIO,
KpaTHoe 2J1.

YMHOXKEHHE U JIeJIeHHe KOMIUIEKCHBIX YHCEN B TPUTOHOMETPHUUYECKOi popme
[IycTe nmaHbI 1Ba 4Kciia B TPUTOHOMETpUYECKOH popme:

z, =r(cosg, +ising) z,=r(cosp, +isn @,)
Torga ux mpou3BeACHNE MOKHO HAUTH TIO (hopMyIie:

z,z, = nr,(cos(p, +@,) +isin(p, +@,)) (4)
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T.€. MOAYJb IPOU3BEACHNUS KOMIUIEKCHBIX YMCENl PABEH IIPOU3BEICHUIO UX MOJIYJEH, a apryMEHT
NPOM3BECHUS PaBEH CyMME apryMEeHTOB coMHOuTeneid. dopmyna (5) umeer MecTo Uit JTr000ro

KOHEYHOI'O yucia COMHOXKMTEIIEH: €CIIH
z; =n(cosp, +ising,), z, =r,(cosp, +ising,),...,z, =r,(cosp, +ising,) 1
2,2y ... 2, =N,y ...1,(cos(@, +@, +...+ @, ) +isin(p, +@, +...+@,)) (5)
JleneHue KOMIIJIEKCHBIX YHCEN B TPUTOHOMETPHUECKON (opMe Mpou3BoAUTCS 110 hopmyrie
z, K ..
2 = (coslgy —g,) +isin(p —,)) (6)
2 2

T.¢ MOZYJb YaCTHOIO JBYX KOMIUIEKCHBIX YMCEN “1 2 paBEeH YaCTHOMY MOJIYJIEH, & apryMEHT

YaCTHOTO — pa3HOCTH apryMeHToB. [Ipumensss  gopmymy  (6) K~ 4YacTHOMY  CiIydYaro
— — Q1 O e —1

zy =1, z, =z(cos @ +isin @) pyajinéM TPUTOHOMETPHUECKYIO (BOPMY 06pamnozo yucia z

. 1(cos0 +isin0) _ %(cos(—({)) + i sin(—g)) (7)

r(cos@ +isin @)

Bo3sBeneHune B CTeeHh KOMITJICKCHBIX YHCET B TPUTOHOMETPUIECKON (hopme

Ecm 4 =2, =...=Z, = (COS@ +isiNQ) 16 popmyna (5) npurnmaer Bux
z" =(r(cosp+ising))” =r"(cosn@-+isinne) (8)

dopmyna (8) waswiBactcs gopmynot Myaspa. OHa TOKa3bIBaeT, 4YTO I BO3BEACHUS
KOMIIJICKCHOT'O 4YHCJIa B HATypaJIbHYIO CTCIICHb HYXHO BO3BCCTU B 3Ty CTCICHBb €ro MoOAylJib, a

apryMeHT YMHOXXUTh Ha II0Ka3areib creneHu. Ecim =l =1 10 ¢dopmymna (8) mpuHUMaET BHT

. 7 . -
(COS(p+zsm (p) =cosn@-+ismne 9)
V3Bneuenne KOpHs U3 KOMIUIEKCHBIX YUCE B TPUTOHOMETPHUECKOH hopme

Kopnem n-oii cmeneny, ™ <N-"=2> y3 yycia 7 Takoe KOMIUIEKCHOE YHCIIO U, JUIS KOTOPOTO
u" =z. Omnepaiys HaXOXIEHUS KOPHEH N-Oil CTENEeHM M3 KOMIUIEKCHOIO YMCia Z Ha3bIBAaeTCs

uzeneyenuem KOpHs N-oti cmeneHy U3 9Uciia Z | pe3yabTaT e€ o0o3Havaercs ~ z .

[ycry Z =7(COSQ+iSiN®) Torga kopHu N-0ff CTENMEHH M3 YHCIA Z GYAEM BBIYHCIATH IO
crenyroulei popmyse:

u, = W(COSM-F isin Mj ’ (10)

n n

rge K =0.12,...n—1 y pce ytn 3HAUEHNS PA3TMUHEL.
[Tpumepsl 0 BHINOTHEHUIO TPAKTUYECKON pabOThI

[pumep 1. HaiiTu Tpuronomerprueckyio Gpopmy aucia Z = 2+ 20

2 .
Pemenne: mmeem ” =|7=v2*+2° =2v2 Haxomum afgz:tg(ﬂ=5=1, W Tak Kak Z=2+2i

T . T .. T
HaXOJIUTCS B IIEPBOM KBajipaHTe, To OepeM ¥ = e Utak, 2+2i= 242 (cos ” +ism Z)

[Tpumep 2. HaiiTu Tpuronomerpudeckyro popmy uncna z = —3+i,

NS 1
Peutenne: umeem ' =12/ =(—/3)* +1* = V4 =2 Haxomum P : cosp=——>=, sing=_,
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Y4 . 5 . . 5
clieloBaTeNIbHO, ¢ = ? Hrak, —\/§ +1= 2(Cosg7r +1 smEﬂ) )

[Tpumep 3. YMHOXHUTH yKcna: 21 = 2(00524”5111 Zj’ Z :3(“)5?“51“ 5)
T 7wy .. (7T 7 i ..
Pemenue: %122 =2'3[COS(Z+§j+zsm(Z+ED:6(cosE+zsm Ej

T .. T Sz .. 5«x
[pumep 4. Jlaus! gncna 21 = \/E(cosz+lsm Zj, Z, = 2[cos?+zsm ?j

z

1
Haiitu yactooe —
2

Pemenne:

z, 2 (71’ Snj ..[;z 571] NG ( 17;:) ( 17;;) \/5( 177 .. 17;:)
—=——|cos| ——— |+ism| ———||=—| cOs| ——— |+ism| ——— | |=—]| cOS—— —isin —
z, 2 4 3 4 3 2 12 12 2 12 12

T . . T
[Ipumep 5. Haiitu uuncio, oopatHoe k £ = 6(COSZ + |S|nz) :
Pemenue: CornacHo dopmye (8) momydnm
4 1 T\ .. V2 1.2 N2, 2 \F
27t ==(cos| — = |+isin| —= )= —(—— —) ——i——
6 4 4 12 12
Ipumep 6. Borancmuts (1+7)

Pemenne: 4roObl Bocmoib3oBatbesi (hopmyinoii MyaBpa, HalWIEM TPHUTOHOMETPHUECKYIO (hopmy

) . T ..
upcna 1 +7. Umeem 1+i= ‘/E(COSZHS’H Zj Torna

(1+:)° =£\/§(cos%+isin %D}O =(«/5)30(cos%+ i 3(31”):

=2"| cos 67r+6—” +isin 67r+6—7z =2" cos3—”+isin3—” =2
4 4 2 2

[Tpumep 7. Borauciauts X V3—i,

Pemenue: umeem: z=~3—i; |7 =y (V3] +(-1) =va =2
V3

. 11z . . 11z
sinqu—%; cosp=—-, = (p:%lzz_ Torna z=\/§—|=2(cos?+|sm?) Orcroa mo

dopmyne (11) nomyqum:

17
— + 27K — + 2K
u, =YV3 i =6\/2[coslzﬂ+isin 12”] =¢/2 cos%+isin67

roe k = 0,1,2,3,4,5. Torna nonyyaem

uozg/a(cosl;—g+isinl3l—z) (cos—+z 1n233—6ﬂ}
U, = 2 cos35—ﬂ+isin 357 Q/E(cos—+ in 477
36 36 )’ 36 )

u, =Q/§(00559—”+1 m”—”j %(COS—-FZ I 71”)
36 36 36 )°
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I'eomeTpuueckast MHTEpIIpeTaus KOpHEe Ho->Hi->Uz5>U55U 45U s napa Ha pUCyHKe, OTKYla BUJIHO,
YTO YHciIa M300paXaroTCs BEPIIMHAMH MPABHIILHOTO IIECTUYTOJIbHHUKA, BIIMCAHHOTO B OKPY)KHOCTb

paauycoMm » = /2 ¢ LIEHTPOM B Hayvajie KOOp/IMHAT.

[Tpumep 8. Haiitu 1.

Pewenue:
. 0+ 27k . 0+ 27k 7k . Tk
uk=4\/T=4,/1(cos0+ism0 =4/1| cos —=== 4 isin ——— | = cos — +isin —
4 4 2 2
Honaras & = 0-1.2.3, ponyumm:
u, =cosO0+isin0=1 ulzcos(g]ﬂ'sin[%j:i, u, =coszw+isnz=-1
37\ .. (37 .
Uy, =cos| — |+isin| — |=—i
2 2 '
[pumep 9. Haiitu Vi |
Pewenue:
T a
/i =i cos® 4 isin F ) = 31 Stk A2 L iadk . a+Ank
u, =N = COSE_'_ISIHE = COS 3 +izSm 3 = COSs 6 +iSm 6 HOJIaFaFI,
k =0,12 : u :cos£+isin£:£+li u :cos—+zsm5—ﬁ:—£ 1
TOTYHHIM: v 6 6 2 2 6 6 2 2

Or .. 9« 37 .. 3« .
U, =Cos— +isin— =cos— +isin—=—i
6 2 2

BaﬂaHI/IH JJIA IPAKTUYCCKOT'O 3aHATUSA

Bapuant 1
1. Tpusectu uncno Z =15—15{3 1 g rpuronomerpuyeckyro Gpopmy;

2 .
2. IlpeacraBuTh B anrebpanyeckoit popme uucno £ = G(Cosgﬂ +isihor );

3. BBINIOTHATH YMHOKEHHE KOMILIEKCHBIX uncen 21" Zz:

Z, :10(cosz7r+isingﬂ); Z, = l(cosEﬂ +isin§7r)
3 3 5 6 6
Zl
4. BLITIOTHUTH JCJIICHHUEC KOMIIJICKCHBIX YN CEII Z_ )
2
2, = 4(COS— 7 +isin—7); 7, = =(cos’-+isin-%)
12 12 2 12 12

7 7 )
5. BeaucanTk, ucnons3ys (Gopmyiry Myaspa: (6(cos§7z +ising sz )) ;

3
6. 13Bjieub KOpEHb M3 KOMILIEKCHOTO yncia N —125
Bapmuanr 2

1. Tlpusecty uncioZ = 2+ 5i g TPUTOHOMETPHUUECKYIO POpMY;
2. TIpenicTaBuTh B anrebpandeckoii hopme dmuciao Z = 3v2 (COSE” +i SinEﬂ );

3. BeInotHUTE YMHOXCHUC KOMIIJICKCHBIX YHUCCII 2,2y
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7, =/3(c0s92° +isin 92°);  z, =/6(cos88° +isin 88°)
z
4. BBLITIOTHUTH JCJICHHUE KOMIIJICKCHBIX YHUCEII Z_l )
2
z, = \/E(COS%H' +isin1317r); z, = ﬁ(cosgﬂ +i singﬁ)

.. 2
5. Beruncauts, ucnions3ys popmyny Myaspa: (\/E (cos 20° +isin 200))1 :
6. VI3B1eus KOpeHb M3 KOMILIEKCHOTO uncia 3/ — 641

Bapuant 3
1. IlpuBectu yuciao Z = —6+/3 —6ig TPUTOHOMETPUUYECKYIO GOpMY;

5 ... 5
2. [IpencraButh B anredpanveckoi popme yucio £ = 4(003677 +1 Slng” );
3. BBINIOIHAT YMHOKEHUE KOMIUIEKCHBIX uncen 21" Zz:
z, =3(cos= +isin=); z, =+/3(cos—+isin—)
4 4 12 12
Zl

4. BBIIOIHHATH JACIICHHUC KOMIIICKCHBIX YHCCII 7
2

2, =6(cos240° +isin240°); z, = 2(cos(-60°) +isin(-60°)
5. BeaucauTk, ucnons3ys (opmyiy Myaspa: (2(005150 + iSin15O))8 ,

3
6. 3Bieub KOpEHb U3 KOMILUIEKCHOTO uncia Y 64
IIpakTnueckas padora Ne 25

Paznen 4. luddepennnanbubie ypaBHEHUS
«JleficTBHSI HaJl KOMIUIEKCHBIMU YHCIIaMU B IIOKa3aTeIbHON hopme»
Llear padoThI: HAY4YUTBHCS IPOU3BOAMTH JEHCTBUS C KOMIUIEKCHBIMM 4YMCIAMU B
nokasareiabHOl (opme.
Kparkas Teopus:
[Toka3zarenbHas opMa KOMIUIEKCHBIX YHCEI

PaccmarpuBas KOMITIEKCHBIC YKCla BHA 2(p) = cosp+ising ,  3aBUCSIIME OT IECUCTBUTEIBHON
nepemenHoi % M KOMIIIEKCHO3HAuHBle (DYHKIMH BHA u(p)=e" (¢~ 2,71828...), J1. Diinep
3aMeTW, YTO OTHOCHUTENIFHO OMepaluii yMHOKeHUs U (D (hepeHIIMPOBAHNS ITH BBIPAKEHUS  UMEIOT
OJTHM U T€ K€ CBOWCTBA, T.€. OHU MPEACTABIISFOT MOZAEIH OHOU U TOM K€ JIOTUYECKON CTPYKTYpBI:

2(¢,)2(p,) = (cosg, +ising, (cosep, +ising, )= cos(p, + ¢, )+isin(p, +¢,) = 2(p, + ;)
Ulp lp,)=ee™ =g el —y(p, +9,)

2'(p) = (cos @ +isin (p), =—sin @ +icose =i’sin ¢ +icos e = i(cos @ +isin ¢)=iz(p)

u(p)=(e") =ie” =iu(p)

Taxum obpazom, Belpaxkerust €'Y 1 COS® +1SINQ yyeror onHy M Ty e JTOTHYECKYIO CYIIHOCTD, B

CBSI3U C 3TUM DHep Npeaiokuil popmyy

ei? — cosp+ising 1)
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KOTOpasi Ternepb U3BECTHA Kak ¢hopmyna Jiinepa.
[TycTh JaHO KOMIUIEKCHOE YHCIIO B TPUTOHOMETPUYECKOH (hopme

z=r(cosp+isin )

[Tpumensis hopmyiy Diinepa, HoTydrM

z=re", )

KOTOpasi Ha3bIBACTCS HOKA3AMENbHOU (OPMOIl KOMNIIEKCHO20 YUCA.
JelicTBUS HAI KOMILIEKCHBIMU YHCJIAMH B MIOKa3aTeJIbHOM opme

[TycTb naHbl 1Ba KOMIUIEKCHBIX YKCIIa B ITOKA3aTeIbHOM (hopme
— ip, — i,
z,=re" z,=re

Toraa ux MpOM3BEACHHE U YaCTHOE MOTYT OBITh HAMJICHBI 110 (POPMYJIaM:

2122 — rleigol . rzekﬂz — r:l-rzei(¢1+(/’2) (3)
ip
i: ne™ :iei((/’rfﬂz)
r ei§02 r (4)
2 2 2

Ilycts Z =re'”; Torga onepauyy BO3BENEHHS B CTENeHb M W3BJICUEHHs KOPHS BBHITIOJHSIIOTCA MO

bopmynam:
2" = (re) = e ©)
v _ Q/F _ Q/Fei((/:JrZ;zk)/n (6)

e K=012,....n—-1
IIpumepbl 10 BHINOJTHEHUIO NPAKTHYECKOH PadoThI

Npnmep 1. Haittn nokasarensHyio Gopmy uncen: 1) 2o =1+1: 2) z, = —/3-i
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Perienue:

Vs 7
1) Haxomum " = |z, = */E, P = 2 » CHCNIOBATEIBHO, 7, =1+ = J2e* .

7 T
2) Haxomam " =221=2 | ¢, = 6 7% » CIIEIIOBATENBHO, 7, = —\/3 —j = 266"

IIpumep 2. Haiitu anrebpandeckyro Gopmy ducer:

i —3+4i

1) 2, =2e3' 2) z,=3 ¢ ; 3 =€ .

Pemnienue:

5 T .. T 1 iJ3 ]
l)I/IMeeM 21:263 :2[COS3+|Sln3j:2[2+ZJ:1+|\/§.

305 _dcod 7 )sisin(~ 7))o Y3 _1)_3/8_3i
2) Mmeem z,=3e _3(00{ 6j+|sm( GD_?{Z 2]_ 5 5
3) Umeem 2 =€ " =e~e" =e~(cos4 +isin4)=~0,05(-0,65-0,76i) ~ —0,03—-0,04i

Tpumep 3. Haittu npomssenenne Z1Z2 uvactaoe 21/ 22 koMIuieKCHBIX drcen u

2 . .
o =i =i
Harucarb pe3yJibTaThbl B aJIT e6pa1/1qe01<01/1 (bOpMCI a) Zl = 3e3 ; 22 = be 6 ;

Pemienue:

2 . ; 2 ). 5

‘i zi Zr+Z i H 5 .. 5 \/5 1. }
a)lZ, =3e° -6e° :18e(3 ej =18e :18(cosg;z+|sm€7rj:1 —7+E|):—9\/§+9|;
T I S VO N AN i
L===¢% ¢/ =Zgb ="g2 =—(cos—+isin—j:—(0+i):—;
L et 2 2 2 2 2 2) 2 2

3 .
Mpumep 4. Bommcmrs 24, Yz pna 7 — 2 4", W TpPEJACTABUTH DE3YIIBTATHI

anreOpandeckort popme

Pemrenue:

3 . 4
z* :[Ze’z”'j =2%e*" =16e %' =16(cos(—37)+isin(—37))=16(—1+0i)=—-16

3 .

u =V2e ¢ =32 * | k=012

7§7r+27z1<
4 .
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3

-—r

U 3¢5 320 =i/§[cos(—%j+isin (—%Dzi@(o-i):—3 2i

i/_e“”3 : _ 32" =\/_(cos—+|sm—j_ﬁ(£+liJ=M+ﬁi
6 6 2 2 2 2
u2=3\/_ ’ "{/_eﬁ =\/_[c035—+|sm5—”)=3{/§(—£+1i]=—ﬂ+ﬁi
6 6 2 2 2 2

3auannﬂ AJIA MIPAKTHYECKOI0 3aHATUSA:

Bapuanr 1
1. lano uncno 2 =-v2++6 i Tlpusecru ero B NoKa3aTeabHyto Gopmy;

11 .
2. IlpuBeCTH YHCIIO 7 — 36 B anrebpandeckyto Gopmy;

o . — i — i
3. Haiiti npousBezenue uncen Z1° 22, eciu 7, =2e'® Mz, =4els ;

o Zl E/ri 1 %ﬂ'i
4. HaiiTi 4acTHOE 4ucell Z ,CCIH 7, =6Be? H Z, = Ee ;
Jv2 6.
5. IlpuBectu uncio Z = Y + N I B TIOKa3aTeNbHYIO GOopMy U

12
BBEIUUCIIUTE Z

Jz 5
6. BeruucianTh VZ ,ecim 7 — 43 -

Bapuanr 2

1. Z[aHO quciao <2 = 3+ \/§ i . HpI/IBeCTI/I €T'0 B ITOKa3aTCJIbHYIO (I)OpMy,
§7ri
2. HpI/IBeCTI/I YUCIIO0 7 = 4e3 B aﬂre6paI/IquKy1'0 (1)OpMy,

. T .
o X Zi =i,
3. Haiiti npousBeenue uncen 21" 22, ecnu 7, =4e® Mz, =212 ;

Zy S i 1 Zi
4. HaiiTh 9acTHOE YHCEN Z , €CIH 7, = 5e6” uZ,= 5ez :
V6 V6 .
5. IlpuBectr uncno Z = o Ty I B mokazareibHyIo (opMy U

6
BBIYHCIUTD Z° |
6. Berauciuts 32 , ecm Z =8e” ',

Bapmuanr 3
1. lano uncno  2=-—~2 -2 [IpuBecTH ero B mokaszarenbHy0 Gopmy;

3 .
2. IIpuBeCTH YHCIO 7 — ge4 B anredpandeckyio Gpopmy;

_ 1 Zi
o . =i .
3. Haiiti npoussenenue uncen 21" 22, ecnu z,=2e? m1l;= Zes ;
5 . 7 .
Z1 1 371 1 57
4. HaiiTi yacTHOE yncen ,ecim Z; = —¢€ uz,=—¢€ ;

z,’ 3 6 '
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V3 1.
5. IlpuBectu yncio Z = Y + 3 I B mokazaTenbHyIo GpopMy u

3.
BBIYUCIIUTE Z° |

2 i
6. Beruncauts 'z ,€CIH 7 — Q@3

IpakTuyeckas padora Ne26
Paznen 4. luddepennmanpabie ypaBHECHUS
«Pemenne nudepeHIaabHbpIX YpaBHEHUN TIEPBOTO MOPSAKA C PA3JIEISIONUMUCS TIEPEMEHHBIMIDY
Lean padoThi: Hay4yuThCs pemiath AU GepeHInaIbHbIC YPaBHEHUS TIEPBOTO MOPSIKA C
pa3IeISIFOIIUMUCS TIEPEMEHHBIMU.
Onpenenenne nuddepeHnmanbHoro ypaBHeHus 1-ro nopsiaka. O0Iiee ¥ 4acTHOE PeIleHHE

Kparkas Teopus:
JuddepeHnmanbHpIM ypaBHEHHEM TIEPBOTO MOPsAKA Ha3bIBACTCSl YPABHEHUE BHIA:
Fxyy)=0 (1)
T.€. COJIEPKUT HE3aBUCHUMYIO MEPEMEHHYIO X, UCKOMYIO (PYHKLHIO V(X) U €€ MPOU3BOIHYIO ) (X).
Paspemas ypaBuenue (1), eciiv 3T0 BO3MOXKHO, OTHOCUTEJIBHO IPOU3BOTHOM ) TIOTYYHM

y'=fxy )

Wnorna ypaBuenus (1), (2) 3anuceiBatot B AuddepeHnnanax:

P(x, y) dx+Q(x,y)dy =0 ©)

JuddepennmanbHoe ypaBHEHUE MMEET, BOOOIE TOBOPs, OECKOHEUHOE MHOXKECTBO PELICHUI.
Bcesikoe otnenbHO B3siToe perieHHe MuQQepeHIaIbHOr0 YpaBHEHUSI HA3bIBACTCS €r0 YACHHbIM
pewenuem. Jlnsg mHOormx auddepeHIHanbHBIX YpaBHEHUI NEPBOTO MOPSAKA obwee peuieHue
MOKHO 337aTh (OPMYJIOi BHA:

y =y(x C) (4)
rae C - Mpou3BOJIbHAS MOCTOSIHHAs Takas, 4To npu jgo0om C ¢yHKuus (4) sSBISETCS 4acTHBIM
peuieHneM U depeHInaTIbHOTO ypaBHEHUS.

C reoMeTpu4ecKO TOYKM 3pEHHs] COBOKYIHOCTb BCEX peLIeHUH JuddepeHIraaIbHOro
YpaBHEHHUsI NPEICTaBIseT COOONW CEeMENWCTBO KPUBBIX, HA3bIBAEMBIX UHMESPANbHbIMU KPUBLIMU, A&
KaX/10€ 4aCTHOE pEIICHUE Mpe/CTaBiIseT co00i OTAeNbHYI0 MHTErpalbHyI0 KpuBY0. MHOTIa He
yaaércs MOdyduTh perieHus 1uddepeHnalIbHOro ypaBHEHUs B IBHOU opme, T.€ B BUJIE
¥ = y(x, C), a NoIy4aroT UX B HESIBHOM Qopme, T.e. pemieHue 3a1aércs hopmynoil Bua:

@ (y,x,C)=0 ()
Beipaxenue tTuna @ (x, y, C) = 0 B 3TOM ciy4yae Ha3bIBAIOT unmezpaiom (Yacmuuim, o6uum)
T pepeHIaIbHOr0 YpaBHEHUS.

3amaya Ko

B crnyuae muddepeHnnansHOro ypaBHEHUsS! MepBOro mopsaka 3amada Komm dopmynupyercs
’
CIIEAYIOIKUM 00pa3oM: HaWTH pemieHue y = y(x) ypaBHenus Y = f (x, y), ymosierBopsroriee

HavalbHOMY YyciioBuio Y(Xo) = Yy, rme ~e-Yo - 3amgaHHble uucia. 3amada Kommm Kpatko
3aIIMCBhIBACTCS TAK:

Yo o=1t(xy); (6)
=yO npux=xo.
FeOMeTpI/I‘{eCKI/I peI_LIeHI/Ie, yIlOBJ'ICTBOpﬂIOH.ICC Ha‘laJ'IBHOMy yCJ'IOBI/IIO
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Y (xo)=yo, NpeAcTaBIsIeT UHTETPAIbHYI0 KPUBYIO, IPOXOASAIIYI0 Yepe3 JaHHYI0 TOYKY (X O ;
yo).

Huddepenunansbupie ypaBHeHU |-T0 OpsiiKa C pa3AesSiOMUMUCT NEPEMEHHBIMH

Huddepenumanbaoe ypaBHeHHEe (2) Ha3bIBaeTcs VpasHeHuem ¢ pazoersiouumMucs
nepemMeHHbIMU, €CIIA UMEET CIIeTYIOIINI BUI;
V' =L)1£0) @)

B npennonoxennu, uto J2(¥) # 0 ypapuenne ¢ pasmensioummucs nepeMeHHbIMH (7) MOXHO

nepenucarh B BUE (pa3aeauTh IEPEMEHHbIE):
dy

— = f,(x)dx.

L ®
VYpaBHuenue Buaa (8) Ha3bIBACTCS YPABHEHUEM C PA30EIEHHbIMU NEPEMEHHBIMU.

dx

Teopema 1. Eciu CymecTByrOT HHTETrpPAIIbI I () 1 _[ J1(xX)dx. 10 ofumii uHTErpan
2

ypaBHEHUS C pa3/IeIEHHBIMU epeMeHHbIMU (8) 3a1aéTcs ypaBHEHUEM
FE,(»)=F/H®+C| 9)

rne £5(V) u £1(X) - gexoTopbIe NEPBOOGPA3HBIE COOTBETCTBEHHO (YHKIIHIA 7 o0 M S1(x),
2

[Tpu pemennu muddepeHIHaTbHBIX YPAaBHEHUN C Pa3IeNIONMMHCS TIEPEMEHHBIMA MOXKHO
PYKOBOJICTBOBAThHCS CIIEIYIOIIUM AJITOPUTMOM:

1) pazgenuTh nepeMeHHbIe (C YYETOM YCIOBUM, KOTJa 3TO MOXKHO JI€J1aTh);

2) TPOUMHTEIPUPOBATH IOWICHHO TIOJYYCHHOE YpaBHEHHUE C  pa3ieiCHHBIMU
[IEPEMEHHBIMU;

3) HaiiTh ero oOLIHii HHTErpal ypaBHECHUS,

4)  BBISICHUTH, UMEET JM ypaBHeHHUE (5) pelleHus, He MOoJydyarouluecs u3 0OIIero
MHTETpaa;

4) HaWTH 4YaCTHBIA WHTErpad (WIM pelleHHe), YIOBJICTBOPSIONIMIA HAYaIbHBIM
ycnoBusM (B cirydae 3agaun Komn).

[Ipumep 1o BBHINOTHEHUIO TPAKTHYECKON pabOThI

[Tpumep 1. Haiitu yacTHOe pelieHre ypaBHEHUS:

yy'=1-3x%
o=3 mnpu xo =0;
Pemenue: 3TO ypaBHEHHE C pa3lelAIONIMMECT TIepeMEHHBIMH. IIpejcTaBUM ero B
2
,_dx dy
auddepenunanax. VeuTeBasg, uro ¥ = 7, momydHM: 2_)/ —— =1-3x . Pasnennm
dx
TepeMeHHbIE: 2ydy = (1—3x*)dx. Yurerpupys o6e 4acTH MOCIEAHETO PABEHCTBA, HAWAEM

_f 2ydy = _[ (A—3x7)dx, 1. y?=x-x*+C.  TloacraBuB HavaabHBIC 3HAYEHUS X 0 =], y 0 =3,
Haiiném C: 9=1-/+C, 1.e. C=9. CnenoBaTelbHO, UCKOMBII YaCTHBIA HHTETpAI  Oyder y?=x---
x*+9, wm x’+y?—x-9=0.

3agaHus 1J1s1 NPAKTHYECKOT0 3aHSITHSI
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Bapuanr 1

1. Haiitu obmee pemenne nuddepeHIuanbHbIX YPaBHCHHMN:
a) (x+1yax=dy, 6) (v —1fdx+(@L—x)’dy =0;
2. Pemuts 3anauy Komm (HaliTé yacTHbIE pemieHus JuQepeHIIraIbHbIX

ypaBHEHUM):
X“dy = ydx Sx?deJr(l—xz)dy =(
a ; o .
: y=0,25 npu XZO,]. : y:]_ npu =0

Bapuanr 2
1. Haiitu oOuiee pemenue auddepeHnnaibHbIX YPaBHEHUIA:
a) 2xdx=3y*dy: 6) x/9—y?dx— {4+ x2)dy =0
2. Pemmrts 3anauy Komu (Haiitu yactHoe perienue quddepeHInanbHbIX YpaBHEHH ):

oo ydx—(4+x2)ln ydy=0

a) ) X 2y ; 6) :
V=5 npu x=4 y=1 mpu x=2

BapuanT 3

1. Haiitu obuee pemenue auddepeHInaIbHbIX YpaBHEHHUH
a) x’dy—y’dx=0, 6) cosxcosydx—sinxsinydy =0,
2. Pemmrts 3amauy Komu (HaifTi yacTHoe pemieHne auddepeHnnanbHbIX ypaBHEHUI):

L =2
) / Wi 0) / /
y=¢'mu x=9

y=Lec =0

Bapwnanr 4

1. Haiitu o61uee pemenue quddepeHnaibHbIX ypaBHEHUH]:
a) v =xty—x?. 6) sin®y-ctgxdx+cosx-tgydy=0;
2. Pemuts 3amauy Kommu (HaiiTi yacTHOe pemerue nuddepeHImaibHbIX YpaBHEHHH):

T
y=0 npu x=4 ) yp=lem 1=1

IIpakTnueckas padora Ne 27
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Paznen 4. luddepennnanbubie ypaBHEHUS
«Pemenne nuddepeHaabHbpIX ypaBHEHUH BTOPOTO TOPSIIKa»
Lesasb padoThl: HayuuThCs pemaTh TudepeHanbHble YpaBHEHUS BTOPOTO MOPsAKa
Kpartkas Teopus:
Hugppepenyuanvuvie ypasnenus emopozo nopsadka B OOLIEM ClTydae 3allUCHIBAETCS B BULE!

F(xy,y,y")=0. (1)
HJIn, €CJIN 3TO BO3MOXKHO, B pa3peI_HéHHOM OTHOCHUTCIIBHO y" BUIC
y'=f(xy.y) (2)

Tosopsir, uto dopmyna Y = @(X,C;,C,) npexcrapisier obuee pewenue muddepeHimansHoro
ypaBHEeHHs BTOoporo nopsiaka (1) wim (2), ecnu aiis JIr00bIX 3HaYECHUH C! u C; nocrosuubix Ci
n C2 pynkums »(X,C{,C;) spnsercs pelIeHreM JaHHOIO YpaBHEHUs, U JII000€ €ro uacmuoe
pewenue Moxer 6b1tb ronydero u3 popmynsl Y = P(X,C1,C,) npu HexoTopsIx 3HAYCHMSX Ciu
C;.

It nuddepeHIMaTbHBIX YPaBHEHUH BTOPOTO TOpsaka 3adaua Kowu dopmymupyercs
clleyromuM o6pasoM: Haifti pemenne y = y(X) ypasnerns Y = T (%Y. Y')s ynosnersopsiomee

’ ! o
nauansuem yernosusam Y (Xo) = Yor Y’ (Xo) = Yo ynm, B npyroit sanucw,

)= 1))
yx:x(]:yO’ y'x:xo :y(')

’
rae Xo:Yo»Yo - 3amannble umcna. I'eomerpuuecku obmiee pemenue ypasHeHus (1) mm (2)
NpeCTaBIsieT COOOW CEeMEWCTBO HWHTETPAJbHBIX KPUBBIX, a PpEIICHUE, YIOBJICTBOPSIONICE

(3)

’ !
nauanbueM  yeosuam  Y(Xo) =VYo,  Y'(X0) =Y, npencraBnser wunTerpanbhyio KpuByio,

MPOXOAILYI0 uepe3 paHHyio Touky (Xo; Yo) B jaHHOM HAmpaBIeHHH — yrIoBOi KOI(OUIHEHT
KacaTeJIbHOW K HMHTErpajbHOW KpuBoi (rpaduky pemieHus Y = Y(X)), MpOBEIEHHOW B TOYKE

(X0 ; ¥o) paBeH TaHHOMY 4HCITy -V 0. IIpocreiiliee ypaBHEHHE BTOPOTO NOPsAIKA UMEET BUL
y"'=1(x), (4)

YPaBHeHI/IH 9TOr0 BHJa HA3BbIBAKOTCH ypaéHeHUuAMU, 00nyc1<a10u4umu noHuJceHue nop;lOKa u
!

pewatotest AByKpatHbM uuTerpuposannem: notaraem Y = P(X) rorma Y =P’ u ypasuenue
(4) npurmmaer ux P = F(X) | wm  dp=f(x) dx. Otcioma # = [ Fdx=F)+Ch. e F(x)
— onHa w3 mepBooOpasubix s Gynkiuu f(X). Tak kak  p = y',10 y'=FX)+C, wm
dy =(F(X)+C,)dX Orcioma, nuTerpupys emé pas, HAXOIUM, KaK HETPYIHO TPOBEPUTH, 00OIIee

pemenue ypaBHeHus  (4) (B obmacTu, Tae CYHIECTBYIOT paccMaTpHBaeMble WHTETPAJIbI):
y =IF(x)dx+C1x+C2

VpaBHeHHe BHIa ay"+ay' +ay =0, ®)

rme Q.82 - jejicreutensuble uncna (2o #0) | maspBaercs sumeiinvim  00HopodnvIM
oughhepenyuanvnvim ypasnenuem 6mopo2o nopao0Kka ¢ HOCMOAHHbIMU KOIpduyuenmamu.
Uto06b! peiuTh ypaBHeHHE (5), HY)KHO PELIUTh XapaKTEPUCTUYECKOE YpaBHEHUE!
2
ak”+ak+a,=0 (6)
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[Tpu pemieHny XxapakTepUCTUUECKOTO ypaBHEHUS (6) BOSMOXKHBI TPU CiIy4das, B 3aBUCUMOCTH
OT KOTOPBIX CTPOUTCS 00IIee pereHne JaHHOTo TuddepeHInaTbHOro ypaBHeHus (5)

Kopuu ypasserws (6) YacTHbie pemenust | O0miee peuieHue ypaBHEHUS
pHILIP ypaBHeHus (5) (5)
JleicTBUTENbHBIE n|y = KiX .
pa3IMYHbIC: ! . y=C o Czekzx
—_ 2

k, =K, Yo, =

yl — KX .

’ k

Pasusie: Ki =K y =" (C, +C,x)

y, = Xeklx

, =

KoMmiexkcuo ] - '
COHpﬂ)KéHHBIe' yl = eax COS,BX, y =e (Cl COSﬂX-F C2 SlnﬂX)
a+ Bi y, =e“sin fx

IIpumepsbI N0 BHIMOJHEHNIO NPAKTHYECKOH PadoThI

" __
Ipumep 1. Haiitu o6uiee penienue ypasaenuss Y — €0S 2X.
r_ (X) "__ A
Pemenue: nonoxum Y = PX); torma ¥ = P | u, cnenosarensho,

P'=c0S2X yyy  dp=cos2xdX Ylyrerpupys 910 ypaBHeHHe, HAXOMHM:
p= %sin 2x+C, Tx. P=Y ,T0 Y= %sin 2x+C,, dy= %sin 2xdx+C,dx. Yurerpupys
1 .
BTOPOIl pa3, umeeM olIiee peuieHue: Idy = IES'n 2xdx + Cljdx’ T.C.

y=—%cost+Clx+C2.

"_ 3
V=7
Ipumep 2. [lana 3agavya Kommu: \/;
y=4,y' =14 npu x=4.

1
o " __ _ 1
Pemenne: Tlonoxum =V torna Y = P u momy4um clejyloliee ypaBHEHHE: p' =3x 2 WIH

_1 1 , _dy
dp =3x 2dx. VHTerpHpys, TOIyIHNM p=y =6x2+C,- Tak xak VYV = x> TO TOJyduM
dy 2 1
CleayrolIee: e 6x* +C, wm dy = (6x2 + C,)dx - VIHTErpupys MOUWIEHHO, NOMy4HM
y=4x’*+Cx+C, - obmee peueHne. Hamoxum HavyalubHble  yciaoBus. Torma

3 1

y(4) = 4.42 +C,-4+C,=4 y'(4)= 6-42 +C,=14. Ortcrozia uMeem, 4To G =2 (=36
3HAuMT, YACTHOE pelleHue cleayiomee: » = 4V x’ +2x—36.
IIpumep 3. Haiitu obiiee perienre ypaBHEHUM:
)Y =Y —2y=0, )Y +6y' +9y=0.
Pemrenme: a) COCTaBHM XapaKTepHCTHYECKOe ypaBHeHue: K —k—2=0. Ero xopuu X1 =2 g
&, = =1 3naunr, obiree peleHie ypaBHEHHS HMeeT B Y = Ce™ +Che™,

2 — —
6) CocTaBMM XapakTepHCTHYecKoe ypaBHenue: K —6k+9=0 Ero xopuu X1 = K; =3 Torza



96

_ —3x —3x
of1iiee perreHne uMmeer Bug VY = Ce " +Cyxe

IIpumep 4. Haiitn permenne 3agaun Komrm: y'—=4y'+5y=0 y(0)=6, »'(0)=15
PellleHne: COCTABUM XapaKTEPUCTHUYECKOEe ypaBHeHme: K —4x+5=0. Pemas ero, mnoayunm

D = —4 y xommekcHo conpsokéHHble Kopar K1 =2—1 y k, =241 Torga ero o6muM pereHneM

Oyzner y=e"(C cosx+C,sinx). IToncraBum Ha4yaJIbHOE YCIIOBHE:
¥(0) = **(C, cos0+C,sin0) =C, = 6. Borurcianm HPOH3BOIHYIO
y'=2e"(C,cosx+C,sinx) +e”(-C,sinx+C,C0SX) | [loncraBumM  HauabHOE YCIIOBHE
y'(0) = 2e*°(C, cos0+C, sin 0) + e*°(-C,sin 0+ C, c0os0) =2C, +C, =2-6+C, =15 _ Otky/a

2 -
nmeem C, =3, = y =€ (6¢0sx+3sinX) - yacrHoe pemrenue.
3agaHust 1 MPAKTHYECKOT0 3aHATHS:

Bapuanr 1
1.Haiitu o61uee pemenue qudepeHuaabHoro ypapHeHus: Y "= xiz
y" =sin x;
2.Pemmts 3anauy Komm: y(%j -7 y/(%j _9

3. YCKOpEHHUe Tella, ABHKYIIErocs: IpIMOJIMHEHHO, H3MeHsieTcs 110 3akony 4(f) =12t —1
(yckopenue - m/c?, BpeMs - cex). HauanpHoe monoskeHue Tena x(0) =0 y pavansHas CKOPOCTH
v(0) =10Mm/c¢ | Haiiti 3aK0H JBUKEHHS TeNa U IMyTh, IPOHIEHHBIH 3a 3 CeKyH/IbI;

4. Haiitu obmee nuddepeHnnaibHOro ypaBHEHUS: y' =2y’ +5y=0.

v —10y' +16y =0;
5 .Pemuts 3anauy Komm: {y — 4y =26, mpu x=0.
y" —8y" +20y =0;

6. Pemuts 3amauy Komm: {y _2:y' =8, mpu x=0.

Bapmunanr 2
1.Haiitu oOuiee penienne AudpepeHnnaibHOro ypaBHEHUS: yh=xt+1

y” = —3cosx;

y(7) =57,y () =5.

3. U3 cemeiicTBa MHTErpalbHBIX KPUBBIX ypaBHeHHs Y =12x * BBLICITHT Ty, KOTOpas B
touke(1;1) umeeT kacaTeabHYIO C YIIIOBBIM KOA((DUIIMEHTOM, paBHBIM 4;

2.Pemuts 3amauy Korm: {

4 Haittu o61ee pemenne auddepeHuansHoro ypapaenus: Y —10y’ +9y =0.
/! /
yi—4y =5y=0;
5.Pemuts 3agauy Komu: {y —3.) =—9, npu x = 0.
y" -6y’ +25y =0;
6. Pemuth 3anauy Komm: y=2.3' =10, mpu x=0.
Bapuant 3

~ 1/ -
1.Haiitu o6mee pemenue audpepeHnnanbHOro ypapaenus: » o = Sin X+1,
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Jo L.
2%
y(®) =§;y’(1) 2.

2.Pemuts 3amauy Komu:

3. U3 cemelicTBa HHTETPAIbHBIX KPUBBIX YpaBHEHUS Y "=6(1-X) ppinemurs Ty, KOTOpast
7T
B Touke (1; 5) nMeeT kacaTenpHyI0 € yriioM HakioHa K ocu OX, paBHbIM R
4 Haiitn oGiuee peurenne nuddepeHimansHoro ypapaenus: Y — 7y’ +12y =0,
v +4y’ —32y=0;
5.Pemnts 3agauy Komm: v =8,y = —4 npu x=0.

y"+8y' +25y=0;
6.Pemmts 3anauy Komm: y=5y' =4, npu x=0.

Bapuanr 4
1.Haiitu oOmiee pemenne nugdepeHnnalbHOro ypaBHEHHUS:
v =60x* —4x+2
V' =x*+3;
2.Pemmth gy Kommm:
CHITE safaty RO ¥(1)=-2,45; y'(1) = 2,25.

3. YckopeHue Tena, ABMKYILErocs MPsIMOJIMHEIHO, U3MEHSETCS 110 3aKOHY a(t) =6t —4
(yckopenue - m/c?, Bpems - cex). HailTi 3aKOH JBYIKEHMS Tea U IyTh, MPOICHHBIH 32 SCEKYHI;
eciy uepe3 2 CeKyHIbI I0C/Ie Hauana JBikenus YV = 64 le, s=5m .

4.Haiitu oOuiee pemienue AuddepeHnaIbHOro ypaBHEHUS: y"—9y=o0.

' 43y - 10y =0,
5.Pemmnts 3anauy Komm:

y=29 =3 mu 1=0,

y'+4y" +20y =0;
6. Pemuts 3amauy Komu: =3y =2 npu x=0.
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