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IIpakTHyeckre 3agaHusi JJIA TeEKYUIer0 KOHTPOJSL MO Yy4YeOHOM
AUCHMILIAHE

IIpakTnyeckoe 3ansitue Nel. BxoaHo#i KOHTPOJIb

IIpakTuyeckoe 3ansaTue Ne2. BoluncieHue onpeaeaureiei
Omnpenesanresan U HX CBOMCTBA
Onpenenenune: OnpenenuresieM N — ro NOpsSAKa Ha3bIBaeTCs KBaJpaTHas TadiuLa

YuCeJI, COCTOosAMasA u3 N CTPOK U N CTOJ'I6I_IOB.

a; 8p - a,
det A=A = 8y Ay e Ay
a; 4, .. 4,

a; - DIIEMEHTBI ONPEEIUTENS, Iie | — HOMEp CTPOKH, a j — HOMep CTo0wa,

a,,,8,,,...4,, - DJIEMEHTHI [JIABHOW THATOHAJIHN

ITo0ouHasi AMATOHAJID HUACT U3 JICBOI'O HUJKHCTO YyIJla B HpaBBIfI BerHHﬁ.

Omnpenenenue:  OmnpenenureneM  BTOPOrO  IMOPSAAKA  HA3bIBACTCA  YHUCIO,
OIIPENEIAEMOE JUISl UUCEIT &,;,8,,,8,,,8,, 10 CIEAYIOLIEMY IIPaBUILY:

8y 8y

=a;8,, —a,38,
a ay

[Tpumep:

‘1 -3

=1-8-5-(-3) =8+15=23.
5 8
Onpene.ﬂeHI/Ie . OHPGI[CJ'H/ITQHGM TPETHETO nopsaKa Ha3bIBACTCsI qucio,

OTIpEIEIISIEMOE JIEBSITHIO YUCIAMH 110 TIPABUITY TPEYTOJIbHUKA (3BE371a):

a; ap ag
Ay 8y  yg| = 38855 +8,5,85,8)3 +8),8y385 —85)85,83 ~ 8y 85833 — 83,8538,
8y 8y Ay

Tonbko 1s1 ompeAenuTeNedl TPEeThero MopsiAKa CYIIECTBYIOT OoJyiee HarsiiHbIe

IIpaBujia BBIYMCJICHUA OIIPCACIINTCIILA. [Tone3no IIOJIB30BATHCA IIpaBHUJIIOM

%

TPCYT'OJIbHUKA.
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[Tpumep:

11 2 3
5 1 1=11-4+3-(-5)(-)+21:2-3.1.2-2-(-5)-4-1.1-(-1) =4+15+4—6+40+1 =58,
2 -1 4

CroiicTBa onpeesuTeieii:

CaoiicTBo 1. OnpeaenuTtens HE U3MEHSETCA MPU TPAHCTIOHUPOBAHUH, T.€.

a'11 a‘12 alS a‘ll aZl a3l

Ay 8y Ay|=@, Ayp Ayl

a31 a32 a33 a‘lS a23 a33

CBoiicTBo 2. Eciu Bce aneMeHThI cToI01a (CTPOKH) paBHBI HYIIIO, TO OMPEACIIUTETh
PaBEH HYJIIO.

CBoiicTBo 3. [loCTOSIHHBIM MHOXHUTEIh BCEX DAJIIEMEHTOB HEKOTOPOUM CTPOKH (WU
CTOJIOIa) BBIHOCUTCS 32 3HAK OMPEICTUTEIS.

CaoiicTBo 4. Ecniu moMeHsITh MeCTaMU Kakue-JIu0o JIBe CTPOKHU (MU CTOj0I11a), TO
OTIPEJICIIUTEINb U3MEHUT 3HAK, HE U3MEHUBIIUCH IO a0COIFOTHOM BEJIMYMHE.
CaoiicTBo 5. OnpeaenuTenb, UMEIOIINI IBE paBHbIE CTPOKHU (MM CTOJIOLA), paBEeH
0.

CBoiictBo 6. Eciu coOTBETCTByIOIIME JJIEMEHTHI JIBYX CTOJIOIIOB (CTPOK)
OTpeIeUTENS MPONOPIIMOHAIBHBI, TO BEJIMYMHA OMPEACTUTENS paBHA HYJIIO.
CsoiicTBo 7. Onpeenurenb HE UBMEHHUTCS, €CJIU K JIEMEHTaM HEKOTOPOTO CTOJIONA
(cTpoku) mprOaBUTH(BBIUECTD) JIEMEHTBI APYTroro croudua (CTPOKH), YMHOKEHHbBIE
Ha OJIHO U TO € YKCJIO, HE PAaBHOE HYIIIO.

Pa3zno:xxenne onpeaeanTeis 1Mo 3JieMeHTaAM CTPOKH WJIHM CTOJI0LA

Onpenesenne: Munopom M; onementa a@; onpenenuTens  Ha3bIBAETCA
OIPECIIUTEIb, TTOJYYCHHBIH BHIYEPKUBAHUEM | - TOW CTPOKH U | — TO CTOJIOIA, Ha
MEePECEUECHUH KOTOPBIX PACIIOI0KEH ITOT PJIEMEHT.

Onpenesienne: AnreOpandeckuM JONONHEHHEM Ajj DJIEMEHTA ajj Ha3bIBACTCS MUHOP

a1oro snementa M;; ymaoxkennbIit Ha (-1)™, T.e.

Ajj = (-1)™ Mij,
1 3 2
IIpumep: 4=5 4 6
8 7 9



Munop M, = : S . (BBIUEPKHYJIU MIEPBYIO CTPOKY M BTOPOH cTOoJbeI) = -3.

1
Munop My = o i . (BBIYEPKHYJIM BTOPYIO CTPOKY M TpeTHi cTosderr) = -17.

Omnpenenurens paBeH CyMMe MPOU3BEICHUI 3JIEMEHTOB KaKOro-HHOyAb cToilla
(CTpoKM) Ha X aJire0pandecKue TOMOTHEHNS.
3anuinem pasoKeHue ONpeAeTIUTENS M0 EPBOIl CTPOKE:

a,; 4, a3
Qy 8y Ap|l=apdy tapd, +agd;

a3l a32 a33
1 2

[Tpumep: Boruucnuth onpenenurens A = |0 —2 3| , pasnaras e€ro mo MepBOU
3 1 1

CTpPOKE.

I 2 1

-2 3 0 3 0 -2

0 =2 3=1:| © =2l = (-2-1-1-3)=2(0-1-3-3)+(0-1+3-2)== -5 +

3 1 1

18 + 6 = 19.

IIpakTHyeckue 3a1aHus 10 TeMe
3aganue 1. BeIYMCIUTh ONpenenTeNn BTOPOro MopsaKa:
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ol B o g e
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3aganue 2. BerYucauTh onpenennuTeny o NpaBuily TpeyroJibHUKOB.
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~2 -1 3 00 0 2 1 -2
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3aganue 3. PemuTh ypaBHEHHUS:
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IIpakTnueckoe 3ansaTue Ne3 JleiictBusi ¢ maTpuuamu. O0paTHasi MaTpuua.
Ilenv pabomer. pa3BUTHE YMEHUN W HABBIKOB MO BBINIOJHEHUIO JCHCTBUU C
MAaTpPULIAMH.

OcHoeHoll meopemuyecKuil mamepuai
Mampuyeii  pazmepom  m*N  HA3pIBa€TCs COBOKYIIHOCTb m'M N 4YHUCEN,
pacMoI0KEHHBIX B BUIE MIPSIMOYTOJIBHOM TaOIHUIIBI M3 M CTPOK U N CTONOIIOB.
JI1st KpaTKOCTH MaTpHUIly MOKHO 0003Ha4yaTh OJIHOM 3arjiaBHOM OyKBOW, Hampumep,
A niu B. B o01ieM BUJie MaTpUIly pa3MepoM MXN 3alHUCBIBAOT TAK

@y Qg gy
A=| az Q.. Ay, )

Qg Oz e @

M ™mn

Uwucna, cocTaBisIONIME MATPUILy, HA3bIBAIOTCS 2JIeMEHMAMU MAmpuysl. IIEMEHTHI
MaTpulbl ynoOHO CHa0XaTh JBYMs MHIEKCAMHU @i NEPBBI YKa3bIBa€T HOMEp
CTPOKH, a BTOpoil — HOMep crosidbua. Hampumep, @3 — 3JIEMEHT CTOUT BO 2-OM
CTpOKe, 3-M CTOJOIIE.

Ecnu B Marpuue 4uciao CTPOK paBHO YMCIY CTOJOLIOB, TO MaTpHlla Ha3bIBa€TCA
K6aOpamHou, TPUYEM YHUCIO €€ CTPOK WM CTOJOIIOB HA3bIBACTCA NOPAOKOM
MaTpuilpl. B mpuBenEHHBIX BBINIE MpUMEpax KBaJIpaTHBIMU SIBIISIIOTCS BTOpas
MaTpuia — € MOpSAOK PaBeH 3, U YETBEPTAsI MATpULIA — €€ MOPSAIOK 1.

Martpuiia, B KOTOpPOW YHUCIO CTPOK HE PaBHO YHCIY CTOJOIOB, Ha3bIBAaeTCs
NPSAMOY20abHOU.

PaznuuaroTcs Takke MaTpHUIlbl, IMEIOIUE TOIBKO OJHY CTPOKY WJIU OJIMH CTOJIOEII.
Marpuiia, y KOTOpoit Bcero ojHa ctpoka A=(ay; a,, ...a,,), Ha3bIBACTCI Mampuyer —
cmpokoti (WA CTPOKOBOM ), @ MaTpuIia, Y KOTOPOM BCEro OJIUH CTOJOE, Mampuyei —
cmoabyom.

Martpuiia, Bce »dJEMEHThl KOTOpPOWM paBHBI HYJIO, Ha3bIBaCTCS HY1egou U

ob6o3nauvaetcs (0), unmu ipocto 0. Hanpumep,

0=(00...0),0=(7 2)

I nasnoti duaeonanvro KBaAPAaTHOM MATpUIlbl HA30BEM JAUAroHaNb, UIYIIYHO U3

JIEBOT'O BEPXHETO B IIPABbI HUKHHUM YrOJI.

1 3 —1
0 2 -2
4 1 3



I[I/IaFOHaJIBHaH MaTtpuia, y KOTOpOﬁ BCC JHAroOHaJIbHBIC 3JICMCHTBI paBHbI CAWMHMUIIC,

Ha3bIBAETCS eOUHUYHOU MATPULIEH 1 0003HavaeTcst OykBo E.

1 0 0
E=lo 1 o0
0 0 1

Caoxenne marpul. [lycts maTpuipl A 1 B cOCTOAT U3 OAMHAKOBOIO YKCIIA CTPOK U

OJMHAKOBOI'O YHCJIa CTOJI6HOB, T.C. HMCIOT OJAMHAKOBLIC PAa3MCPLI. TOFI[a IS TOTO,

YTOOBI CJIOXUTh MaTpullbl A U B HyXHO K ayneMeHTaM MaTpuibl A npubOaBUTH
3JIEMEHTBI MaTpuLlbl B, cTosIue Ha TexX ke MecTax.

Cymmoti nByx matpull A u B HaspiBaetcst marpunia C, xotopast onpenensiercs o
paBUITY

A_l_B:(“n g ﬂ"1E|) + (bn by, by )_(“11 +by, ap+b, apt blﬂ)

oy Qap  Oog by, by bog - ay; + by ay; by any + by

Clio)xeHue MaTpuIl Ha MPUMEPE MATPHUI] 3% 3

Qg1 @z @y3 by, by; by aj +byy ap+b; az+by;

@y @pp g3 |+| by by bog |=| @y + by @y + by ayy by

flg) 3y gy by, bs, ba Aoy + by Ay + by, agg + by

- MATpHUIIbl CKJIQJIbIBAIOTCA TOAJIEMEHTHO (CKJIaJbIBAEM 4YHCIAa Ha OJUHAKOBBIX
MeCTax)

I CknagpiBaTh MOXKHO TOJIBKO MATPHUIIBI, UMEIOIINE OJAWHAKOBBIN pasmep (T.e.
OJIMHAKOBOE YUCJIO CTPOK M CTOJIOIIOB)

IMpumep 1: Haittn cymmy maTpwuir:

1 2 2 3 3 5
1. (2 4) + (4 D):(E 4 )
3 5 1 5 4 10

2. (l -1 D}+ (_1 3 )- HEIb34, T.K. pa3MEpbl MATPUIL] PA3JIUYHBI.
2 3 1 4 =2 ’

3. (1 2 3)+(0 -1 1)=(1 1 4).
2 1 5 1 2 3 3 3 8

4, (132)+ 10 2 4 |=|11 5 6 |
7 6 3 21 34 11 28 40 14

PagencTBo Mmatpuu. /[Be Matpuisl A u B Ha3piBaloTCS paBHBIMH, €CJIM OHU UMEIOT

OJMHAKOBOC YHUCJIO CTPOK H CTOJ'I6I_[OB H UX COOTBCTCTBYIOIIUC 3JICMCHTHI PaBHBI aij

IEJ‘11 blﬂ

= bj;. Tak ecnu A=[an aﬂ) u Bz(bﬂ_ b,

0. a ), 10 A=B, ecim a11=b1s, 815=b12, 81=by1
-

u 3.22=b22.



TpancnonnpoBanue. PaccMoTpuM Npou3BOJIBHYIO MaTpuily A U3 M CTPOK U N
cTos010B. Eff MOXKHO COMOCTAaBUTH TaKyr MaTpuily B u3 N cTpok u M cTosOuoB, y
KOTOpOM KaXK[asi CTpOKa SBJIAETCA CTOJOLOM MaTpuisl A ¢ TeM XK€ HOMEpOM

(ciemoBaTeNbHO, KaXABIM CTOJIOEIl SIBJISIETCS CTPOKOM Matpuilbl A ¢ TEeM JKe

HOMEPOM).
By Qyp e Gy By e gy
A=| Az  ap.. Gy B8 e @
a:l:nl amf amu ﬂ'lu amu

Oty matpully B HaszwiBatoT mpancnonuposannoti Matpuuei A, a nepexon ot A x B

MPAHCNOHUPOBAHUEM.

Tpancnonuposanue — 3T0 TIepeMeHa POJISIMU CTPOK U CTOJIOIIOB MaTpuilsl. MaTpuily,
T

TPaHCIIOHUPOBAHHYIO K MaTpuiie A, 00bIYHO 0003Ha4ar0T A .

Ipumep 2: Haiitu MaTpuiy TpaHCIIOHUPOBAHHYIO TAHHOM.

2 7
Lo O Do )

1
2. Bz(—z), BT=(1 -2 3).
3

YMHOKeHHe MATPUIBI HA YHCJI0. J[71s1 TOro 4TOOBI YMHOKUTH MaTpHUIly A Ha YKCIIO
K Hy>XKHO KaXKIIbIii 2JIEMEHT MaTpUIlbl A YMHOXXUThH Ha 3TO 4uclio. TakuM oOpazom,
poHU3BeAeHNEe MaTPUIlbl A Ha 4rciio K eCTh HOBas MaTpHIla, KOTOpask OMpEaeseTCs
0 TTPaBUITY

@y Qg3 Ay @y Qg3 Gy kay,, kay, kagg
KAd=|au @y @ |=K|Qu axn @ |=|kay ka, kag

fl3; @3z Q33 flg; fCOzz CGgg kasy, ka,, kaaq,

IMpumep 3:

301 1 -6 -2 =2
1. -2-l2 1 2|=|—-4 -2 —4].
1 0 3 -2 0 -6

3 0 1 -2 0 1
2. Haﬁm4A—B,ecnnA=(n 1 2),B=(n -1 2).
1 0 2 1 4 2

3 0 1 12 0 4
4A=4-(u 1 2):(0 4 8)
1 0 -2 4 0 -8

12 0 4 -2 0 1y /14 0 3
AA-B=(0 4 8 |-|0 -1 2|50 5 6 |.
4 0 -8 1 4 2 3 —4 -10



YMHOKeHHe MAaTpHIl. JTa Omepalus OCYIIECTBISIETCS M0 CBOCOOPa3HOMY 3aKOHY.
[Ipexxne Bcero, 3aMeTHM, YTO pa3MEpbl MaTPUII-COMHOXKHUTEIEH OJKHBI OBITh
cornacoBanbl. [lepeMHOXAaTh MOXXHO TOJBKO T€ MATPHUIBI, Y KOTOPBIX YHCIO
CTOJIOLIOB TEPBOM MATPHUIBI COBIAIACT C YHCIOM CTPOK BTOPOH MaTpwibl (T.e.
JUIMHA CTPOKH MEPBOI paBHA BBICOTE CTOJIOIA BTOPOIL).

Ilpoussedenuem matpuiel A Ha Matpuily B HaszpiBaeTcs HoBas marpuiia C=AB,
AJIEMEHTHI KOTOPOU COCTABIISIFOTCS CIEAYIOIUM 00Pa3oM:

(“11 o '57‘13] . (bn by; by )_(ﬂnbn +aybyy  aybyy tagsby,  ag b+ “121’:3)

floq oy Oag byy by bog B Ay byy +ag by ayby; +asby,  aj by +as by

v'" Yrto0bl HAWTH SJIEMEHT IEPBOW CTPOKH M TEPBOrO CTONOMA C11, HYXKHO
KOKIBIA JJIEMEHT TEpBOM CTpoKM MaTtpuilbl A (ay; U a;p) YMHOXHUTH Ha
COOTBETCTBYIOIIUI 3JIEMEHT IepBoro crondua Marpunbl B (Dy; u 0,1) 1 moaydyeHusie
pe3yIbTaThI CIIOXKHUTh, T.€. €11 = d11 * D11 + ap - by

4 UtoObl HAWTH SJEMEHT IEePBOM CTPOKHM MU BTOPOrO CTOJOIA C1p, HYKHO
KOKIBIA JJIEMEHT TEpPBOM CTpOKM MaTtpurbl A (ay; M a;p) YMHOXHTH Ha
COOTBETCTBYIOIIUH 3JIEMEHT BTOPOTo cToiona Matpuibl B (D1 1 b,y) v momyyeHHbIC
PE3YIIBTAThI CIAOKHUTH, T.€. C1p = d11 * Do + ap * Do)

v AHAJIOTUYHO HAXOIATCS DJIEMEHTEI Co1 U Coo.

IMpumep 4:

1 2 3 2 0 -2
1. [Tycthb A=(ﬂ -1 1 ) u B=(3 -1 0 ) C=A"B. Haiitu s51eMeHTHI Cqp, Cy3
4 1 -2 1 1 1

1 Cy; maTpuilsl C.

c12=0-2+3=1;,¢3=0+0+1=1;¢,y=0-3+1=-2.

3 1 1 1 1 -1
2. Haiitu nmpousBenenue AB, eciu A=(2 1 2) uB= (2 -1 1 )
1 2 3 1 0 1
c11=3x1 +1x2+ 1x1=6
co=2x1 +1x2+2x1 =6
c31= 1x 1+ 2x2+3x] =8
c1=3%1 + Ix(-1) + 1x0 =2
Cp=2x1 + 1%x(-1) +2x0 = 1
c=2X(-1) + 1x1 +2x1 =1
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c15= 3(-1) + 1x1 + 1x1 =-1
Cog= 2X(-1) + 1x1 +2x1 = |
Cp3= 1%(-1) + 2x1 + 3x1 =4

6 2 -1
C=le 1 1 )
8 —1 4

Il Matpuiibl He TepeCTaHOBOYHBI JpYyr ¢ apyrom, T.e.4A-B # B-A. Tloatomy npwu
YMHOKEHUH MAaTPUIl HY>KHO TIHIATEJILHO CJIEIUTD 3a MOPSAKOM MHOKUTEIEH.
O6pamuoti A no omuowenuio k mampuye A Ha3bIBaCTCS TaKas MaTPHLA, IS
KOTOPOU BBINIOJIHAECTCS PABEHCTBO AAT=A"4=E. (E — equHUYHAS MATPHIIA).
Martpuna, koTopas uMeeT OOpaTHYI Ha3bIBaeTCsl 0OpaTUMOM WM HE OCOOCHHOM.
Jlnst Toro, uroObl Matpuma A mmena obpatayo Matpumy AT Heobxommmo u
JOCTATOYHO, YTOOBI OHA ObLiIa ObI HEBBIPOXKACHHOM, T.¢. det A £ 0.

Jnst HaxokIeHUs1 0OpaTHOW MATPUIIbl UCTIONIB3YIOT CICAYIONIYIO CXEMY:

1)  Haxoasr onpenenurenb MaTPHUIbl A

2)  Haxonsr anreOpandeckue JOMOJHEHUS BCEX O3JEMEHTOB MaTpullbl A WU
3aIMICHIBAIOT HOBYIO MATPHUITY

3)  MeHAI0T MecTaMK CTOJIONBI TOJTyYEeHHON MaTPHIIbI (TPAHCIIOHUPYIOT)

4)  YMHOXaIOT MOJyYCHHYIO MaTPHUILy Ha %

4 1 4
IIpumep 5: Haiitu oOpatHyto MaTpuily ais A:(E 2 3) Y BBIIIOJIHUTH IPOBEPKY.
1 1 5

1)  Bbuucnsem D = = 4 \f g\ ~1 E’ g\ + 4 E’ ﬂ =20 # 0.

4 1 4
3 2 3
1

cle10BaTeIbHO, OOpaTHas Mampuya CyIeCTBYET.

o *
2)  Haiigem npucoemuHeHnyo Matpuily A . JIJis 3TOTO BBIYHUCIHM BCE MUHOPD

BTOPOIO MOPsiAKA MAaTPUIIbl A U arneebpauyeckue NONOITHEHUS

+1|2 3 +1 |1 4 +1]1 4
A11=(-1) ok 1 c =1, A21=(-1) 2t 1 5‘= -1, 1431:(—1)3 ! 5 3 =-5,
+213 3 2|4 4 2|4 4
A=) IF-12, Ap=(D)*? [T (516, An=(-1)*?[] [|=0,
233 2 +3 4 1 +3 14 1
A13=(—l) 1+3 11 = 1, A23=(—1)2 3 1 1‘= —3, A33=(—1)3 3 3 z‘z 5.
(7 —12 1
3)  CocraBuM HOBYIO MaTpuIry A = (—1 16 —3) Y TPAHCIIOHUPYEM
—5 0 5

11



. 7 -1 -5
A=[-12 16 0
1 -3 5§

4)  Hatigem o ¢popmysie 0OpaTHYIO MaTPHILY:
Iz X _=
7 -1 -5 20 20 20
1_1 —_ 12 16
A —E(—lz 16 D)— -5 5 0
=3 5 L _3 5
0 20 2
7 1 5

4 1 4 20 20 20
Mposepka 447 =(3 2 3]|-2 £ o

20 20
1 1 5 N 3
2
=X 1x( =2 JHax—=1
= 3%Z+2x(=2)+3x==0

7 1z 1
= | X— X —— X=—=
a1 1 ZI}+1 ( 2D)+5 20 0

cumb(- )i (-2 0

20

c22=3><( )+2x +3x(——):1

20

032:1><[ )+1X +5X[——)=0

20 20 20

ciz=4x(—Z )+ 1x0+4x2 =0

Co3= 3x(_%) + 20+ 3><% =0

i]+ Ixo+5x2=1
20 20

C23™= 1><(_

3 2 4 1 0 2
3a;1aHHel.A=£ ],B=( j,C=A+B=(

1 5 2 6 4 3

2 3 6 9
3amanue 2. A= , 34= .

1 7 3 21
3amanue 3.

12
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2[4 I Drlaretd e )

2 0 -3 1 0 -6 1 3
6)|-2 3 2|10 2 1|=| 6 2 9]|;
4 -15/(0 -13 (-12 -3 14
-1 .3 0
g (5 -1 3 1) -2 1 1 _(10 15 —5]-
2 0 -1 4)| 3 0 -2 \11 10 10
4 1 2
0 -3 1)(3 0-3+(-3)-(-2)+1-2 8
r)| 2 1 5 ||-2|=| 2-3+1.(-2)+5-2 |=| 14 |;
-4 0 -2)|2 (-4)-3+0-(-2)+(-2)-2) |-16
2 0
)1) 1 -4 ]
(510 3. 3 1 =(5-2+1-1+0-3+3-0 5-0+1-(-4)+0-1+3-(-1)=(11 -7)
0 -1
3aganue 4.

KRR
MR T R M Ry

3amanue 5.

0 1
- (0 3 2
A=|3 4| A = .
1 4 1

2 1

3ananue 6. Haiitu oOpaTHyt0 MaTpuily AJisi MaTpULbl 4 .

3 -1 0
[IycTp mana matpuma 4=-2 1 1].
2 -1 4
1 4 1
5 5 5 4 -1
Ar =2 E —§ =1 10 12 -3].
5 5 5 0 1 1
o 1 1
5 5
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IpakTnueckoe 3ansaTue Ned PeiieHue cucteM JuHeHbIX YpaBHeHui. MeTon
Kpamepa. Metoa I'aycca.
Ilenv pabomer: pa3BUTHE YMEHUU Y HABBIKOB IO BBIYMCIICHUIO CUCTEM JIMHEHMHBIX
YPaBHEHUI C TPEMSI HEU3BECTHBIMH.
OcHoeHOll meopemuyecKuil mamepual.
IIpocreiimine MaTpuyHblie YpaBHeHUs1 W UX peumieHue. [lyctb gaHa cucrema
YpaBHECHUU

Qg% + Aoy + Ay3xy = by

[“1111 +apx, +ax; =by
o Xq + OoaXq + Agnxy = by

PaccMoTpuM MaTpHily, COCTaBICHHYIO U3 KO3 (GUIIMSHTOB MPU HEU3BECTHBIX:
@y G@qp Gy

A=|a; a; dag]|,
3y Czz gz

CBO6OI[HBIG YJICHBI 1 HCU3BCCTHBIC 3alIMIIIEM B BUJC ManI/II_I-CTOJ'I6I_[OB

1}1 Xy
B= (b:), X= (I:).
b, X3

Toraa mampuunvim ypagnenuem Ha3pIBA€TCS ypaBHeHUE BuIa A-X = B.
[1naH pemeHns MaTpUYHBIX YPAaBHEHNN:
1)  Haifru obparayio MaTpuiy A
(] (v 71

2)  Haiitu npousBenenue o0paTHON MaTpUIBl 4 ~ Ha CTOJIOEI] CBOOOTHBIX YJICHOB
B,

-1
T.e.4 B
3)  Ilosnb3ysck onpenesieHUeM PaBHBIX MaTPUII, 3aIIUCaTh OTBET.

Pewenue munoewix 3aoanui:

IIpumep 1: Pemute MaTpuyHOE ypaBHEHNE [—le Tx, +x; =0,
2x) —x, +4x; =15

3 -1 0 Xy 5
CocraBuM MarpuuHoe ypaBHeHue 4 X = B: 4 = (—2 1 1), X= («"‘-’:), B= ( 0 )

2 -1 4 X3 15
1)  Haiizem o6patHyto MaTpury A

Brruucium onpenenurenns

D=l 1 13 2G-S Gt SE L @82 =520
2 -1 4

14



3anuiieM Bce anre6pa1/1quKI/Ie JOIIOJTHCHHA:

a1 1 +1]-1 0 1)=1 0
An=(-1)" 4‘: 5, An=(-1)* l‘_l o4 An=(-1)° '] 1 1‘:_1’
ol=2 1 +2 13 0 +2| 3 0
A=) [ JF10. ap=(D* [ =12, A=) Y-,
B3]-2 1 +313 -1 S
A=(-1)** 2 —1‘= 0, Azsz(_l)ZS‘z —1‘: 1, A33:(_1)33‘—2 1 ‘:5'

3anuiieM HOBYIO MAaTpULLy U TPAHCIIOHUPYEM:

. 5 10 0 , 5 4 -1
A=4 12 1,4 =10 12 -3
-1 -3 1 0o 1 1

1 & L
L (5 4 1 s
3anumieM o0paTHyIo MaTpuiry: A =-{10 12 —-3|=|2 — -
0 1 1 1 1
0o - =
4 1 4 1
1 - -2 1-5+--0-2-15
= 12 2| = . E _E =
2) X=12 & -3 (1135 2:5+=-0-2-15 ;
0o = = 0-5+2-0+1-15

Xy 2
3) Urak, (xg) = (1), T.€. X1=2, xo=1, x3=3.

X3 3

Teopema: CuctemMa n ypaBHEHUW C 71 HEU3BECTHBIMU, OINpPEIEIUTENb KOTOpor # 0,
BCErJa MMEET PEIICHHE M IPUTOM €IWHCTBEHHOE. OHO HAaxOoIWUTCA CIIECIYOLIUM
o0pa3oM: 3HaYeHHE KaXJA0ro U3 HEU3BECTHBIX PAaBHO APOOU, 3HAMEHATETIEM KOTOPOI
ABJIIETCSl OMNPENEIUTENIb CUCTEMbI, a YHUCIUTENb IOJYy4aeTcsl U3 OINPEAeTUTEeNs
CUCTEMBI 3aMEHOM cTO01a K0P HHUIIMEHTOB IMTPH KICKOMOM HEM3BECTHOM Ha CTOJIOEI]
CBOOO/IHBIX YJIEHOB.

Ilycts naHa cucreMa JIMHEWHBIX YPABHEHUM C HEU3BECTHBIMU:

ay,xy + apx; +ajzxg =Db)
@y Xy T gy Xy T AggXg = by,
Qo Xy + Aqa%, + Agaxy = by
N3 ko3 duirieHTOB MpU HEU3BECTHBIX COCTAaBUM MaTpUIly A, a U3 CBOOOJHBIX

YJICHOB — MaTpHIly-cTosoer B, T.e.

@y Qg3 Gy by
A=|a3 a3 ax | B=|b,|.
@31 O3z Qag b,

Ecim B omnpenenutene CUCTEMBI 3aMEHHUTh CTOJIONBI  KOA(DPUIIMEHTOB MpHU

HCU3BCCTHBIX HA CTOJ'I6€I_[ CBO6OI[HBIX YJICHOB, TO IMOJIYUUM:
15



b, a,, ap;
b, a; as;
b: @i aa

a;; by ag;
Ay by ag

fy, Qg5 by
Ay Gzn by

Dx: !Dyz ;DZ:

Az by az; Gy Oz, by

Tor):[a AJI1 peIICHUS CUCTCMBI 3aITMIICTCS TAK:

X= Ix V= Dy /= El_
o’ o' D
Pewenue munoewix 3aoanui:

3x+2y+z=3
ITpumep 1: Pemuts cuctemMy ypaBHEHUI {5:{ —2y—2z=3
x+yv—z=-2

3 2 1
CocrtaBuM maTpuily U3 KOdDPUIIMEHTOB MPU HEU3BECTHBIX A = (5 -2 —2) U U3
1 1 -1

3
CBOOO/IHBIX YWJIEHOB B = ( 3 )
-2

Breraucnum OIIpCACIINTCIIb CUCTCMBbI

ng —Ez —lz =3/ ‘2\—2\5 “2+1)f =250
. L 1 1 -1l %l -l Tl s

Breraucnum OIIPCACIINTCIIN IIPU HCU3BCCTHBIX !

3 2 1
-2 -2 3 =2 3 -2
D.=|3 -2 _2:3‘1 —1‘_2‘—2 - ‘+1‘—2 1‘:25
—2 1 -1
3 3 1
- - 3 -2 5 — 5 3| -
f 3 el o e )
D, . . s Sl 73l Al SfE
202 2 _a-2 3| 5 3|45 -2
D=5 -2 3 :3‘1 —2‘_2‘1 —2‘+3‘1 11730
1 1 -2
Haiinem snavennsa X=22=2=1 y=2=_2=_1 7=2%=%=)
D 25 D 25 o 25
Otgert: (1; -1; 2)
3aoanusn.
Ix+y—2z=4 7Tx+5y+2z=18
1. 12x—3y+z=9 {x—}r—z=3
Sx+y+3z=—4 x+y+2z=-2

2. yx+2y+=z=3 3x+2y+5z=-10
3x+yv—=z=-1 2x+5y—3z=6

{2x+4}r+z=4 Tx+2y+3z=16
3

2x —yv—3z=-9 {x—l—E}F—ﬁz:lZ

3xt+toyt+2z=4 S5x—3y+2z=15
dx—y—3z=1 10x— 11y + 5z =36
x+2y+z=4 {x+}r—zz=6

4, 3x—5y+3z=1 2x + 3y —7z =16

2x+7y—z=28 Sx+2y+z=16

16



IIpumep 2. Petuts cuctemy Meroaom ["aycca u ucnons3ys npasuino Kpamepa.

3%, — X, + X, =12
SX, + X, +2X, =3
X;+X, +2X; =3

_& 0

X, —=0
A 12
AX, 84
X2:—:——:_
A 12
A 12

Ortsert: (0; - 7; 5)
Pemmim cuctemy MeToioM laycca, I 9TOTO COCTABUM PACHIMPEHHYIO MATPHUILY

CHUCTEMbI U YIIPOCTHUM €€ IIPUBCACHNUCM K TPCYT'OJIbHOMY BUY.

3 -1 112 1 1 2|3 1 1 233 11 3
5 1 2(3|~3 -1 112|~/0 -4 -53|~|0 1

1 1 2(3 5 1 2|3 0 -4 -83 0 0 —-3-15

2
5| 3
4| 4

OtBet: X, =0, X, =7, X;=5
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IIpakTuyeckoe 3ansaTue Ne 5. BekropHas ajareopa
Ilenvy padomwr. pazBUTHE YMEHHM M HAaBBIKOB MO MNPUMEHEHUIO CKAaJISPHOTO,
CMEIIIaHHOT0, BEKTOPHOTO MPOU3BECHUS BEKTOPOB.
OcHoeHoll meopemuuecKkuii mamepuaii

BeKI’I’IOpOM Ha3bIBACTCS HaNpPaBJICHHBIM OTPC30K, MOJIs1 KOTOPOIo

4B
B

yKa3aHO €ro Hayajo W KOHell. B JaHHOM ciyyae HayajioM OTpe3Ka §
ABISETCSA TOYKA A, KOHIIOM OTpe3Ka — Touka B. CaM BeKTOp 0003HAYEH Yepe3 AB WK
AB.

Hanpaenenue nmeet cylecTBEHHOE 3HAUYEHUE, €CIIA MIEPECTABUTh CTPEIIKY B JIPYroi
KOHEIl 0Tpe3Ka, TO TONYYHUTCS BEKTOP BA, M TO yXK€ COBEPIIEHHO APYTOH BEKTOP.
OTnenbHBIE TOYKH TUIOCKOCTH, MPOCTPAHCTBA YAOOHO CUMTATh TaK HA3BIBACMBIM
HynesbiM 6ekmopom 0. Y TaKoro BEKTOpa KOHEIl M HaYajio COBIAIaloT.

1!l IIpumeuanue: 30ecv u Oanee modiceme cuumamo, YmMo 8eKMOPbL JIeHcam 6 0OHOU
NJIOCKOCMU UU MOdceme CYUmamy, 4mo OHU PACHONONCEHbl 8 NPOCMpPAaHcmee —
CYmMb  u3lazaemoz2o Mmamepuara cnpaseoiusa u O NIOCKocmu U O
NPOCMPanHcmaa.

CriocoOblI 3armucu BEKTOPOB:

1) BeKTOpBI MOYKHO 3aIMCaTh ABYMs OOJIBIIUMY JIATUHCKMMU OyKBaMu: AB, CD, EF ...
u tak gainee. Ilpum sTom mepBas OykBa 00s3aTENbHO O00O3HAYAET TOYKY-HAYaAJIO
BEKTOpa, a BTOpas 0yKBa — TOYKY-KOHEI[ BEKTOpa.

2) BeKTophl Take 3alUChIBAIOT MAlCHKUMH JIATUHCKMMH OYyKBaMu: a, b, c... B
YACTHOCTH, HAIl BEKTOP AB MOXKHO JUIi KPAaTKOCTH NEePe0003HAYMTH MAJICHBKOM
JATUHCKON OYKBOH a.

Jnunoti WM MoOyiem HEHYJIEBOTO BEKTOpa AB Has3bIBA€TCSA JUIMHA OTpeska AB.
JllnHa HyJIeBOro BEKTOpa 0 paBHa Hymro. J[IMHA BeKTOpa 0003HAYAETCS 3HAKOM
moxyst: [AB|, [al.

JleiicTBHSI C BEKTOPaAaMM B KOOPAUHATAX

1. Kak natimu éexmop no 08ym mouxam?

Ecnu manbl aBe Touku 1wiockoctd A(Xi) Y1) u B(X2) Y2), TO BeKTOp AB HMMeET

CIEYIOLIME KOOPAMHATEL: AB = (X — X1} Y2— Y1)

18



Ecnu mansl e Touku mpoctpanctBa A(Xi; Y1, Z1) u B (X2 Vo) Z2), To BekTOp AB
MMeEET CIEAYIONINE KOOPAUHATEL: AB = (Xo — X1} Yo— Y1, Zo —Z4).

To ecTh, W3 KOOpPIWHAT KOHIIA BEKTOpPA HYXXHO BBIYECTH COOTBETCTBYIOIIHE
KOOpJMHATHI Hadaia BEeKTOpa.

Ipumep 1: Jlanbr gse Touku miockoctd A(2; 1) u B (—2; 3). Haiitu koopauHaTh
BEKTOPAa AB

Pewenue: no coorsercTyromeii popmyne: 48= (-2-2; 3-1) = (-4;2).

Otser: 4B (—4;2).

Ipumep 2:

a) Hamel Touku A(-4; 5) m B (1; —-3) . Haiitu Bekropsl AB M BA.
6) Mamer Ttouku A(2; 0), B (-7; 1) u C(4;1). Haiitu Bextopsl AB, AC u BC.
B) Jamer Touku F(-2; -1,0) m E(0; —1; —2). Haiitu Bekrtopsl FEHM EF.
r) Jauer touku A;(10; 5;-4), Ax(-8;6; 3), As(1;1; —1), A4(0;0; 1). Halitn BekTOpBI

A, A,, A AL, A A,..

2. Kax naiimu onuwny ompesxa?
JlnrHa, KaKk y>ke 0TMe4aioch, 0003HaYaeTCsl 3HAKOM MOJTYJISL.

Ecnu manel nBe Touku miockoctH 4 (xi; y1) U B (x2; y2), TOo AauHy oTpe3ka AB

MOYKHO BBEIYUCIIUTE 110 hopmyie |AB| =/ (x, — x, )% + (v, — v,)2.

Ecnu maner nBe Touku mnpoctpanctBa A (x1; yi; Z1) u B (X2 y2; Z5), TO AIuHYy OTpe3Ka

AB MOHO BEIMHMCIUTSE 110 hopmynelAB| = /(x, —x,)% + (v, — v, )2 + (z, — z,)?
Ipumep 3: Jlans Touku A(—3; 5) u B (1; —3). Haiitu miuny otpeska AB.

Pewenue: 1o COOTBETCTBYIOLLIEH

——

dopmye: |AB| = w|'l[1 —(-3)) +(-3-5)2=/47 1 (-8)= V16 + 64 = 4/5.

OtBer: |AB| = 44/5.

Ipumep 4: lansr Touku A(2;3;-1) u B(—5;3;0). Haiitu qiuny otpeska AB.

3. Kax natimu onuny eexmopa?

Eciu maH BeKTOp IUIOCKOCTH v(wv,;v,), TO €ro JIMHA BBIYUCIACTCA 1O (opMylie
v=yvi + vi.

Ecin maH BeKTOp NPOCTpAaHCTBA v(wvy;v.;v3), , TO €ro JIJIMHA BBIYMCIACTCS IO

—_ ==
bopmyne v=y v + vi + vi.
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Jlanubie Gpopmysibl (Kak U (OPMYJIbI JITMHBI OTPE3Ka) JIETKO BBIBOJSTCS C TIOMOIIBIO
teopemsl [Tudaropa.
Ilpumep 5: Tansl Touxku A(-3; 5) u B (1; —3). Haiiti aiauny BekTopa AB

Pewenue: Caavana HaliiéM BEKTOPAB: AB (1 — (—3);—3 — 5) = (4; —8). [To dopmyue

v=y/vZ + vZBBIYMCINM [UIHY BEKTOpA: |4B| = /42 + (—8%) = /16 + 64 = 41/5.
OtBer:|AB| = 44/5.

4. Jleticmeus c sekmopamu 8 KOOpOUHamax

B mnepBoii wactu ypoka Mbl paccMaTpUBalIM MpaBUiia CJIOXKEHUS BEKTOPOB U
YMHOKEHHsSI BeKTopa Ha uucino. Ho paccMarpuBanM HMX € NPUHUUIIAAIBHO-
rpaduueckoit Touku 3peHus. llocMOTpuM, Kak JaHHBIE TMpaBuia padOTaloT
aHAIMTHYECKHU — KOT/Ia 3a/1aHbl KOOPJIMHATHI BEKTOPOB:

1) Ilpasuno crnoscenusi sexkmopos. PaccMOTpUM J1Ba BEKTOpa IIOCKOCTH v(v,;v,) H
w(w; w,). s Toro, 4ToOBl CIOXKWUTH BEKTOPbI, HEOOXOJUMO CIOXHTb UX
COOTBETCTBYIOIINE KOOPAMHATHL: v + w=(v, + w,; v, + w,).

Ecnuy manbl BEKTOPBI v(vy; v5; 13 ), w(wy; @,; wy), TO UX CYMMOMU SIBIISIETCS BEKTOP
v+w=(v, + @0, + ;v + ;).

2) Ilpasuno ymmooicenusi éekmopa Ha uucio. Jins TOro 4ToOBI BEKTOp v(v,;v,)
YMHOXKHTh Ha YHCJIO W, HEOOXOIMMO KaXAylH0 KOOPAMHATY JaHHOTO BEKTOpa
YMHOKUTb HA YUCJIO W P (uvy; pv,).

JIJ1s1 MpOCTPAaHCTBEHHOTO BEKTOPA v(vy; v ; v5 ), IPABHUIIO TAKOE KE: pv(pwy; nuy; nvg ).
Ipumep 6: Jlans Bextops! a(l; —2) u b(2;3). Haiitu 2a, a+ b ua — b.

Pewenue:

2a=2(1; -2)=(2; -4)

a+b=(1; -2)+ (2;3) =(1 + 2;-2+ 3)=(3;1)

a—b=(1;-2)-(2;3) =(1 - 2,-2—- 3)=(-1; -5)

Otset: 2a= (2; -4), a+ b= (3;1), a — b= (-1; -5)

IMpumep 7: Jlansl Bextops! a(0;4;—7) u b(7;—9;1). Haiitu 3a — 2b u —a + 4b.
Pewenue: 3a —2b =3(0;4;—7) — 2(7,-9;1)= (0;12;-21) —(14; —18; 2)= (-14; 30; —23).
—a+ 4b=— (0;4;-7)+4(7;-9;1)= (0;—4; 7)+ (28;-36;4)=(28;-40;11)

OtBeT: 3a — 2b = (-14; 30; - 23), —a + 4b=(28;-40;11)

5. Ckanapnoe npouszsedeHue 8eKmopos
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Cranapubim npouszsedenuem 06yX 6eKmMopoé a W bHA3bIBAETCA YHUCIO, PABHOE
IPOU3BEICHHIO ITMH 3THX BEKTOPOB HA KOCHHYC YIJIa MEXy HUMHU:
a-b=al-|b|-cos < (a; b)

Ipumep 8: Haiitu ckaspHOe POU3BEICHIE BEKTOPOB @ U b, ecid |al = 2, [b| =5,

<(@mb)==

Pewenue: icnonszyeM popmymy

a-b=|al- |E| - cos < (a; 5)22-5- cosg =10- cosg =102 = 54/3.

OtBeT:. a-b =53

Ipumep 9: Haiitu ckanspHOE NPOM3BEICHHE BEKTOPOB c=—2a + b U d=a — b, €CIl

14

M3BECTHO, 4TO [al = 42, |b|=8, < (@;b) = :
Pewenue: CHagana IPOSCHAM CHUTYaIUIO ¢ BEKTOPOM c= —2a + b. CyMMa BEKTOpPOB
—2a ¥ b IpeJCTaBIsgeT cOOO0M BIOJIHE ONPEIENEHHBIA BEKTOD, KOTOPBIH H 0003HAYEH
uepes ¢. Urak, 1m0 ycnoBuio TpebyeTcsl HalWTH CKalsSpHOE MPOM3BEAEHHUE ¢ -d. 110
ujiee, HY')KHO PUMEHUTH pabouyio dhopmyiy c-d = [¢| - |d| - cos < (¢; d), HO Gena B
TOM, YTO HaM HEU3BECTHBI JJIMHBI BEKTOPOBE, d M YTOJIl MEXKILY HUMH. 3aTO B YCIOBHH
JaHbl AHAJOTMYHBIE MAPAMETPHI JJI BEKTOPOB @, b, MOATOMY MBI HOWAEM APYrUM
IIyTEM:

¢-d=(-2a+b) - (@a—-b)=—2a-a+b-a+2a-b—b-b=-2a°+ab+ 2ab—b =
—2a°+ 3ab—b = —2[@l + 3[al-[b| -cos < (ab)—2[b| = — 2+ (4v2)* + 3+ (4V2)

‘8 cos T — 8%2=_64+ 96v2 - — 64 =-32.

m

Mpumep 10: Haiitu jumny BekTopa c= —a + 3b, ec [al = 3, [b]=2, < (a;b) =2

Pewenue 6yner ciaemyromum:

— - 2 | - —2 | — — —z2
lc|=|-a +3b|= [(-a+3b) = \a —6ab+9b = [lal* —6[al|b| - cos < (a; b) +9|b[ =

[ | . — _
= [32—6-3-2-cosT+9-22= |9 36-2+36=/2773V3.
\ \ 2

OTBeT: ¢ = 3+/3.
6. YVeon meacoy sexmopamu
Paccmortpum Hamry dopmyiny a-b = [al -|b|- cos < (@;b). [lo mpasuny mponopuun

. — T b
cOpPOCHM JIJTMHBI BEKTOPOB B 3HAMEHATEJTh JIEBOM YaCTH: cos < (a; b) = #IEI

21



B uém cmbicn paHHOM (Qopmynbl? Ecnu WM3BECTHBI NJIUHBI IBYX BEKTOPOB U HUX
CKaJISIpHOE MPOMU3BEICHUE, TO MOKHO BBIYHMCIUTH KOCHUHYC yTJla MEXIY JaHHBIMU
BEKTOpaMH, a, CJIEJOBATENbHO, U CaM YTOJl.

qucia.

CkansipHoe TpOU3BEACHUE a:-b— 3TO 4ucio. JJIMHBI BEKTOPOB

3Ha‘{HT ,ZIpO6I> TO)KC ABJIACTCSA HCKOTOPBIM YHCIIOM X. A eclm u3BeCTEH

KOCUHYC yIJIa:

cos < (@; b)= X, TO ¢ MOMOLILIO 0OPATHOM (PyHKIUM JIETKO HAWTH M CaM YOIl

< (a@; b)= arccos X.

Ipumep 11: Haiitu yron Mesay BEKTOpPAMU @ U b, €CIIM U3BECTHO, 4TO |a| = 4,
b|=2v2,

a-b=8.

Pewenue: cionszyeM popmyiny:

cos < (a; b]— —_:7:'_7__7_'_7_

WTax, ecii cos < (a;b) = =, T0: < (@; b) = arccos= =7
3HayeHHss OOpaTHBIX TPUTOHOMETPUYECKHX (YHKIMH MOXHO HAXOIHUTh IO

TPUTOHOMETPUYECKOU TaOIHIIE.

I= 45",
4

|.'|'|||.'|'|
1

OtBeT: < (a; b) = arccos
3aoanusn

a) lausl Toukn A(0;2;5) u B(—4;7;15). Haiitu 1uuHy Bektopa |BA|.

6) JlaHbI BEKTOPHI a(—2; 6), b(—4v2;2;0). HaliTu uX 1IMHEL

B) Jlansl Bextopsl a(1;-2); b(2;0) u c(—4;2) . Haiitu 3a- 5b + iE u —2(a-2c)+4b.

r) Haiitu cd, ecn [e| = 3,[d| = V2, a yroa Mexxay Bektopamu paBen135’.

n) Haiitu ckangpHoe HpoM3BEIECHHE BEKTOPOB ¢ = =—a+2bM d=a—b, eciH
M3BECTHO, 4TO [al = 8vZ, |b|=4, < (@;b) = .
¢) Haiitu junny Bektopa ¢ =a + b, ecimu [al = 5, [5|=10, < (@ b) = 7.

k) Jausl [al =3, [b|=4 — wMHBI BEKTOPOB @, b U yroi Mexay HUMH < (@;b) = T

Haiiti yronm Mex/ay BeKTOpaMu ¢ =—2a + 3b, d =4a — 3b.
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IIpakTnueckoe 3ansitue Ne 6. [IpsaMasi Ha JIOCKOCTH
L]ens: 3aKpeIICcHHE HAaBBIKOB COCTABJIECHUS YPAaBHEHUU MPSAMBIX, HAXOXKIACHUS yria
MEXKY MPSIMBIMH, PACCTOSIHHS OT TOUKH JI0 TTPSMOI.
Teopernyeckas 4acTb
YpaBHEHUS IPAMOM:
1. A(X-Xg) + B(y-Yo) = 0 — ypaBHEHHE PpsAMO#, Tipoxoasield yepe3 Touky Mo(Xo, Yo)
HEePIEHANKYJIIPHO HOpMalibHOMY BekTopy n = {A, B}.

2. Ax + By + C =0 - o0riee ypaBHEHHE MPSIMOM.

3 X 1{:,_}’ Yo

- - ypaBHEHHE MPSIMOK, MPOXOAIIEH yepe3 Touky My(Xo, Yo) TapamiensHo

HarnpapJsromemMy Bekropy a = {l,m} (kaHOHHYEeCKOe YpaBHEHHUE MPSIMON ).

= x v
4. &7 “H , t € R — mapaMeTpuuecKkue ypaBHEHUS IPSIMOA.

5. f+%:1 — ypaBHEHHE MPSAMOU B OTpe3Kax, e @ U D — BEJMYMHBI HAPaBICHHBIX
a

OTPE3KOB, OTCEKAEMBIX Ha KOOpAUHATHBIX 0csiX OX 1 Oy COOTBETCTBEHHO.

6. YpaBHeHUE NPSAMOM, MPOXOIAIICH yepe3 IBE TOUKU

[Tycth B ipocTpaHcTBe 3a1aHbl ABe TOYKU M 1 (X1, Y1, Z1) U My (X 2, Y 2, Z 1), TOr 1A
YpPaBHEHHE NPSIMOU, MPOXOASAIIECH YepE3 ITU TOUKHU:

Xry—X

7. Y — Yo =K(X — Xo) — ypaBHEHHE TPAMOM, MPOXOsIei yepe3 ToUKy Mo(Xo, Vo), K —
YTJIOBOU KO3 PUIIMEHT MpsAMOI, paBHBIM TaHT€HCY YIJIa HAakKJIOHA MPSMOM K
TIOJIOKUTEILHOMY HarpaBiieHu o ocu OX.

8.y = kx + b — ypaBHeHHe mpsMoii ¢ yriioBeiM Koddduimentom K; b —Bennunna

OTpPE3Ka, OTCCKACMOTI' O HpHMOfI K ITOJIOKUTCIIbHOMY HAIIPABJICHUIO OCHU Ox.

1+k, L;.‘ — TaHTeHC OCTPOrO yIjla MEXIY ABYMs NpsAMbIMHU Y = KiX+h;ny =

9.10 ¢ = ‘
KoX+by,
10. ks = ko k; = —i — yCJIOBHs NapajjedbHOCTH U NEPHEHIUKYIIPHOCTH IBYX
npsaMbeIX Y = Kix+b; u y = kox+b,,

11.d = |A\:D+ByD+C|

=.p: — DacCTOSIHME OT TOYKH Mo(Xo, Yo) 1o mpsimoii Ax + By + C = 0.
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12. x = “'-:j‘::, y = % , A # —1 — KoopauHaTBl Touku M(X, y), ACTAIIeH OTpe30K

M:1M; B oTHOMIEHUH A, M1 (X1, Y1), Ma(X2, Y2).

13. x = 2= |y = % goopauHaThl cepeauMHBI oTpeska MiM,, Mj(X1,Y1),

Ma(X2,Y2).

3amanus:

1. CocTaBUTh ypaBHEHUE MPSIMOM, IPOXOISIIICH:

|. depes Touky A(-2, -3) 1 HA4aIO KOOPIAUHAT.

Il. dgepes Touky A(3, 5) u HavaIo0 KOOPAUHAT.

2. OnpeAenuTh yroia MeXy IpsIMbIMHU:

lLy=-3x+7,y=2x+1.

ILy=2x+2,y=5x+3.

1. ansl BepmmHbl Tpeyroisauka ABC: A(-2,3), B(1,12), C(11,6).

Haiiru:

1) ypaBHeHUE CTOPOHBI AB,;

2) ypaBHeHue BbicoThl CD, onyiieHHON u3 BepuinHbl C Ha CTOPOHY AB;

3) ypaBHeHUE MeauaHbl AE),

4) ypaBHEHUE OKPY>KHOCTH, [l KOTOPOH MearaHa AE Cy>KUT JTuaMeTpOM.
4. B tpeyronbauke ¢ BepmmHamu A4(2,3), B(-1,0), C(4,1) HaiiTH JJIMHY BBICOTHI,

OMYILEHHOW U3 BeplInuHbI A Ha cTopony BC.

24



IIpakTnueckoe 3ansitue Ne 7. KpuBble BTOpPOro nopsijaka

YpaBHeHUE OKPY>KHOCTH, JUIUIICA, TUTIEPOOJIbl U Tapabosibl Ha MIOCKOCTH.
Ilenw pabomur: pa3BuTHE YMEHUI U HABBIKOB TI0 PEIICHUIO.
OcHoeHoll meopemuyeckuii mamepuai
[IpeacTaBUTENSIMU  JUHULL 8MOPO2O NOPAOKA SIBISIIOTCA  OKPY>KHOCTb, 3JUIHIIC,
runepoOona, napabdona.
Kanonuueckuii 6uo ypasnenus - 310 oOLENPUHATHIA CTaHJAPTHBIA BUJl YPABHEHUS,
KOT/Ia B CUMTAHHBIC CEKYH/IbI CTAHOBUTCS SICHO, KAKOW T€OMETPUUECKHI 00BEKT OHO
OTIpeIeIIsIeT.
Knaccuduxkanus JuHuii BTOPOro nopsjaka:
1. Oxpyscnocmo u eé ypasnenue
KaHoHn4eckoe ypaBHEHHE OKPYXHOCTH ¢ IieHTpoM O(a;b) m paamycom R mmeer
BU/I;
(x—a)*+(y—b)*= R%
IIpumep 1: CoctaBuTh ypaBHeHHE OKpYkHOCTH ¢ IIeHTpoM O(3; —2) u R=5.
Pewenue: TloncraBum a =3, b = -2 u R=5 B kaHOHWYECKOE YPaBHEHUE OKPYKHOCTH
(x-3)*+(y +2)°= 5,
Vcromns3ys (popMyIty COKpamiéHHOro yMHoxenns (a+h)’= a’:2ab+ b? momyunwm:
X*—6x+9+)°+4y+4=25,

x*—6x+y°+4y+9+4-25=0,

x*+y*— 6x +4y —12=0 — KAHOHHYECKOE YPABHCHHE
OKPYHOCTH.
IMpumep 2: [TOCTPOUTH OKPYKHOCTB X +)°+ 6x —4y —3=0.
Pewenue: ]I mocTpoeHHUs OKPY>KHOCTH HY>KHO HarTu neHtp O(a;b) u paguyc R, a
TaK K€ MPUBECTH K KAHOHMYECKOMY ypaBHEHUIO. J[Jis 3TOTO:!
1) CrpynmupyeM BbIpaKeHHs COLEPIKALINE OINHAKOBBIC apryMeHTH: (x°+6x) +()° —
4y) =3,
2) JIOIOIHAM [0 MOJHOTO KBaapaTa 0be dactu ypaBHeHms: (x°+6x+9) +(0° —4y+4)
=3+9+4, T.e. (x+3)*+(y-2)° = 16.
W3 3Toro ypaBHeHuUs BUAHO, 4TO @ = —3, b =12 u R=4

2. dnaunc u eé ypasnenue
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Inaunc — 3T0O MHOXKECTBO BCEX TOUECK IMIIOCKOCTH, CyMMa paCCTOHHI/Iﬁ 0 K&)K,Z[Oﬁ n3
KOTOPBIX OT ABYX JAaHHBIX TOYCK F1F2, Ha3bIBA€CMbIX d)OKyCClMu OJIIIMIICA, — €CTb
BCIIMYMHA IMOCTOAHHAA, YUCIICHHO paBHAA OJIMHC OOJBIION OCH ATOTO BJIINICA: 24.

[Tpu 3TOM paccrosiaust Mex 1y HOKycaMH MEHbIIIE JAHHOTO 3HAYCHHUS: |F, F, |<2a.
V' Kanonuueckoe ypasnenie s11unca AIMEET BUI: z— + "? =1, (a>h).

v’ Dkcyenmpucumem 9a1unca - 5T0 OTHOIIECHUE PACCTOSHHS MEKITY (OKycaMu K

JUIMHE OOJBIION OCH: £ == WIH EZ%’ rae a,b u C cBsI3aHBl MeXay coOoi
a

coortHomerHueM: ¢°= a’~b® (mpu a>b) wm ¢’= b*-a’ (nmpu b>a);

npuuem 0< e<1.

v @okycel F1u F, — 3amannbie Touku ¢ koopauHaramu: F; (—C;0) u F,(c;0), ecin
a>b;

F1(0; —¢) u F»(0; c), ecmm b>a.

v @DokycHoe paccmosanue: |F,F, | = 2C.

v' Bomvwas ocw: |AA,| = 2a.

v’ Manas ocs: |B,B,| = 2b.

- " S
IIpumep 3: IlocTpouTs IIHIIC, 3aJaHHBIA ypaBHEHUEM T =1

Pewenue: CHauama mpuBenéM ypaBHEHHE K

KAHOHMYECKOMY BHJIY: i— +2L =1

(W7

Onno u3 IPEUMYLIECTB KaHOHUYECKOTO

YPaBHCHUA 3aKJII04acTCsd B TOM, 4YTO OHO

M03BOJIIET MOMEHTAIBHO OIPEACITUTh BEPITUHBI
SIITUIICA, KOTOpble HaxoisTcss B Toukax Ai(a;0),

Ay(-a;0), B1(0; b), B,(0;-b).

Jlerko 3aMeTUTh, 4YTO KOOPJMHATHI KaXIOW M3 HSTUX TOYEK YIOBJIECTBOPSIOT
YpaBHEHHUIO.

B nanHom ciyuae: A1(4;0), A2(—4;0), B1(0; v7), B2(0;—+7)

IIpumep 4: Haiitu koopaunatel F; u F,, 1IMHBI OCel U SKCLIEHTPUCUTET BJUIUIICA,

3a/[aHHOTO YpaBHEHHEM 2x°+)°=32,
.t':

32

_ 3z

_3_""

Pewenue: 1) [IpuBenem ypaBHEeHHE K KAHOHUYECKOMY BUY: — + ‘;’—
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Z2x"
3"1

T0 ¢°= b*-a’ =32-16=16, c=4.
v’ Uraxk: F1(0;4), F,(0; —4).

+ ‘;— = 1. CrienoBartenbHo: a°=16, a=4; b*=32, b=y/32=8+/2. Tak kak b>a,

Bonbimas ochb: |AA,| = 2a =2-4=8.

v
v Mauast ochb: |B,B,| = 2b=2-4+/2=8+/2.
v

DKCHEHTPUCHTET & = == —==0,705.

L

h 4
Ipumep 5: CocTaBUTh KAHOHHYECKOE YpaBHEHHUE JJUIMIICA, Y KOTOPOro Malias OCh
2b=6, a paccrosiHEe MeX Ty (hOKycamu |F, F, |=8.

Pewenue: Tax xkak 2b=6, 10 b=3; |FF|=2C, cunenoBarenbHo C=4; a’=
c*+b*=16+9=25, a=5,

.t’: }_1
Kanonmueckoe YPaBHCHHUC UMCCT BU/: = + "y = 1.

3. l'unepoona u eé ypasnenue
l'unepbona — 3T0 MHOKECTBO TOUEK IIJIOCKOCTHU, PA3HOCTh PACCTOSTHUN OT KaXI0M U3
KOTOPBIX JIO JIBYX 3aJlaHHBIX TOY€K (Ha3bIBaeTCsi @Qokycamu) €CTb BEIMYUHA
MOCTOSTHHASI.

¥ yt L

/ .t’: r ]
Kanonuueckoe ypaeHeHue eunep60ﬂbz HUMCECT BUA — 3 =1 UIn PR =1
o~ - - o~

re a, b ¥ C cBsi3aHbI MeX Iy co60i paBeHCTBOM C°= a’+ b,

v @okycel F1u F, — 3apannbie Touku ¢ koopaunaramu: F; (—¢;0) u F,(c;0), ecin
a>b, F1(0; —c) u F,(0; ¢), eciu b>a.

@DokycHoe paccmosiHue: |F,F, | = 2C.

Heticmeumenvhas ocv: |AA,| = 2a.

Mnumas oce: |B,B,| = 2b.

C

Drcyenmpucumem. £ = = WA £ = -
a

V eunepbonel 06e cummempuuHvle 6emau.

<X X X X X

b
YV eunepbonvl 0se acumnmomsi: y= + = x.
a

Kaxk moctpouts rumnep6oiry?
b b
1. [Ipexne Bcero, HAXOAUM aCUMITOTHI — 3TO MPSIMBIE Y= —x U J)= — —x
a @

2. Teneps HaxoIUM JIB€ BEPIIMHBI TUIEPOOIIBI, KOTOPHIE PACIIONIOKEHBI HA OCU

adbcuuce B Toukax Ai(a;0), Ax(—a;0). BeiBogutcs snementapHo: eciau  y=0,TO
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KaHOHWYECKOE YpaBHEHHE NPEBpAIAcTCs B z— = 1, OTKy/[a H CIE/YeT, 4T0 X° = a°—X
=a, x=—a

3. WNmem nomonHuTensHble Toukd. OOBIYHO  XBaTaeT ABYX-TpéXx. B
KaHOHUYECKOM IIOJIOKEHUHM THUIepOojia CHMMETpPHYHA OTHOCUTEIIFHO Hadala
KOOpAWHAT W O00EMX KOOPAWHATHBIX OCEW, TOITOMY BBIUYMCIICHUS JIOCTATOYHO
HPOBECTH UIsl |- KOOPIMHATHON YETBEPTH.

Mpumep 6: IloctponTs rumepboy, 3a1aHHyi0 ypaBHeHHeM 5x° — 4y° = 20,

Pewenue: Ha IICPBOM HIare HpI/IBeI[éM JaHHOC YPAaBHCHHUC K KAHOHHYCCKOMY BUIY

RZ_F_l’
52" 4y _ 20 A z z 2 ‘
=, =, o=
20 20 20’ 4 5 22 (45)%
.'E 'E
HaxoamMm acUMOTOTBL: Yy = —x Uy = ——x

Ao~

Haxonum aBe BepmmHbl runepbonst  A;(2;0),

2;0).

I/IIHGM JOITOJIHUTCJIBHBIC TOYKH: - = IT -1,

y2 = 3 (x2 _4)1

—_—

y=2J5(x"-4),

= T 4 »"_

Ciix=3,y= %,ﬁ(gf —4)=

L3
B3 |

=2,5

[ ]

Coix =4, y=2/5(#7 — 4= =387

Ipumep 7: Haiitu koopauHaThl (QOKYCOB, JJIMHBI OCEH, JKCIEHTPUCUTET U

ypaBHEHHE aCHMIITOT THIepOOIIB, 3a1aHHOT0 ypaBHerHueM 16x° — 25y = 400,

lex® 25y _ 400 = ¥ _ 1
400 400 200’ 25 16 !

Pewenue: 1llpuBenéM K KaHOHMYECKOMY BHUIY

¥F
52 42

v Fl(\."ﬁ; O), Fz(—m"ﬁ; 0)

= 1. CrnienoBaTenbHo, a =5, b =4, ¢*= a®+ b® = 25+16 = 41, c =41, a>b

JleiicTBuTENbHAS OCh: |A A,| = 2a = 10.
Muwumas ock: |B,B,| = 2b = 8.

f41
DKCIEHTPHUCHTET: & = ”T

DN N AN

— 4
YpaBHEHHE aCUMIITOTHL: = + X
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IIpumep 8: CocTaBUTh KaHOHMYECKOE YpaBHEHHUE THNEpPOOJIbI ¢ (POKYCOM Ha OCH
abciucce, ecii U3BECTHO, YTO AKCIEHTPUCUTET paBeH 1,5, a GokycHoe paccTosiHue

paBHoO 6.

— 3 -

1.5

Pewenue: |F,F,| = 6, ciegoBaTenabHo, 2C=6,C=3; e = % CIIEAOBATEIILHO, a =

wmo|

2.
3Hast a u C, Haiiném b®=¢®>—a?=9-4=05,

KanoHnuueckoe ypaBHEHHE UMEET BU: XT — J'? = 1.

4. Ilapabona u eé ypasnenue
Ilapabona — 3TO MHOXECTBO TOYEK IUIOCKOCTH, PaBHOYJAIEHHBIX OT 3aJaHHOM
TOYKH (Ha3bIBAEMOM (hoKycom) ¥ JAaHHOM MPsIMOK (Ha3bIBaeMO# oupexmpucoti d).
Kanonuueckoe ypaenenue napaboivt, poKyc KOTOPOH pacroyioskeH Ha ocH abcuucc,
UMeeT BUJI;

2 _ 2_
y° =2px unu y = —-2px.

Ot1H 2 ciydasi IpeICTaBIEHbI B CIEyIOUIEH Tabauue:

[Tonoxenue dokyca

Ha otpunarensnoit nonyocu Ox

Koopnaunats! gokyca F(—Z;0)
YpaBHEHUE TUPEKTPHUCHI y==%
VYpaBHeHue napaboisl V= —2px

Kanonuuecroe ypasnenue napabonvl, Goxyc KOTOPOI pacroiaoKeH Ha OCH OpAUHAT,

HUMCCT BU.

x> =2py umm x*= —2py.

OtH 2 ciydasi mpeCTaBICHBI B CIEAYIONICH Ta0IuIIe:

[Tonoxxenue poxyca

Ha otpunarensHoii nonyocu Oy

Koopnunats! gokyca

FO; —5)

YpaBHEHHE TUPEKTPUCHI

y=E




| VpaBuenue napabonsl | x° =2py ‘ x°= —2py ‘
IIpumep 9: Haittu koopauHatel ¢GoKyca W ypaBHEHHUE IUPEKTPUCHI TapadoJIbI,

. 2
3aJlaHHOM ypaBHEHHEM ) = 8x.

Pewenue: KaHOHIYECKOE ypaBHEHHE )° =2px, ClIeI0BaTenbHo 2p = 8, p = 4. F =

ra |

2, cnenoBarenbHo F(2;0) — dokyc mapabonbl. YpaBHeHHe qupekTpuchl d: x = —

2.

ra |

Ipumep 10: Haiftu kaHOHWYECKOE  ypaBHEHHE Mapaloiibl U ypaBHEHHE €&
JTUPEKTPUCHI, €CITH U3BECTHO, YTO BEpIIMHA apaloIIbl JICKHUT B HaYaIe KOOPIUHAT, a
(doxyc nMeeT KOOPAUHATHI

0; —3).

Pewenue: CornacHo ycnoBuio (okyc napaboiibl pacloyioKeH Ha OTPULATENIbHOM
noayocu Oy, clie0BaTeNIbHO, x= —2py.

Tak kak —Z = -3, 10 p=6, 2p=12.

Ypasrenwne mapaGoisr: x°= —12py.

YpaBHEHHE AUPEKTPUCH ¥ = £= 2=3 pym y — 3=0.

Ipumep 11: CocraBuTh ypaBHEHUH Mapaboibl, UMEIOIICH BEPIIMHY B Hadale
KOOPJAWHAT, CAMMETPHYHOU ocu Ox U IPOXOAsIIeH yepes Touky A(—3; — 6).
Pewenue: YpasHenue napaboist: y°= —2px, (- 6)° = —2p-(-3), 36 = 6p, p = 6; y°= —
12x.

3aoanus:

1)  CocTaBuUTbh ypaBHEHHE OKPYKHOCTH ¢ eHTpoM O(—2; —5) u R=y3; O(-5; 0) u
R=3.

2)  TIocTpoHTH OKPYXKHOCTB: a) x°+y’— 10x —6y —2=0; 6) x*+)*~10x+9=0; B)
x*+y*+8x+7=0.

3) Haiitu koopauHaThl (OKYCOB, IJIMHBI OCeH, (OKYCHOE pacCTOSHHE U

=

SKCLEHTPHCHTET DILINIICA, 3aJaHHOTO ypaBHeHHeM: a)16x*+25)°=400; 6) —

+-=1.
4)  CocTaBuUTh ypaBHEHHE JJUIHIICA, KOOpAWHATHI (okycoB koTtoporo Fi(—4;0),
F2(7;0), a skcuientpucurer == 0,28.

5)  CocraBuTh ypaBHEHHE JJUIHIICA, (POKYCHI KOTOPOTO JIEXKAT HA OCH KOOPMHAT,

skcieHTpucuter = 0,6 u manas och paBHa 10.
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6)  CocraBUTh ypaBHEHHUE 3JUIHIICA, POKYChl KOTOPOIO UMEIOT KOOPIUHATHI (+/3;
0) u (—/3; 0), a GosbIIast OCh paBHA 4+/7.

7)  Haiitu xoopauHaThl (OKYCOB, JJIMHBI OCed, (OKYCHOE pacCTOSHUE,
SKCLEHTPHCHTET U YPABHEHHUE aCHMIITOT THIIEPOOIIBI, 3a[aHHOTO yPaBHEHHEM: 1x° —
9y = 63,

8)  CocraBUTh KaHOHHUYECKOE YypaBHCHHE THUIEPOOJBl ¢ (oKycaMu Ha OCH

—_—

V) = /5
opauHar, €CJIM ACUCTBUTCIIbHASA OChb paBHA 4\." 5, @ DKCUCHTPHUCHUTET paBCH \fT

9) CocTaBuTh KAaHOHMYECKOE YPaBHCHHC I‘I/IHep6OJ'II>I, CCJIN I[CﬁCTBPITGJII)H&H OoChb

5
pasHa 10, a ypaBHEHHS aCHMITOT HMEIOT BHA Y= £ x

10) Okcuentpucuter rHIEpOOIBI ¢ (OKycaMH HAa OCH OpAuHAT paBeH 1,4,
CocTaBUTh KAHOHUYICCKOE YPaBHEHHE THITIEPOOJIBI, €ClIM u3BecTHO, uTo 2b = 10.

11) HaiiTn KaHOHUYECKOE ypaBHECHHE Mapa0oJibl U YPaBHCHHUE TUPCKTPHUCHI, €CITH
dokyc mapadosbl Touka A(—2; 0).

12) IlapaGoma 3amaHa ypaBHeHme x°= —32y. Haifaure KoopaumHaTsl (oKyca ©
ypaBHEHUE AUPEKTPUCHI.

13) [Ilapabosia ¢ BepIIMHOW B Hayaje KOOPAWHAT CHUMMeTpuuHa ocu Oy H
npoxoauT yepe3 TouKky A(—5; 2). CocTaBUTh KAHOHUYECKOE ypaBHEHUE MapadoJIbl.
14) Haittu koopauHaThl (OKyca M ypaBHEHHE TUPEKTPUCHI MapadoIibl, 3aaHHOM

ypaBHeHHEM )= 24x.
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IIpakTnueckoe 3ansatue Ne 8. [Ipenen pyHkuuu
TEMA: [Ipenen nocienoBaTeibHOCTH, Mpeies (QyHKIUH.
Ilenvy pabomwvi: pa3BuTHE YMEHUM U HABBIKOB [0 BBIYMCICHUIO TPEICIIOB
AJIIEMEHTapHbBIX (PYHKIUH.
OcHoeHOll meopemuyecKkuii mamepuai
OCHOBHBIE TEOPEMBI O Mpeaeaax

[Tycte f(X) m @(X) — dyHKIHMH, OIS KOTOPBIX CYIIECTBYIOT TPEIENbl MPH X—x,

(Xx—>00):
lim ;f[x) =4 lim IIu;,::u[:::rj =8B

CdopMmynupyemM OCHOBHBIE TEOPEMBI O MTpeeiax:
1. OyHKIMS HE MOKET UMETh 00JIee OJHOTO Mpeena.
2. [Ipenen anredpanyeckoid CyMMbl KOHEYHOTO YHCiIa (PYHKLIHUA paBEH TaKOU Ke

CyMMe MpeJenoB 3TuX QyHKUUH, T.€. lim j[f(x) +@(x))=A+B

3. [Ipenen mpowsBefeHUS KOHEYHOTO 4YHCIA (QYHKIUNA pPaBeH MPOU3BEICHHUIO

npeesoB 3TUX PyHKUIUM, T.€. lim j[,1'-"(:::) -@(x))=A-B

B HJaCTHOCTH, MOCTOSIHHBI MHOKMTEIb MOXKHO BBIHOCHUTB 3a 3HAK npcacia, T.c.

lim :I[:r:* p(x))=c-B

x—xy (oo
4. Tlpenen yacTHOTO ABYX (DYHKIMI paBeH YaCTHOMY IPEENIOB 3TUX (PYHKIUH, T.€.
lim E = i, B+0

x—xp (=) PLX) " B
IIpenesibl ¢ HeompeaeJEeHHOCTHLI0 BH/AA E U Meroa ux pemeHus. Ceiyac Mbl
paccMOTpHUM IpyIILy IIPENEIoB, KOrjna x—00, a QyHKIHs MPEACTABISAET COOON ApOOb,
B UHCJIMTENE U 3HAMEHATENIe KOTOPOil HaXOASTCS MHOTOUWIEHBI.

Zx" —3x -5

IIpumep 1: Beruuciauts npeaen i:ir; v

Pewenue: Caagamna Mbl CMOTpUM Ha YUCIWUTCIIbL U HAXOAUM X B CTapmeﬁ CTCIICHHU.
CTapmaﬂ CTCIICHb B YHCJIIMTCIIC paBHA JIBYM. Tenepb CMOTPHM Ha 3HAMCHATCIIb U
TOXE HaxoJuM X B CTapmeﬁ CTCIICHU. CTapH_IaSI CTCIICHb 3HAMCHATCIISA paBHA ABYM.
3aTeM MBI BBI6I/IpaeM CaMyrl0o CTapmyr0 CTCIICHb YHCIUTCII W 3HAMCHATCIIA: B

JaHHOM IIPpUMEPE OHHU COBHAAAOT W PaBHBI )IBOI\/'IKe. HTaK, MCTOJZ PpCIICHUA

32



CIEAYIOIIMIA: IS TOTO0, YTOOBI PACKPHITh HEOIPEACIEHHOCTh — HEOOXOIUMO
o

PasacInTb YUCIUTCIIb U 3BHAMCHATCJIb HA X B CTapHIefl CTCIICHU.

. ox®_gx—z
2x"—3x -5 —_

=2 = (P N — . T =
=-= (PazmenmuMm 4uciHMTENh W 3HAMEHATENb Ha X°) = lim —%: - =

1+X+8x2
X T
P

lim .
r—n 14+ 3=

B 8 5 870 570
lim =% =lim 55—-25—=- OrtseT: ~.
X0 4 X0 = 4= 43 3 3
X< x= x= x= X

o
HPEIICJIBI C HEONPEACJCHHOCTHIO BHUIA 2 H METOA HUX pPCIICHUS. CHGI[}’IOH_IEIH

Irpymnma mnpeaciioB 4E€M-TO II0XOKa Ha TOJIBKO 4YTO PACCMOTPCHHBIC IPCACIILI: B
YUCJIUTCIIC U 3HAMCHATCIIC HAXOAATCA MHOI'OYJICHBI, HO «HKC)» CTPCMHUTCA YIKC HC K

6CCKOH€‘IHOCTI/I, a K KOHEYHOMY HUCy.

IIpumep 2: Pemuth nipenen: lim e

x—=—1 x+l

(—13%-3-(-10-5 _

Pewenue: CHadana nmonpodyem MoACTaBuTh -1 B 1po0b:————

o
> B nannom

ClIy4dac II0JdydCHa TaK Ha3bIBACMasA HCOIIPCACICHHOCTb -. 061/1/;66 npaesuio: CCIN B

=] =

YUCIUTCIIC U 3HAMCHATCJIC HAXOOATCA MHOT'OWICHBI, U HMCCTCSA HCOIIPCACIICHHOCTU

o o
BHUaa e TO OJIL €€ PACKPLITHUA HYXHO Pa3JIOKUTb YHUCIWUTCIIb W 3HAMCHATCIIb Ha

MHOXUTENU. [{J1 3TOro yaiie BCero Hy>KHO PEIIUTh KBaJpaTHOE YpaBHEHUE U (WJIH)

UCITIOJIB30BaTh (DOPMYJIIbI COKPAIIIEHHOTO YMHOXEHUS.

. 2x"-3x-5 _ 0
Wrak, pemnraem Ham npenes lim = — =1

Pa3iouM 4HCIUTEIh Ha MHOKHATEIIH:

2x* ~3x-5=0

D = (- 3)° — 42- (- 5) = 9+40=49 (Eciu ropemv He u3GleKkaemcs Hayeio
(nonyuaemcsi OpoOHOE YUCIO C 3aNAMOIlL), OUeHb BEePOSMHO, YMO OUCKDUMUHAHM
BLIMUCTEH HEGEPHO NUOO 6 3A0AHUL ONEeHaAMKA)

\.,."'E: fa9 =7

2x*~3x-5=2 (x+1) (x-3) = (x + 1) (x-5)

lim 222 = gy S 2 iy (2x-5)=-2-5=-7.  Orser: 7.

r=—1 x r—=—1 +1 x—=—1
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MeToa yMHOKEeHUSI YNCJIUTEISA M 3HAMEHATeJsl HA CONpPSIZKeHHOe BbIpasKeHue.
Crnenyrolyii TUIT TPEIeSIOB MOX0X Ha MpeAp Ay Tun. EquHcTBeHHOE, TOMUMO

MHOT'OYJICHOB, Y HAC I[O6aB$ITC$I KOpHH.

) , Wxte—/10x-21
IHpumep 3: Hantu ipenen i:l?az -

Pewenue: Cradana npodyem MoACTaBUTH 3 B BRIPAKEHUE O] 3HAKOM Tpejesnia. ITo

IICPBOC, YTO HY’KHO BBIIIOJIHATD JJIA JF000T0 npcaciia.

. Wxte—10x—21 _ 3+e—103-21 _+5—% _ o o
lim = _ —— = —. [lomy4yeHa HeEONpEnEIeHHOCTh BHAA —,
iy Sx—15 5-3-15 15-15 0 o

KOTOPYIO HYXHO YycTpaHaTth. Korma B uuciuTene (3HaMeHATele) HaXOMMTCS
pPa3sHOCTh KOpHEH (MM KOPEHb MHHYC KaKOe-HHOYIb YHCIIO), TO JUIS PACKPBITHS
HEOTPEICIICHHOCTH % UCIOJB3YIOT METO YMHOXCHHS YHCIIATENS M 3HAMEHATEIIS Ha
COIPSDKCHHOE BhIpaXkeHue. Bemomuuaem Gopmyiy pasHOCTH KBaapaToB: (a — b) (a +

- 2 2 .
b) = a"— b°. YMHOXaeM uncinTenns Ha COIIPSAKCHHOC BBIPAKCHHUC.

. AxFe—10x—21 _ ,. [(Vete—/10x—21)(Veterl0x—21) _ . (vVere) —(viee—21)" _
lim—————— = lim - — = lim- ————————
=3 Sx—15 =3 (5—15)-(Vr+8+V10x—21) x—3 (5x—15)-(Ve+re+/10x—21)

— .. x+6—(10x—21) - g x+6—10x+21 — .. —9x+27 _
= lim- ———— = [lim- ———————— = lim- —— =
x—3 (5x—158)-(vVx+64/10x-21) x—3 (Se—15)-(Ve+s+V10x—-21) x—3 (Se—15)-(Ve+s+V10x—-21)

. —%(x—3 - -3 — . -5 — 3 .3
lit — xS = im——— = lim———— =2 Orger: - >
=3 5lx—3)-(Ve¥64+V10r—21) o35 (VererVi0x—21) o3 5-(V3+E+V1D-3-21) 10 10

Pewenue munoewix 3aoanui:

, n~+en—1
Ipumep 1. Beruncaute npenen lim ——.
n—m 4n-+1
n® en 1
. miEeEn—1 (F nZ -T:} . ( Tl 1
Pewenue. lim ﬁ = lim TE L = lim {—_ = -,
n—n n- n—m |I__+;_} n—ro 4+1—: 4
nZ " n2 VU

B, .
Ipumep 2. Beraucnuts npeaen lim %

x——1 X

. ® 4 . lat) (s —x+1 , , _ _
Pewenue. lim ﬂ = lim L‘rj = lim (x%— x + 1)= 1+1+1=3.
x—=—1 x+l x=—1 x+1 r——1
(x" +3x+2
Ipumep 3. Beruucaurs npenen lim (7 +3x42)
[ e

7 Ix®4x—6

N ) I s P C (x#l 231 1
Pewenue. lim Jr—Ij—lzm = )(x+2) lim = ) _ =2

s 2+ x—6  geamd 2(x+2) (x—L5)  ge—s—o 2x—3  2(-2-3) 7
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3aoanusa: Berauciaure npenaen

1 BapuaHT 2 BaApHaHT 3 BapMaHT
. x—3x"+2 . x=TxtE1 . xt-3xt 41
1. lim—— 2. lim—; 3. lim———
X0 4—2x° tx X 2x=+3 X0 Tx—3x™ +12
4 4 2 z
, X - . x"+1 , x —x
4. lim — 5. lim= . 6. lim—
r—n 3 x—wn &X— E e
., xtl—x , 4—x* ., xtl—x
7. lim 8. lim——— 9. lim
e X7 x—m e+ x—m 7
Bx 42 ; _ Bx 42
10. lim - 11.1im (2x —1) 12. lim
=4 Jx 43 ara =1 3T
Vata-2 : x+3 VaT9-3
13. lim 14. lim a1 15. lim
w0 x x—+—3FvVE =0 x
) . x -9 xF—16
Cdim— im— Cdim—
16.1 17.1 18.1
o &2 — x—=3a—3x x—g xT —Rx
. 7 5
19. lim = 20. lim - 21. lim -
X X X X

3ameuarenbHble npeneabl. HenpepbIBHOCT QYyHKIIUN
Llenv: 3aKkperuiCcHME HABBIKOB HAXOXJCHHUS MPENEJIOB C MCMHOJIb30BAHUEM JIBYX
3aMeyaTeIbHbIX MPEIETIOB.

Teopernyeckas 4HacTb
sin X 1
1) ==0 & - IEPBBIN 3aMEYaTEIIbHbBIN IPENECIL.

1 k
lirmy [ 1+ —] = g
2) T X - BTOpOHM 3aMCYaTCJIbHBIMN IIPEACII.

n(1+x) _
3) o x - 3aMeyYaTesIbHbIN JIorapu@MUUYeCcKuil mpeaed.
A
4) w0 - 3aMeYaTeIbHbIN [T0Ka3aTeNIbHBIN Ipeaes.
o (Em -1
5) #=0 x - 3aMeYaTeNIbHBIN CTENIEHHOM Mpeen.
3aganue: Hailtu npenen pyHKIMH ¢ TOMOIIBIO IBYX 3aMeUaTeIbHbIX MPEAEIIOB:
s A x
1 =0 Sy

. Ein 3x
3. lim —
xr—0 Bin dx

4. lim (1 + 4xj-;_r

a—roa

HenpepbIBHOCTH QYHKIMU.
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Ilenv: 3aKkperjieHHE HABBIKOB HAXOXKIACHUS NPEAEIOB C HCIOJb30BAHUEM JIBYX
3aMeyaTeIbHbIX MPEIEIIOB.

Teopernyeckas 4acTh

Oyukuuo Yy = f(X) Ha3wbIBalOT Henpepwienol Ha ompeske [a, b], ecaum oHa
HEMpephIBHA BO BCEX BHYTPEHHHX TOUYKAaX 3TOr0 OTPe3Ka, a Ha €ro KOHIax, T.c. B
TOYKax a U b, HempepbIBHA COOTBETCTBEHHO CITPaBa U CJICBa.

Omnpenenenne. Dyuxius f(X) Ha3piBaecTCs HeNMpPepPBLIBHOW B TOYKE X, €CIH

lim ()= 7 (%).

Onpenenenne. Oynknus f(X) Ha3pIBaeTCSI HEMPEPHIBHOM HA MHOXKECTBE X, €CJIM OHA
HEIPEPBIBHA B KAXKJOU TOYKE 3TOTO MHOKECTBA.

Pa3pbiBbl pyHKIMM

Onpenenenune. Touku, rae Gynkuus f(X) He sBIsIETCS HEMPEPHIBHOM, HA3bIBAIOTCS
ToOYKaMu pa3psbiBa ¢pyHkiuu f(X).

I[JIH KHaCCI/I(bI/IKaI_[HH TOYCK pa3phbiBa pacCMOTpUM IIpcacia CJICBA

lim fi{x)= f{x;—0) w mnpexen cnpasa E-mm Jx)y=flxg+ 0y ynxmmm f(X).

x—=xp-0

Toraa nmeer mMecTo creayronas KiaccCupuKaus ToUeK pa3pbiBa.

1. Yerpanumbliii pa3pbiB.

OH MMeeT MecTo, KOTJIa BBIMOIHEHO yeioBue f(xg —0)= f{xy +0) = flx, ).

B nanHOM cilydyae IOCTaTOYHO WM3MEHUTh 3HAUY€HUE (PYHKLIHMU B TOUYKE X, YTOOBI
pa3phiBa HE CTAJIO.

2. Pa3pbIB nepBoro poaa (CKauok).

Pa3peiB nepBoro poja (Ckauok) Moxy4aercs Toraa, Korjaa OJHOCTOPOHHHE IPeeibl

Flxy—=0) m f(x;+0) CymecTByIOT, KOHEYHbI, HO H¢ PABHbI M€Ky €000, TO €CTh

Jlg=0)# fxp +0).
3. Pa3pbIB BTOPOIO poaa.

Ecimu xors Obl oquH U3 f(x;—0) u f(x;+0) paBeH oo UIM HE CYLIECTBYET, TO

roBopsT, 4To GyHKIM f(X) IMEeT B TOUKE X pa3phiB BTOPOTO POJIa.

3ananme: VccienoBats GyHKIHMIO U TIOCTPOUTH rpaduK.
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IpakTnueckoe 3ansatue Ne 9. /ludppepenunpoBanue ca0KHOH PYyHKIIUU
Heab padoThl: HAYYUTHCS BBIUUCISATH TPOU3BOJIHBIE CIOXKHBIX (DYHKIIUI
Kparkas Teopus:
[Mycts ¢dyHkmus f (X) ompeneiacHa B HEKOTOPOH OKPECTHOCTH TOYKH  Xo.
Ilpouseoonoii pynkyuu f (X) 6 mouxe X, Ha3bIBACTCA OTHOILICHHE MPUpAICHUS
bynkumun Af (Xo) XK mpupameHuto aprymeHTa AX mpu AX — (), ecind 3TOT Tpeent

CyIIeCTBYeT, 1 0003HayaeTcs f7(Xg).

£(x, )= tim (%) _ iy F0)= (%) (1)

=0  AX X—>Xg X — XO
[TpousBoauyro byukuu y = f (X), X € (a;b ) B Touke X obo3nauaroT f’(X), y’(x),;j—f
X

d .
_y’ npuuyéM Bce 3TU O00O3HAUYEHUsS paBHONpPaBHBL. — Omnepanusi HaXOXIACHUS

dx

MIPOM3BOJHON HA3bIBACTCS Oudghepenyuposanuem pynkyuu. DOyHKUMS, AMEIOIIAST
MIPOM3BOJHYIO B TOYKE Xo, Ha3bIBaCTCs Ougghepenuyupyemoit 6 33TO0M mouke.
DyHKIMS, UMEoMas MPOU3BOIHYI0 B KOKIOH TOYKe MHTepBana (a;h), HaspBaeTcs
ouppepenyupyemoni na TOM unmepeae; MPpu TOM IPOU3BOIHYIO f’(X) MOXKHO
paccMaTpuBaTh Kak (QyHKIHIO Ha (a ;D).

Tabimua npou3BOAHBIX JJIEMEHTAPHBIX PyHKIMH

2. (x”)' =nx"?,
3. (sinx) =cosx
4. (cosx) =—sinx
- 1
5. (t =
(19) cos’ X
1
6. (ctgx) = —
(ctox) sin? x
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8. (arccos x) =-

1-x*
9. (arctg x) =
(arcty  x) L
10. (arccty x) =-
(arcctg x) "
11, (ax)':axlna
12.. (ex)':eX
13. I =
(log , %) =——
14, (Inx)':1
X

IpaBuiaa qud¢epeHUpPoOBaAHUA
Ha nmpakTuke npuMeHSIOT cleayomre npaBuiia AuddepeHupoBaHus

1. (U£v) =u £v,,

2. (), =uyv+vu,  (Cu) =Cu,;

X
3 (U _uyv-vu
] - 2 []
V), v

rie U u o obo3HauaroT auddepeHnupyemple GyHKIuM TepemeHHorn X, C -
KOHCTaHTA.

HuddepenurpoBanue ClI0KHON QyHKIUN

Teopema. Ilyctb nana cioxxHas GyHkumst y =g(u), rae u= f(x). Ecniu pyHkus
u = f(x) muddepenimpyema B HEKOTOPOH TOUKE Xg, @ PYHKIUS y = g(u) ompeeneHa
Ha MHOXKeCTBE 3HaueHud ¢pyHKknuu f(x) u nuddepeHnupyema B Touke U, = f(x,), TO
cnoxkHast GyHKums y = g(f(x)) B JaHHOM TOYKE Xo UMEET MPOU3BOJHYIO, KOTOpas
HAXOJUTCSA 10 hopMyIIe

Yi(xo) =9'(Ug)- £'(X) mmm Y, =y, U,

IIpuMepsI 10 BHINOJIHEHNIO PAKTHYECKO Pad0ThI

[Tpumep 1. Boruucantb f'(x), ecan f(x) = (x* —5x+7)°.

Penienue:
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f'(x) = ((xX°* -5x+7)°) = ‘ 0603nauum 3a 7 = X> —5X+7 ‘ =(2°), -z, =92°-

-(3x* =5) = 9(x* =5x + 7)° - (3x* = 5).

Ipumep 2. Berumeants  f/(x), ecin f(x) =3/(5+3x—2x)°.

Penienue:

2
f’(x):(%/(5+3x—2x2)2)'=‘t=5+3x—2x2‘:(t3){-t;_g t3 (5+3x—2x2), =

2(3—4x)

- 33/543x—2x?
Hpumep3.Borauciuts f'(x), ecnu 1) f(x) = 4/arcsin Xx;

2) f(x) = (In(arccos x*));

Penienue:

Y . ' 1 1 1
1) f'(x) =(/arcsinx) =|t =arcsinx | =/t -t = . = ,
) 1100 ( ) | | ( ) 2t 1-% 2j(1—x2)arcsinx

2) nanHas QyHKIMS SBISETCS CYyNEePIO3UIMel TpeX PYyHKIUN, TOITOMY UMEEM

f'(x) = (In(arccos(xz)))' =| nonoocun t =arccosx’ | = (In t)lt -(arccosxz)'x =

‘I’lOJZOOfCZ/lM z=x° ‘—% aI’CCOSZ)z Z;:%-(—#)-ZX:— 2x

t 1-— 72 arccosx® ~/1— x*

3allaHI/lSI AJIA NPAKTHYECKOTO0 3aHATHUS:

Bapuanr 1

1. BeraucimmTh IPOU3BOIHBIC CICAYIOMMX (PYHKITHNA:

1) y=(7x*-5x+9)°; 2) y=-/Bsinx—8cosx; 3) y=2X "7

4) y=In 1+X 5) y = arcsin x° 6) y =arctgv/x ;
X

2. Beruncnuts f'(1/2), ecim f(x):arcsiné;
X

9x

x? +1

3. Beraucnuts '(24/2), ecu f(x) =

Bapuanr 2

1. BbIUMCANTH MPOU3BOIHBIE CAEAYIOMMX QYHKIUI:

1) y=(2°~4x+5);  2) y=In(2cosx—9sinx); 3) Y=7"";
4) y= gli 5) y = (arcsin x)*; 6) y=./arctgx ;
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2. Bpruncauth f’(;), eciu f(x) =arccos/x ;

X
3. Haiitu f'(\/3), ecmn f(x) = ———.
1-Vx*+1
Bapuanr 3
1. BeraucauTh mpou3BOIHBIC CICTYOMINX (DYHKITHIA:

1) y=(4x*+2x*+1)°; 2) y=cos(l-7x+4x?); 3) y=3°mxreosx

4) y=In 5Xx ; 5) y=arccos/x ; 6) y=arcctgx®;
+

2. BblunCINUTh f’(%), ecau f(x)=./arctgx ;

3. Haiitu f'(v/3), ecmm f(x) = (x* = 2)vx? +1.
Bapuanr 4

1. BIYuCAUT NPOU3BOHBIE CIECTYIOMINX (DYHKIIHIA:

Barcsinx—2 |

1) y=(2+3x-8x%)"; 2) y=Inctgx; 3)y=e :

4) y= /71)( 5) y:arctg)l(; 6) y = 2arcsin x°;

2. Beraucauts f'(1), ecau f(x) =-/arccosx ;
3. Haiitu f'(J2), ecmm f(x) = (x? +3)V/x? 1.
HosHoe ucciaenosanune pynkuuu. [llocrpoenue rpaguxos
eab padoThI:
Hcnonb3yst TeOpeTUUECKUM MaTepuai U o0pa3iibl pelieHusl 3a/1a4, peluTh TPUMEPbI
no teme «IlonmHoe uccnenoanue Gpyukiuu. [locrpoerue rpadukoBy»
Cxema uccneoosanusn ynkyuu u nocmpoenus paguxa:
1. Haiitu obnacte onpenenenust hpyakuuu D(f).
2. HccnenoBarh  ¢yHKIMIO Ha  HenpepblBHOCTh. Crenath  BBIBOA O

CymecCTBOBAHUHN dCUMIITOT.

3. BoisiBUTH ~ 0ocoOble  cBOMcTBa  (YHKUMHU:  YETHOCTh  (HEYETHOCTH),
NEPUOIUYHOCTb.

4. Haiitu Touku nepeceuenus rpaduka QyHKIHHU C OCIMUA KOOPJIMHAT.

S. HccnenoBath PyHKINIO HA MOHOTOHHOCTh M SKCTPEMYM.

6. HccnenoBarh PyHKIMIO HA BOTHYTOCTh, BBIMYKJIOCTh U TOUKH Meperuoa.
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7. [TocTtpouTts rpaduk GpyHKIIUH.

3anaua. MccnenoBarh ¢pyHKiu0 f(X) = x° —3X U HOCTPOUTH ee rpaduk:

Penienue:
1. D(f)=R.
2. DyHKIMS HENMPEPHIBHA, BEPTUKAJIbHBIX ACUMIITOT HET.

_f(x) x*-3x
HakJIOHHBIX aCHUMIITOT TaK K€ HET, TaK Kak k = lim = =
X—»00 X X

3. DOyHkums HEYeTHas, T.K. f(—x) = (= x)° =3(=x) = —(x* =3x) = — f (x) .

CJ'ICI[OB&TCJ'IBHO, OHa CUMMCTPHUYHA OTHOCHUTCIIbHO Ha4Yajla KOOPAWHAT.

4. Touku nepecedenns rpaduka ¢ ocsio OX: Y =0 ;
x = 0,43
Touku nepeceuenus rpaguka ¢ ocbro OY: {X =0,
y=0
5. Hccnenyem QyHKIMIO HA MOHOTOHHOCTh U TOUKH DKCTPEMyMa:

f'(x)=3x*-3, f'(x)=0=3x>-3=0,x=+1
®yHKIMsA Bo3pacTaeT Ha (- oo;—-1]U [L;+e0); GpyHKuus yosBaer Ha [-17].
x =1 - TOYKAa MAKCUMyMa, X =1 - TOUKa MMHUMYMa.

CocrtaBuM TadIuILy:

X (- 0;-1) 1 (-12) 1 (L;+00)
f'(x) + 0 - 0 +
f(x) go3pacm. 2 yovisaem -2 803pacm.
MAKC. MUH.
6. HccnenyeM QyHKINIO HA BOTHYTOCTb, BBIITYKIIOCTh M TOUKHU Teperuoa:
f(x)=6x,f"(x)=0=>x=0
®yHKIMS BOrHyTa Ha[0,4+00), BEIMyKIa HA (- 0,0].
x=0 -Touka neperuoa.
CocrtaBuM Ta0IuILy:
X (— oo;O) 0 (0;+oo)
'(x) : 0 ;
f(X) 802HYyma 0 8bINYKIA
nepezub

1. [Toctpoum rpaduk hyHKIIMH:
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3.HODHHOK BbINOJIHEHHSI PA0OThHI:

Hcnonb3ysi TeOpeTUUECKUEe CBEACHUS BBITIOIHUTH MPEJIOKEHHOE TMpernojaBaresieM
3aJlaHue.
Conep:xkanue padoTsl

1.Haiinure kpuTHdeckne TOYKN (QYHKITHH:

a) f(x)=x*-2x*-3x a) f(x)=2+18x*-x*
2 +3x

6) f(x)=>"

) 109 X+4

2.Mccnenyiite pyHKIUIO HA BBITYKIOCTD:
f(x)=x*-4x>-18x*+x-3 f(x) =3x* —8x® +6x* —5x+3
3.Uccnenyiite pyHKIMIO U TOCTPOiiTE ee rpaduk:

f(x)=x*-3x°
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IIpakTueckoe 3ansaTue Ne 10. HeonpeneneHHblii HHTErpaJ
Llenw: 3aKkperuieHne HAaBBIKOB HAXOXKACHHSI HEONIPEISIICHHOTO HHTETpaia.
Teoperuueckasi yacThb

Ecimu ¢ynkuus F(x) sBiasercs mepBoobpasHoi mis (ynxuuu f(x), BbIpakeHue
F(x)+C Ha3pIBaeTCA HEONpEEICHHBIM HMHTETPaIoM U 0003HAYaeTcsi CHMBOJIOM
[ f(x)dx. Taxim 06pazom MOXKHO 3amHCaTh:

I f(x)dx = F(x)+C (8.3)

f(x) — moxgbIHTErpatbHas QyHKINUSL,

f (x)dx — IOJBIHTErpaIbHOE BEIPAKEHHUE;

| — smak neonpenenennoro nnrerpaia;

X — II€PEMEHHAs MHTETPUPOBAHUSL.

CBoiicTBa HeoNpeIeJeHHOro HHTerpaJa

1. Jlubdepenunan oT HEONPENEIEHHOIO HWHTErpala pPaBeH IOJBIHTErPAIbHOMY
BBIPAKEHHUIO:

d([ £ (x)dx)= d(F(x)+ C) = dF(x) = F'(x)dx = f (x)dx

2. TlpousBomHas OT HEONPENENCHHOIO MHTErpaja paBHA IOABIHTEIPAILHOM

(GyHKUIHU.

(£ 00x) = (Fx)+C) = F(0)= 1(x)

3. Heonpenenennsiii unTerpan ot auddepeHnnana HEKOTOpPoW GYHKIUU

paBeH ATOW (PYHKIMU TUTFOC POU3BOJIbHAS MOCTOSTHHAS.

_[dF(x)= j F'(x)dx =f f(x)x = F(x)+C

4. HeonpeneneHHbld HHTErpajl OT aireOpanyeckod CyMMbI KOHEYHOTO YHCiia
¢GbyHKIMI paBeH anreOpandyeckoil CyMMe HEOIPEAENIEHHBIX UHTErPAJIOB OT KaXKJI0TO
CJIaracMoro B OTAEIbHOCTH, T.€.:

J (0 9o [ £ (xki: [ gk

S. I1oCTOSIHHBIM MHOXHUTEJIb MOKHO BBIHECTH 34 3HAK HEOIPEAECIEHHOTO UHTErpala,
T.C..

_[Af (x)dx = Aj f (x)dx

Tadauna uHTErpaJioB
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n+l

1. [x"dx =2 -
Ix dx n+1+C’ (n=-1)
2. ax =In|x+C

X

3. J'sin xdx = —cosx+C

4, jcos xdx =sin x+C

dx
5. =tgx+C
jcos2 X J

dx
6. =—ctgx+C
jsinzx g

7. jtgxdx:—ln|cosx|+C
8. J'ctgxdx:ln|sin X+C
9. J'exdx:ex +C

10. |a*dx=—
Ia X na+c (a>0)

11. I :larctg§+c
a’+x* a a

= arcsm +C

12 [P
a—+ X
a—Xx

14. I%zln‘xm/xziaz +C

+C, |x=a

OcHoBHbIE METOAbI BLIMUC/IICHUA HEOIIPEACJICHHOTI0 HHTErpaJjia

[Iycts TpeOyeTcss HaWTH HEOMpENENEHHBI  WHTErpas J'f(x)dx, [IpUYEM

HEIMOCPEICTBEHHO MOA00paTh MEPBOOOPA3HYIO HE MPEACTABISETCS BO3MOXKHBIM, HO
W3BECTHO, YTO OHA CYIIECTBYeT. B 3TOM ciydae MPUMEHSIOTCS pa3IuYHbIC METOIBI
WHTETPUPOBaAHUS, Onarogaps KOTOPHIM HUCXOJHBIM WHTErpajl MOXXHO TMPUBECTH K
WHTErpaly TaOJIMYHOTO BHIa. PaccMOTpUM HEKOTOPBIE M3 ITHX METOJIOB.

1. Memoo mnenocpeocmeennoco  umumezpuposanus. VIcrionb3ys  CBOWCTBa

HCOIMPCACICHHOI'O HMHTCIPAJl, 4 TAKIKC BBIIIOJHAA 3JICMCHTAPHBIC MATCMATHYCCKHC
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npeoOpa3oBaHUsl TMOJBIHTEIPATbHOW  (DYHKIIMK, WMCXOJHBIA HMHTErpal MOXKHO
MIPUBECTH K HEOMPEACICHHOMY UHTErpally TaOJIMYHOTO BUIA.
3amanue: Haiitu HeonpeaeieHHbIN HHTErPaJL:

l. MCTOI[OM HCTIOCPCACTBCHHOI'O HHTCTPHUPOBAHUA

1. j(4x2+1)dx
X
3. IZX-SZXdX
( 1
o Sk
2—sin’x
5. I mn @
6 [ (f5+5[ ax
oS-
7. I/

IIpuMepsI 110 BBINOJIHEHUIO PAKTHYECKON Pad0ThI

Ipumep 1. Beraucaurs: _[ (5x* —4x® +3x* —1)dx .
Pemenue:
1) I(Sx“ —4x° +3x* —Ddx = 5Ix4dx—4jx3dx+3jx2dx—jdx =x-x"+x*-x+C;

(x+2)%dx_

IIpumep 2. Berunciaurs: I
X

Penienue:

3 3 2
I(X+ 2)dx _ I X"+ bx +12X+8dx = I(xz +6x+12+§)dx Ly +3x* +12x+8In|x + C
X X 3
3aganus 118 NPAKTHYECKOr0 3aHATHS
Bapuant 1

1. MeTo/10M HENMOCPEACTBEHHOTO UHTETPUPOBAHUS BIYUCIUT:

1) j (2x2 + Tx —1)dX ; 2) j ﬂdv 3) j(ax—j,)dx
X X

4)] 3smx+ - |dx; 5)'|. S 6) '[dix
cos? X \/9 2 121+ x? "’
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2 IEE-“-,'E—EIEtix Isin21+§'~,".?cnsxdx

x2 : 8) X COBX :
VitxI-vi—x2 24+ Tx+12
——dx [————dx
9) Wl—xd 10) x+3
Bapuanr 2

I. MCTOI[OM HCIIOCPCACTBCHHOI'O MHTCTPHUPOBAHUS BBIYUCIIUTD:

1) [(4x* -8 +~/x)dx; 2) I(l—lix)2 dx;  3) j(lOcosx—zsjdx;
X X

12 . dX . 2Xx 4
4) -[(sm X 81+x de' ) '[«/16—4x2 6 -[(6 —;)dx

x —5x—24
7) “r x+3 dx : 8)J~:03;x+mn5:r )
9) (2 + x)x2 Y xdx : 1o)f Sk
Bapuanr 3

l. MeTtoaom HCTIOCPCACTBCHHOI'O HHTCTPHUPOBAHUS BBIYUCIIUTD!:

2\2
1) (- -8x* + 4)dx : 2) | MX:SX)olx; 3) [(/x* —5*)dx
1 S|n2x dx
4 . . .
)I[ /49— x? 23in2xjdx’ 5)Icos 6) «[25+16x2’
J~1+|:n:usz:r dx .J.-2+-.,.'IIE'—IE' d

7) 1+cosix 8) Vi-x*

xt—5x+6 x%+2
9) “r x—2 dx 10) "r1+:r5"
Bapuanr 4

1. MeTo1oM HEMOCPEACTBEHHOTO UHTETPUPOBAHUS BBIUYNCIIUTD:

1 5 2 . (x=2x%)* . 3x )
) [(9x° +3x* ~8)dx; 2) dex, 3) [(2 -9/x +5)x;
8 1 ) 5 ) 3dx

4)1(100+x2 _4COSZdeX’ 5) '[()(4+4cosxjdx )| J.ﬁ—49x2 .

J" x—1 d Exslnzx+1d
7) Vil 8) sinZx *

J~3+..-..7|:' Ildx fxi—ax—iﬂdx
9) x 10) x—5
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IIpakTnyeckas padora Nell. Beruncienue HeonpeaeJeHHbIX HHTEIPAJIOB
METOJ0M MOJACTAHOBKHM U HHTEIPUPOBAHMS 110 YACTAM
Heap paldoThI. HAYYUTHCS BBIYMCIATH HEONPEACIEHHBIE WHTErPAJIBI, IPUMEHSS
METOJI ITOJCTAHOBKU ¥ METOJl UHTEIPUPOBAHUS 10 YACTSM.
Kparkas Teopus:
CymHOCTh ~ MHTErPUPOBAaHMA  METOJAOM  TOJCTAaHOBKM  3aKJIIO4YaeTcs B

npeoOpa3oBaHUM MHTETpaja _[ f(x)dx B wHHTETpaI IF(u)du, KOTOPBIN  JIETKO

BBIYHCIIIETCS MO KakoW-IMOO H3 OCHOBHBIX (GOpMyd HUHTerpupoBanus. Jlis

HaXOXXICHUS j f(x)dx 3aMeHseM MEPEMEHHYIO X HOBOM IEPEMEHHOMN U C IIOMOIIBIO

MOJICTAHOBKH x = ¢(u). JuddepeHmpys 3To paBeHCTBO, MojiydaeM dx = ¢'(u)du.
[ToacTaBiss B MOABIHTEIPAIBHOE BBIPAXKCHHE BMECTO X W OX WX 3HauYCHWUS,

BBIp@XEHHBIC uepe3 U  du , umeem

[ £00dx = [ o)l (u)du = [ F(u)du (1)
[Tocne Toro, kak UHTErpaJl OTHOCUTEJILHO HOBOM NEpEMEHHONW u OyAeT HaiileH, ¢
IIOMOIIBIO IOJICTAHOBKU U = ¢(X) OH IIPUBOAUTCS K [IEPEMEHHOHN X.
[lycts yHKIMM u=u(x) ©U Vv=V(X) HMEIOT HENpPEpPbIBHbIE MPOU3BOJHBIE Ha
HEKOTOpoM IpoMeskyTke. Halinem auddepenuman npousBeaeHus 3TUX QyHKIIHIA:
d(uv) =u'vdx + uv'dx.aK KakK IO YyCJIOBUIO (YHKIIMU UV U UV’ HENPEpPHIBHBI, MOXKHO

MIPOMHTETPUPOBATH 00€ YaCTH ITOT'O PABEHCTBA,

Jd(uv)=fu'vdx=juv’dx, Hnnjd(uv):jvdu +_[udv , Hofd(uv)zuv+C,
CJICJIOBATEIILHO
_[udv: uv—'[vdu (2)

B npaBoii wactu popmyiibl (2) NOCTOSHHYIO MHTErpupoBaHus C HE MUIIYT, T.K OHA
(dbaKkTHYeCK MPUCYTCTBYET B UHTETPAJIC I vdu. ®opmyna (2) Ha3bIBaeTCA ghopmynoi
UHMEZPUPOBAHUA NO YACHAM.

CymHOCTh METOJa HMHTETPUPOBAHMUS [0 YACTSAM BIIOJIHE COOTBETCTBYET €r0
Ha3BaHuio. Jledo B TOM, 4YTO TMpW BBIYKMCICHUHU MHTErpajia 3TUM METOJIOM
MOABIHTETPAIBHOE BBIpaXCHUE f(X)dX TIIPEACTaBIACTCS B BHIC HIPOU3BEICHUS

MHOXHTeNeW u u dv; mpu 3ToM dx 00s3aTenbHO BXOASAT B dv. B pesynbrare
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MOJy4acTCid, 4TO SaﬂaHHbIﬁ HHTCTpal HaXOJAT IO 4aCTAM: CHadalla HaxXOoOsT IdV, a
3aTCM J.vdu . ECTCCTBCHHO, qToO 3TOT MCTOA IMMPUMCHUM JIMIIb B ClIy4dac, €CJIM 3aJlada

HAaXOXKJCHUSI YyKa3aHHBIX JBYX WHTETPAIIOB OoJjiee MPOCTa, YeM HaXOXKICHUE
3aJIaHHOr'O UHTErpasa.

[Ipy BBIYMCIIEHWM HHTETPAIIOB METOAOM HWHTETPUPOBAHUS MO YACTSAM TIJIABHBIM
ABJISIETCSA pa3yMHOE pa30MEHUE MOBIHTErPATIBHOTO BHIPAXKEHUSI HA MHOXKHUTEIN U U
dv. OOmMX YCTaHOBOK IO 3TOMY BOIIpOCy He uMeercs. OaHako, JJii HEKOTOPHIX
TUIIOB WHTETPAJIOB, BBIYMCIIEMBIX METOAOM HHTETPUPOBAHUS [0 YACTAM, CIEIATh
3TO BO3MOXXHO.

1. B uHTETpanax Buaa IP(x)eade , IP(x)sin axdx IP(X) cosaxdx

rjae P(x) — MHOTOWIEH OTHOCUTEIBHO X, @ — HEKOTOPOE YHUCJI0, TOJIaraloT u = P(X), a
BCE OCTAJIbHBIE COMHOXKHUTEIU 3a dv.

2. B wuHTerpanax Bujua IP(x) Injax|dx , jP(x) arcsin axdx , _[P(x) arccosaxdx,
I P(x)arctgaxdx , I P(x)arcctgaxdx

nojgararoT P(x)dx =dv, a OocTaJIbHbIE COMHOXKUTEIN 32 U.

3. B unTerpanax suaa J'e""X sin bxdx , Ieax cosbxdx, rme awu b umcia,3a U MOXKHO

NPUHATH JII00YI0 U3 QyHKIMA e® wiu Sin bx (umum cos bx).
IIpuMepsI 110 BBINOJTHEHUIO IPAKTHYECKON Pad0ThI

Ipumep 1. Berauciuth I(1+ x)°dx ;

Pemenne: mnonoxum 1+X = z. TIponuddepeniupyem 3to HepaBeHCTBO: d(1+ X)=

=dz wm dx = dz. 3amMeHMB B HWHTErpajie NEPEMEHHYIO HHTETPUPOBAHUS,

6
momyunm: [ (1+ X) dx = [2°dz = %+C = %~(1+ x)°+C.
IIpumep 2. BBIIH/ICJII/ITLJ21—,d.,x2
1-17)
Pemenue: nmyctp 1-e* =z , Torga d(l-e*)=dz ; —-e*dx=dz; = e’dx=-dz; C

YUCTOM IIOJIYICHHOTO HMCEM

—2[==24+C=

L L C
(1—e*)? 7 1z 1-¢*

I 2e”dx dz _ 2 2
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"2
o +1

~ dx
o+2

IIpumep 3. BBI‘-II/ICJ'II/ITBI

Pemenue: x+2=t; = x=t-2; = dx=d(t-2)=dt

2 2 2 2
[ +1dx=j(t_2) =k _4t+5dt=j(t—4+§jdt=t——4t+5|n|t|+c=
x+2 t t t) 2

2 2 2
:@—4(X+Z)+5In|x+2|+c:X?—Zx—6+5ln|x+2|+c:X?—Zx+5ln|x+2|+Cl,

rnpe C,=C-6 ,
IIpumep 4. Bpruncauth _[ X -+/X —3dx

Perienne: caenaB 3aMeHy /X —3 =t , OAy4uM X =t°+3, dx = 2tdt. [ToaToMy

5 3

Ix-ﬁdx:j(tz+3)-t-2tdt:2j(t4+3t2)dt:2-:_) +6-t3+C:

_ EJ(X —3) +2,/(x-3)° +C;
Hpumep 5. BBI‘{I/ICJII/ITBISin 8x €os 2x dx
Pemienue: 3TOT MHTErpall peiaeTcsi ¢ MOMOIILI0 POPMYI TPUTOHOMETPHUH:

sina cosf = ;(Sin(a — ) +sin(a + f)) .

[TosTomy, nmeem Isin 8Xx cos2x dx = ;I(Sin 10x+sin 6x)dx = —210c0510x —112c036x +C;

IIpumep 6. Berunciaute _[ Xsin xdx ;
Pemenue: momoxum u=x, dv=sinxdx; Torga du=dx, jdv = jsin Xdx, T.€. V=—COSX.

Hcnonb3ys popmyiy (2), mosydum

_[xsin Xdx :—xcosx+_[cosxdx =—XCOSX+Sinx+C.

IIpumep 7. Bpraucinurs J xIn xdx ;

2
Pemenue: nonoxum u=Inx, dv=xdx; torma du = %; V= _[ dv = _[ Xdx = X?
X

2 2 2
Ucnons3yst dopmyny (2), MHOIy4UM: Jx In xdx = X? Inx — %j xdx = X? Inx — XT +C.

3agaHuA I NPAKTHYECKOI0 3aHATHSA
Bapuanr 1

1. MeTo10oM MOoICTaHOBKU BBIYUCIINTD:
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a) [7+30°dx;  ©6)[ssinbxd;  B)[o

r) I3 (2—-5x)%dx;

1+9x2’
n) fﬁ-exdx e) j 3dx : xK) J‘Inzjdx; 3) Jsin 5x c0s3xdX
2.MeToI0M HHTETPUPOBAHHUS 110 YACTSIM BBIYHUCIIUTS:
a) _[(1— x)sin xdx 0) _[In X
Bapuanr 2

I. MCTOI[OM IIOACTAaHOBKH BBIYUCJIUTD:

a) '[(5—4x)6dx; 6) [ 7 cos 6xdx : )j 4dx ;
“dx | tgx dx
Ux?—=3-xdx; e € xK ;
H)I )je +1’ )Icoszx
2.  MeToaoM HHTETPUPOBAHUS 10 YACTSIM BBIYUCIIHTD:
a) _[xcosxdx; 0) Ilnx
Bapuant 3
1.  MeTomoM IOJACTAHOBKH BHEIUYHUCIIUTE:
4 5dx
a) | (2-7x) dx; 0) | 6cos 2xdx ; B ;
) [2-7%) )| v
dx
4(Tx+4)° dx; e) |e*cos(e®)dx; ik sinxdx_.
m [4/(7x+4) ) [ecos(e”) ) [ peosc’

2.  MeToaoM UHTETPUPOBAHUS TI0 YACTSIM BBIYHCIIUTD:

a) _[xexdx : 0) jarcsin xdx

o1

r J‘ 7dx

Ji-16x2

3) '[sin 2x sin 6xdx ;

2dx
r ;
) I1+16x2

3) _[ CoS4x cos5xdx ;



IMpakTuyeckoe 3ansaTHe Ne 12. BoruncjieHue onpenaeaeHHbIX HHTETPAJIOB
MeTO0M MOJICTAHOBKH H HHTETPHUPOBAHNS 110 YACTAM
Heab padoTHI: HAYYUTHCS BBIYUCIATH OINPENCICHHBIE HWHTETPAIBI  METOJIOM
MOZICTAHOBKU M METOJIOM MHTETPUPOBAHUS 10 YACTSIM.,
Kparkas Teopus: [Ipupamenue F (b) — F (2) n1r000it u3 mepBooOpa3Hbix (HyHKIHIA
F () + C ¢yaxkuun f (X) mpu m3mMeHeHHn aprymeHTa oT X = a 10 X = b

HA3bIBACTCS onpedenénHbiM unmezpaiom om a 0o b om gyuxyuu f(X:)
b
[ f(x)dx = F(b)-F(a) (1)

Yucna a u b Ha3BIBAIOTCS npedenramu uHmeSpuposanus, a — HUXCHUM, b — eepxnum.
Otpe3ok [a;b] HasbiBaeTcs ompeskom unmeepuposanus. ®ynkuus f (X) Ha3pBaeTCs
NOObIHMESPANbHOU (DYHKYUell, a TISPEMEHHA X — NEPeMeHHOU UHMeSPUPOSaHUs.
®opmyna (1) HaswiBaetcs gopmynoi Hotomona - Jletionuya.

CBoiicTBa onpeae1éHHOT0 HHTErpaJia

1. TToCTOSHHBIM MHOKUTEIL MOKHO BBIHOCHTH 34 3HAK UHTErpaa;
b b

IAf (x)dx = AI f (x)dx

a a

2.  OnpenenéHHblii MHTETpA] OT alredOpanveckol CyMMBbI JBYX HEMPEPBIBHBIX

(GyHKUMIA paBeH anredpandeckoil cyMMe X MHTErpasios, T.€.

Xix = i f(x)dx + jj' g(x)dx

D ey T
—~
-
—~
>

3. Ecmu a<c<b, to

QD ey T

f(x dx:jf dx+j

4. Ecmu ¢ynkius f (X) HeoTpuarenabHas Ha oTpeske [a;b], rae a<b, To

f(x)dx>0;

D ey T

5. Ecmu f(x)>g (X) ns Bcex X e [a;b], roe a<b, to I x Jdx >_[g
6. Ecou m u M — Haumenblniee U HauOonpiee 3HaueHuss Gyakiuu f (X) Ha

orpeske [a;b], rne a<b, 10 m(b-a)< | f(x)dx<M(b-a)

D —y T
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7. (Teopema o cpemnem). Eciu pyukums f (X) mHenpepsiBHa Ha oTpeske [a;b], To
b
CYIIECTBYET TOYKA C € [a;b] Takas, 4ro J' f(x)dx = f(c)-(b—a)

Henocpet)cmeemtoe unmeczpupoearnue 11pcaAnoJaract HCIOJIb30BAHUC OCHOBHBIX

CBOMCTB ompeeraeHHoro naTerpaia u popmynsl HetoTona — Jleiioauma.

b
Memoo noocmanoéxku CBOIWUT OIPEACICHHBIA HHTErpaj I f(x)dx ¢ MmoMOIIBIO

a

MOJICTAHOBKU U =¢@(X) K ONPEICICHHOMY WHTETPAIY OTHOCHUTEIIBHO HOBOWM
nepeMeHHoi u. Ilpw 3TOM cTaphie Mpeaeibl HHTETPUPOBAHUS a U D 3aMeHstoTCS
COOTBETCTBEHHO HOBBIMHU IIpE€AElIaMA  WHTETPUPOBAaHUA @, U b, KOTOpBIE
HAaXOJIATCS U3 UCXOIHOM TTOJICTAHOBKU: a, = ¢(a), b, = ¢(b).

IIpuMepsI 0 BHINOJIHEHUIO PAKTHYECKO Pad0ThI

Ilpumep 1. Brruucnuts .l[(ex —1)4e"dx
0

Pemenne:
g —1=¢
die™ —1) = d B
1 ¢ el (o= 001
4 4 5
.I-(ex—l) eldx =|e"dx=dt = _[f Ifﬂ-=—| = - —=-le-1
5l 5 5 05
’ a'=e"-1=0 ’
M=g'-1=2-1
Ipumep 2. Berancnurb i o .
1 Vox -1

Pemenue: cnenaem nojactaHoBky 5x—1=t. Torma d(5x—1) = dt = 5dx = dt = dx = %dt .
HoBsie npeaensl uHTerpupoBanus: t, =5-1-1=4 t =5.2-1=9. CiegoBareibHO,

1 1

2 2 2 9 1 - 1
| o = [(Bx-1) dx:ljt ot = 21 2| =292 —a2)= 2.
) ) 5 5 5 5

2
Ipumep 3. Berauciauthb J.X2\/4 — x*dx.
0

Pemenne: Ilomoxxum x=2sint. Torma dx=2costdt. Ecam x=0, mo t=0, ecau

x=2,mo t :%. [ToaTomy
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) 2 2 2
.|.x2«/4— x2dx = I4sin2t«/4 —4sin®t 2cost dt :16Isin2t cos® tdt :16I‘115in2 2t dt =
0 0 0 0

1

1. z T . T
4] =(1-cos4t)dt =2(t — =sin4t) |2 =2(=-=sin(4-2))-0=
(1-cosdt)dt=2(~ sin4t) s =2(7 ~ sin(4- 7)) ~0=x

O N N
N |-

4
Ipumep 4. Borauciutsb J-x In xdx

dx 2
Pemenue: nonoxum u=Inx, dv=xdx. Torma du=—, v = .Cire1oBaTennpHoO,

X
4 14 2 4 2 2
jxlnxdx_—lnx j X _gng-® Ly Pigina-® 448 -
” . X 2 4 e 2 4
2
_8In4-4-°
4

3aganus s NMPAKTHICCKOIo 3aHATHSA

Bapuanr 1

1. Beruucauth CIacayromuc MHTCTpaabl MCTOOOM IIOACTAHOBKH:

. 3 2
1) I(S—Zx)zdx; 2) _[ SINX ax: 3) J'C_Oidx;;
% 5 3—COSX o v2sinx+1
z 3
4 ‘ sin x . 5 2 dx . 6 1 —
) '([e cosxdx; ) J1-3+4x2’ ) o VI+xdx
2
w3 tgs':rﬁ!x 1g¥du
-’rm"-# z fﬂ u
7) coslx 8) Gig

2. BBIUHCIUTE METOJIOM UHTETPUPOBAHUS 110 YACTSIM:
1 V.4
1) I(l— x)e "dx; 2) Iex sin xdx;
0 0

Bapuanr 2

1. Beraucaurs CICAYIOMKUE MHTETrpaJIbl METOAOM ITOJACTAHOBKU:

. V3
3 2 2
Ry COSX 4y 3e” xdx:
1) 'Z[(ZX 1) dx; 2) -([2+sinxdx’ 3) '([ :

4 % ) d 5 1 ex 6 J"l dx
sin X - cos” xdx; dx; Ji—T=
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1 x%dx J,.l zdz
7) —la.243 8) 0 zo41

2.BeanuciauTh MCTOAOM HHTCIPUPOBAHHA 110 YaCTAM:

1)

O v [ N

1
xsin xdx; 2) .[arccosxdx;
0

Bapuanr 3

1. Bprauciaurb CJIICAyromue HHTCrpajibl METOAOM ITOJACTAHOBKU:

5 : 2

1) [(4-xPdx; 2) Todx . 3) j\/Bsin X +1cosxdx :

7 2 ] y

4 , COs” 3X 0
i ) _
2 - 2 i

4 SINX e” xdx: £cos(— —u)du

) !1+coszx . ) '([ ) IE (3 )

V3 2Zxdx Ecnszdz

7) "r':' VxTHl 8) "rg gindz

2.Beranuciaurth MCTOAOM HMHTCTPUPOBAHUA 110 YaCTAM:

1) | x?sin xdx; 2) |e* cosxdx;

Oy [ N
O N [ N

Boruucienue miiomanei miockux Guryp u 00bemMoB TeJl BpalleHUs1 ¢ IOMOIIbI0
OIpeAeIEHHOT0 MHTErpaJia

Hean padoThI:

INPUMCHUTb YMCHHUA II0 HAXOXKIACHHUIO I'COMCTPHYCCKOI'O CMBICIIA HHTCIpala AJIA

BBIYMCIICHHUS IUTOIIAJIEN TIIOCKUX (PUTYp U 00BEMOB TeJl BpaIlCHUS

No | [LTaH BHIUKCICHUS MIOMATH [IprmMeHeHne I1aHa
mara | KpUBOJMHEHHOH Tpanenun a) y=+/x,y=2,x=9 6) y=x2,y=2-x,y=0
¥
—2

CTpouM 3ajaHHBIC JIMHUH | V b=
IITPUXOBKOM oTMeuYaeM ”

1 burypy, TUTOMazD KOTOPOI 2 B — 5 c
Hajg0  Haiith.  YCTaHOBUM,
ABAseTcs M dTa  (urypa A E  x A 5 x
KPUBOJINHENHOW Tpaneunen 0 d b 0 @« b
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S =S ABCDE — SABDE =

S=Soac +SacB =

3anmceiBaeM  GOpMyIy IS 0 0 s b
BBIUHCIICHIS TIIIOmMaan | _ f\/;dx— [ 20x _ fxzdx +[(2-x)dx
HUCKOMOM (DpUTYpBI a a 0 3
_ _y2
y_\/;’:>\/_:2:>x:4, y=x=,
Haxomgum peebl y=2; y=2-X;
UHTETPUPOBAHHMS a=xp=4b=xg =9 x4 x—2=0= x=—21
9 1 2
9 9 % S=|x%dx+[(2-x)dx=
s:j&dx—j2d=2)‘3 L (G
4 4 4 K[ 2\ 1
0 2 3 +[2X_2] EN
Boruncisiem uckomyto | —2x|, =§(27 —-8)-2(9-4)= 0 !

mIomass mo gpopmyse (*)

2
S=2— (xB.exn.
3 ( )

964

5
S=— eIl
5 (xB.em.)
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IpakTnueckoe 3ansatue Ne 13. ludgdepennuanabHbie ypaBHeHUsI IEPBOTo

NMOPSAKA C pa3ieJIEHHbIMHU MepeMeHHbIMU
Llenv pabomer: pa3BUTHE YMEHUI M HABBIKOB MO BBIUMCICHHIO MU (dEepeHIIMaTbHBIX YpaBHEHUN

MIEPBOTO MOPSAIKA C pa3IeIEHHBIMU IEPEMEHHBIMHU.

OcHoeHoll meopemuyecKkuii mamepuai

Hugpdepenyuanrvuvim ypaeHenuem Ha3BIBACTCS YpaBHEHHE, COJEpiKaliece
Npou3BOAHBIE HCKOMOW ¢yHKuuu win e€ auddepennuansl. Pemwutsb
nuddepeHnuanipbHoe ypaBHEHHE — 3HAUYUT HAWTH Takyl (YHKIHUIO,
MOJICTAHOBKA KOTOPOW B 3TO YypaBHEHHE OOpamaeTr ero B TOXIECTBO. JTa
byHKIUS Ha3bIBaeTCs peuleHuem TudPepeHInaTbLHOTO YPaBHEHHUS.
VYpauenne Buaa f(X)dx+e(y)dy=0,rne f(X) u ¢@(y) - nmanueie QyHKIHH,
Ha3bIBACTCS YPAGHEHUEM C PA30eNeHHbIMU nepemeHHbimu. (2).

OTo ypaBHeHHE MOXHO mepenucate B Buue f(X)dx=— ¢(y)dy wu
paccMaTpuBaTh Kak paBeHCTBO JaBYX nuddepennmanoB. Kaxkmgas dacTh
ypaBHEHUS C  pa3JeleHHBIMH TEPEMEHHBIMU  TpeacTaBisieT  coOoi
IPOU3BEJCHUE HEKOTOPOTO BBIPAXKEHUSI, 3aBUCSIIET0 OT OJHOW MEPEMEHHOM,
Ha qudepeHnunan 3Tol NepeMeHHOu.

Hampumep, xdx+ydy=0, 2ydy=3x?dx, ds=(3t>-2)dt, 2ydy=(1-3x?)dx,

dy dx
e*dx=ydy, £ == - ypaBHeHHsA C pa3JclIeHHbIMU IEPEMEHHBIMHU. Pemenue
¥ x

TaKWX yPaBHEHUU BBIMOJHSAECTCS HENOCPSACTBEHHBIM HHTCTPUPOBAHUEM.
Pewienue munoeguix 3a0anuii:

[Mpumep 1: Pemmute ypaBuenue x dx+ y dy = 0.

Pewenue. 3aecp nepeMeHHbIe pasjaesneHbl. HWHTErpupys, MNOJy4YuM
Jxdx+Jydy=C;

L +7=C; x*+y*=2C. Tak kak C HPOM3BOIBHO, TO MOXHO 0003Ha4YnTh 2C

-

gepes C°, yYUTBHIBAsI, 4TO JICBAsl 9aCTh MMOCICIHETO PABEHCTBA MOJOKUTEIbHA.
Torma »TO0 paBEHCTBO NMpUMeT BHI X +y°=C®. DTo u ecTh oOlee peleHue,
UJIA KaK TOBOPST, OOIUI WHTErpall JaHHOTO AU} depeHIINaTBLHOTO YPaBHEHUS.
C reoMeTpHYECKON TOYKH 3PCHHS MBI TMOJYYHIHM CEMEHCTBO (COBOKYIMHOCTH)

KOHI[EHTPUUYECKHUX OKPYKHOCTEH C LIEHTPOM B HadaJie KOOPJAHHAT U PaIuyCcoM,
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paBHbiM C (CpaBHUTE IMOJYYEHHOE ypaBHEHHUE C HM3BECTHBIM YypaBHEHUEM
OKpyXHOCTH BHaa x°+y°=R?).

[pumep 2: Pemmts ypasuenue 2ydy =3x° dx.

Pewenue. 3meck ¢(x)=2y, f(x)=3x’. Huterpupys obe dYacTH ypaBHEHHS,
UMEeM [2ydy=]3x2dx, y=x*+C. [Monyunnu obtree pelieHue
nuddepeHInanIbHOr0 ypaBHEHUSI. DTO pEIIeHHE MOXXHO 3amucaTbh B SBHOMU
dopme: y=+x3+C.

[MTpumep 3: HaiiTu gacTHOe pemenue nuddepeHnanbHOro ypapHeHus dy =
(x*~1)dx, ecan y= 4 npu x = 1.

Pewenue. Umeem Jdy=[(x’-1)dx; y=%—x+c; 4:§—1+C, OTKyJa C:?_

3

23

cyp = a1
Wrak, moiy4aeM OTBET: y =— —x + .
.
[Ipumep 4: Pemints ypaBHEHHE ﬁ =—
.

Pewenue. 3nece nepemennsie pa3aeneHol. UHTETpUpYS, HMEEM

2 =12 In(y+1)=In(x-1)+C

[IpousBonbHy mocTosiHHY0O C MOXHO 0003HauuTh uepe3 InC; Torma
In(y+1)=In(x-1)+InC. IlpeactaBuB B mpaBOi YacTU PaBEHCTBA CyMMY
norapudmMoB B Buae Jorapudma mpoumsseneHus, noxyuuM In(y+1)=In(x—
1)C, orkyna (y+1)=C(x—1). Dto u ecTh o0OmUIA HHTErpa;s TaHHOTO
nudPepeHnanbHOTO YPABHEHHUS.

VYpasuenne Buga f(X)F(y)dx+e(x)@(y)dy=0, rue f(x), F(y), o(x), @(y) -
3ajaHHble  (YHKIUHM, HA3bIBACTCS YpAGHEeHUeM ¢ pa30easiiouumMucs
nepemerHuvimMu. (3)

Hampumep, x(y*-1)dx+y(x*+1)dy=0, 1+y—xy'=0, 2dx-3dy+xdx+y*dy=0,
1+y'+y+xy'=0 saBnstorcs auddepeHnUanbHBIMU ypPaBHEHHUSMHU IEPBOTO
NOpsIKa C pa3IeNSIIONUMUCS TePEeMEHHBIMH.

YpaBHenue (3) MOKHO MPUBECTH K BUAY (2), €CliK pa3ie/IuTh BCE €T0 YJICHBI Ha
npoussencHue ¢ (X)D(y).

Mpumep 5: Pemuts ypasuenue x(y>—1)dx+y(x*+1)dy=0.

2 2
Pewenue. Pa3zmenuB Bce wieHbl ypaBHeHUs Ha (x“+1)(y°-1), momydum

xdx ydy _ .
vl 0. Teneps nepeMeHHbIE pa3AelieHbl; UHTETPUPYS, HAXOAUM
x= ¥ -
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xdx
xt+1

rdy . 1 1 1
+J ;:_}1_(31, Hn(x*+1)+2In(y?-1)=%mC. 3pgecs npousBOIbHAS
1
nocrosinHasg C; 3ameHeHa Ha - InC (MOCKOJBKY JI000€ MOJOXKUTEIbHOE WIIH

OTpPULIATENIBHOE YHCIO MOXET OBITh MPEeACTaBICHO KaK HaTypaJbHbIN
gorapudm gpyroro, mnosoxkurenbHoro uyuciaa |C|). Cokpaimas BcCe 4YJIEHBI
paBencTBa Ha 1/2, momyanm In(x?+1)(y%-1)= inC, otxyma (x°+1)(y-1)=C.
OT0 ®W ecTh OOmUMIA HWHTErpal wWJIW oO0IIee pelmeHue JaHHOTO
nuddepeHnaIbHOTO ypaBHEHUS.

Mpumep 6: Haiiti Bce pemenus quddepeHnanbHOro ypaBHeHus y'= xy°.
Pewenue. OueBunno, uro y=0 sBiseTcs pemieHWEM MAAHHOTO YpaBHCHUS.

[Iycts Teneps y#0. Torna% = X dX u, cimemoBaTeIbHO —$=%x:+C. Takum

"

obpa3soM, o0Iee peICHHe NaHHOTO YPaBHEHUSI UMeeT BUA Yy =———, Tae C -

IMPOMN3BOJIbHAA ITOCTOSAHHAA. 3aMCTI/IM, 4dTO PpCHICHUC HC IIOJIYHaCTCA U3 06]].[61“0
pElIeHNs HU IIPU KAKOM 3Ha4eHUM noctositHHou C.

I[Mpumep 7: IlpounterpupoBatrh auddepeHuaiIbHOe ypaBHEHUE (l+X2)dy—
2xydx=0.

Pewenue. HaHHOG YPpaBHCHHUC ABJIACTCA YPABHCHHCM C PaA3ACIIAIOITHUMHCA

nepeMeHHbIMHU. Pa3zgenuB o0c¢ 4YacTu ypaBHEHHUS Ha IPOHM3BEJICHUC y(l+x2),

dy Indd
MOJIy4UM  ypaBHEHHE C pa3JejCHHBIMH IEPEMCHHBIMU: }—f’—ljr; =0.

NHTEerpupys 3T0 ypaBHEHHE, HAXO0IUM

In|y|- In(1+x°)=m|C| wnnu m("'

Hi:]:hﬂ C| orkyna moayyaem ooOuiee
pemenne y=C(1+x?).

Ha ocHOBaHMM peUIEHHBIX MPUMEPOB OUYEBUNECH aAI2OPUMM  PEULeHUs]
ouggepenyuanrbroco ypagHenus ¢ pa3aensoNUMUCs MEPEMEHHBIMU.

1. BeipaxkaroT npou3BoiHy0 GyHKIHHU yepe3 nuddepennuans dX u dy.

2. UneHnsl ¢ oaMHaKOBBIMU AuddepeHnnanraMu MEepeHoCIT B OJHY CTOPOHY
paBEHCTBA U BBIHOCAT AuddepeHiuan 3a CKooky.

3. Pa3nensoT nepeMeHHbIE.

4. UaterpupyroT o0e 4acTu paBEHCTBA W HAXOAT 00Iee pelIeHHUE.

5. Ecnn 3aJadbl HAYAJbHBIC YCIIOBUA, TO HAXOJAT 4aCTHOC PCIICHHC.
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B 3aBucuMOCTH OT BUJla ypaBHEHHUs HEKOTOpbIE IMYHKTHI AJITOPUTMA PELICHUS
MOTYT OBITh OIYILLEHBI.
IIpumep 8: HaiitTu oOmee pemenue ypaBaenus 1 +y'+y+xy'=0.

d d
Pewenue. 1. 3amenum ' Ha— 1+ +y+x—"=

2. YMHOXXHMM BCE YJICHBI paBeHCTBA Ha dX: dX+dy+de+Xdy=O. Crpynmnupyem
BCcEe ulieHBI, conepxkamue dy u dX, W 3amumIeM MOJYyYEHHBIC BBIPAXKCHUS B

pa3HbIX YyacTsax paBeHcTBa: (1+x)dy= -(1+y)dx.

dx

3. Pazgenum obe uacTH paBeHCTBA Ha BeIpaxeHnue (1+x) (1+y): 2= 1+;, = -1

4. Unterpupys obe 4acTu paBeHCTBA, UMEEM

C C

S5 =—Im ity = mlf 1vy=gns y= -1
IIpumep 9: Haiitn yactHoe pemieHue ypaBHenus 2ydx=(1+x)dy, ecnu y=4 npu
x=1.

2dx

.2 dy.
Pewenue. Paznensem nepeMeHHbIE: F: 2. MlaTerpupys, Mmoaydum jH = [=;
X X F

2in(1l+x)= ny+C wunu 2n(l+x)=my+iC. (1l+x)?=C-y- oOwwuit
UHTETpaJI JaHHOTO nuddepeHINaTLHOT0 ypaBHEHUs. Haiimem Tereps YacTHOE
pellicHre JTaHHOTO YpaBHEHHsS 10 3aJaHHBIM HadalbHBIM YycioBusiM. [lonarast B
o6ieM peurennn x=1, y=4 nmeem 2°=4C, C=1.

CnemoBatensHo y= (1+x)%

IIpumep 10: Haiitu yactHoe pemeHue AuPpdepeHunanbHOro ypaBHEHUS
y'=2+y, ecau y=3 npu x=0.

Pewenue. 3amenum y' na %, a 3aTeM YMHOXHM Ha dX, moaydum dy=2dx+ydx,

m.e. dy=(2+y)dx. Pa3zgenum oOe 4acTu ypaBHEHHs Ha 2+y U MPOUHTETPUPYEM:

d:»_

X, =|dX; IN(2+y)=x+in pIpazuM x yepes Jorapudm: x= In e
d ”"’ Id In(2+y InC. Boip p p |

Torpa moayuaum: In (2+y)=1n ¢' + In C. Ilotenuupys, monyuum: 2+y = Ce', y= Ce" —
2. Oro ofmiee penieHre JaHHOTO ypaBHEHMs. UTOObI HAWTH YacCTHOE peEIICHHE,
MojCTaBUM B obiiiee pemenue x=0 u y=3.
Honyuanm: 3= C-¢® — 2; ” = 1; C=5. Utak, y=5 ¢" — 2.
3adanusa: PemiuTh ypaBHEHUS:
1) xdy + 2ydx = 0.
2)  x*dy = y%dx.
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3)  y'=x.

4)  y'+2x%y'+2xy —2x=0.

5)  Haiiti wactHOe pemrenue ypasHenus (1+y?)dx=xydy, ecam y =1 mpu
x=2.

6)  Haiitu uactHoe pemenne ypasuenus (1+x°)dy=3x°ydx, eciu y=2 npu
x=0.

7)  TlpoumurerpupoBats  mubdepenunansroe  ypaBHenme  (1+x?)dy—

2Xydx=0. HaliTu yacTHOE penieHUE, YIOBICTBOPSIONICE YCIOBUIO y=4 TIpH X =

-1.
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IpakTueckoe 3ansiTue Ne 14-15. Pemenue nudppepeHunaibHbIX YpaBHEHUI
BTOPOTI0 NMOPSI/AKA

Ilenv pabomer: pa3BuTHE YMEHUIN U HABBIKOB IO BBIUKCICHUIO JU((HEepeHIINATBEHBIX
ypaBHEHHUI BTOPOTO MOPSIIKA.
OcHoeHOll meopemuyecKkuii mamepuai
YpaBHeHue, cojepkaiiee MpOU3BOAHBIE WM TU(QepeHIraIbl BTOPOTO TOPSIKA,
Ha3bIBACTCS OUGhhepenyuanbHbiM YPagHeHUEM.
JubdepennmansHoe ypaBHEHHE BTOPOTO MOPSIKa, pa3perieHHOe OTHOCUTEIBHO )",
umeeT Bug y'=f(x,y,y'). Ilpocreiimmm nuddepeHuatbHbIM ypaBHEHUEM BTOPOIO
nopsiika sBIseTcs ypaBHeHwe Buaa "= f(x). Takoe ypaBHeHHE pemiacTcs
IBYKpaTHBIM HHTerpupoannem: dy'=f(x)dx, otxyma y'=[f(x)dx. ITpounrerpuposas
9Ty (YHKIIMIO, TIOJIYYUM KaKylo-TO HOBYIO ¢yHKIHI0 oT f(x), kKoTOpyro 0003HaYMM
gepes F(x).
Takum o6pazom y'=F(x)+Cy; %2 F(x)+Cy; dy=(F(x)+Cy)dx.
WnrerpupyeM emé pas y=/(F(x)+C1)dx==[(F(x)+CiJdx mwm y=@(x)+C1x+Cs,.
Wtak, monyunnu oOliee pelieHue YpaBHEHHUS, COJEpkKallee JBE IPOU3BOJIbHBIC
noctosaabie C1 u C,.
Jlunetinvlm 00HOPOOHBLIM OughhepenyuanbHbiM YPaBHeHUueM BMopo20 NOPsiOKA C
NOCMOSIHHbIMU KOd(hPuyuenmamu Ha3bIBacTCA ypaBHeHue Buaa Y '+py'+qy=f(x), rue
P ¥ g—TocTosiHHbIe BennuuHbl, a f(X)—HenpepbiBHas ¢yHkuus X. Eciu npaBast gacth
ypaBHEHUs paBHa Hymio, T.e. Y'+py+qy=0, TO OHO Ha3BIBAECTCS OOHOPOOHBIM
VpasHeHueM.
JIJ1st IpaKTUYECKOTO UCTIONB30BAHUS AI2OPUMM peuleHusi TaKuX YpaBHEHUN yI0OHO

0(OpMUTH B BUIE TAOJIUIIBI:

HuddepenunansHoe

ypaBHEHUE y'+py'+qy=0
XapakTepucTUIECKOe

ypaBHEHHE k*+pk+q=0

JIMCKpUMUHAHT D>0 D=0 D<0
D =p?—4q
Kopau

XapaKTePUCTHUECKOTO ki #ko ki = ko ki =a+bi

ypaBHCHHS k, =a- bi
Muoxectsa pemennii | y = C e 1+ C,e"*| y=Ce" +C,xe" | y=e"(C,cosbx+C,sinbx
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Pewenue munoeswvix 3aoanui

Ilpumep 1: Haiitu o61iee pemieHue ypapHeHus y''=4x.
Pewenue: i—i=4x; dy’'=4x dx; y’=4jx dx=2x%+ Cy;
D=2x*+ Cy; dy=(2x*+ Cy) dx;

dx

y=[(2x"+ Cy) dx=2[x"dx+C1[dx=2"+ C1x+Co.
Ilpumep 2: Haiitu oOliee peliicHre ypaBHeHus y''= sin 2X
Pewenue: YMHOXHM 00€¢ YacTH ypaBHEHHS Ha (X W 3aTEM NMPOMHTETPHPYEM:
dy’=sin 2xdx; fdy'=fsin 2xdx; y’=—%COSZX+C1. O0e dYacTu IOCIIEIHETO
ypaBHEHHsI YMHOXHMM Ha OX wu mnpouHTterpupyem: dy=-— %COSZXdX+C 1dX;
Idyz—%}costdx+C1Idx+C2.
Hrax, y=dy=—§ sin2xdx+Cyx+C,- ol1iee pelieHue ypaBHEHUS.
IMpumep 3: Pemuts ypaBuenue Yy + 2y’ — 8y = 0.
Pewenue. CocTaBuM XxapakTepucTrdeckoe ypasuerne k> + 2k - 8 = 0.
D=p’-4q=2%-4(-8)=4+32=36>0.
CrnenoBaTelbHO, XapaKTEPUCTUYECKOE YpPaBHCHHE WMEET JBa  Pa3IUYHBIX
NeHCTBUTENBHBIX KopHA. Ompenenmum ux: K3 = —4, k, = 2. Haxomum dacTHbIC
pelenns naHHOro AU QepeHIMaTbHOr0 ypaBHeHus: Y, =€, Y, =6,
OO1iee perieHre TaHHOTO YpaBHEHUSI UMEET BUJ: y = C e + C,e ™,

3adanusa: Haiitu obuee pemenue quddepeHunanbHOro ypaBHEHUS:

1 BapuanT 2 BapuaHT
yI!:0 yII:53

yI!:x yII:x

y'+y —-6y=0 y'—6y+9=0
y'—2y'—8y=0 y'-8y+16=0
y'—4y'+ 13y = 0. y'—3y'+2y=0
y' + 4y = 0. y'+6y=0
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IIpakTuyeckoe 3ansitue Ne 16. OcHOBHBbIE TeOpeMbl TEOPUM BEPOSITHOCTEH 1
MaTeMaTHYeCKON CTATUCTUKU
Ileny pabomwr: pa3zBUTHE YMEHUN U HABBIKOB IO BBIYUCIEHUIO BEPOSTHOCTH.
Cay4aiinble iBJIeHHs. AJredpa coObITHH

OpHUM U3 OCHOBHBIX NOHITHI TEOPUU BEPOATHOCTEN SBIIACTCA MMOHATUE CITyYalHOTO
JKCIIepUMEHTa. Tak Ha3bpIBalOT JKCIEPUMEHT, HCXOAbl KOTOPOTO HEBO3MOXKHO
npenackasartb. [Ipeanonaraercs, 4To pe3yabTaTOM CIYyYalHOTO SKCIEPUMEHTA MOXKET
OBITh TOJIBKO OJMH KakKOH-TO HcX0h. YUTOOBI MOAYEPKHYTH 3TO MPEAINOJIOKEHUE,
UCXOJIbl CIYyYalHOTO KCIEPUMEHTA HA3bIBAIOT JIEMEHTAPHBIMU. MHOXKECTBO BCEX
AIIEMEHTAPHBIX MCXOJO0B CIYyYalHOIO 3KCIEpUMEHTa OyJaeM 00o3HadaTh OYKBOM (2.
JIroboe coObITHE, CBSI3AHHOE CO CIydYallHbIM 3KCHEPUMEHTOM, Ha3bIBaeTCs
ciy4allHbIM coObITHEM. CiydyalHOMY COOBITHIO MOKHO COIOCTaBUTh MHOXECTBO
AJIIEMEHTAPHBIX HMCXOAOB A, KOTOPOE SBISIETCS MOJIMHOXECTBOM MHOXecTBa (2.
DJeMeHTapHbId UCXO0A @ € A TOTJa W TOJBKO TOI/A, KOrja ciy4yailHoe cOObITHE,
KOTOPOMY CONOCTAaBJIEHO MHOXECTBO A, HACTymaer, €ClId B CIy4allHOM

9KCIICPUMCHTC HACTYIIACT UCXO .

CymMmo#l  ciydaiiHbix coObiTiii A u B Ha3pBaeTcs ciywaiiHoe coObITHE,
obo3HauaemMoe A + B, KOTOpoe HacTymaeT, €clii HaCTYMaeT XOTs Obl OJTHO U3 3THUX

COOBITUH.

[IpousBenenueM ciydailHbIx cOObITUH A W B Ha3piBaeTcs ciiydaitHoe cOOBITHE,

obo3Hayaemoe A-B, koTopoe HacTymnaer, eciii HacTyIarT 00a 3TU COOBITHSL.

[IpOTUBOIOIOKHBIM COOBITHEM CIyYallHOMY COOBITHIO A HAa3bIBaCTCS CIIy4ailHOE

co0ObITHE, 0603HaUaeMoe 4, KOTOpOE HACTYIIAET, ECIIU COOBITHE A He HACTYIIAET.

JlocToBEpHBIM COOBITHEM HA3BIBAETCS COOBITHE, KOTOPOE MPOUCXOIAUT MPU KAkKIOM
MPOBEICHUM CIIYy4allHOTO SKcrmepuMeHTta u obOo3Hadaetcs Q. IIpoTuBomosioxHOE

COOBITHE K JOCTOBEPHOMY Ha3bIBACTCSI HCBO3MOXKHBIM M 0003HaUaeTcs .

Cayyaitable coObITHS A U B Ha3bIBaloTCS HECOBMECTHBIMU, €CJIM OHM HE HACTYMAIOT

OJIHOBPEMEHHO, T.¢. A-B = .
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Kaxnomy ciydailHoMy COOBITHIO A MOKHO COMNOCTAaBUTH MO HEKOTOPOMY IPaBUITY
YHCJI0, KOTOPOE HA3bIBACTCS BEPOSTHOCTHIO ATOTO cOObITHS M oOo3Hauaercs P(A).
BepositHOCTh, Kak (QYHKIHSA, ONpeACI¢HHAs Ha MHOXKECTBE BCEX CIIy4allHBIX

COOBITUH, TOJIPKHA YJIOBJIETBOPSITh TPEM aKCHOMaM:
A1) BEpOATHOCTB JIFOOOTO CIy4ailHOTO COOBITHSI HEOTPHULIATEIIbHA;
A?2) BepOSITHOCTb IOCTOBEPHOTO COOBITHS paBHA €AMHHUIIE;

A3) BCPOATHOCTH CYMMbI KOHCYHOI'O HJIN CUYETHOIO YHMcia IMOoIapHO HCCOBMCCTHBLIX

CIIy4allHbIX COOBITHI paBHA CyMME BEPOSTHOCTEN ATHX COOBITH.

3anumiem akcuomy A3 Uit IBYX CIy4alHBIX COOBITHIA: €CIIM CllydailHble COOBITHS A

uB HECOBMCCTHEI, TO
P(A + B) =P(A) + P(B).
I/ICHOHB?;ySI AKCHUOMBI, MOJKHO A0Ka3aThb CJICAYIOIINC CBOMCTBa BCPOATHOCTH:

1) P(D)=0;

2) P(A)+P(4)=1;

3) 0<P(4)<1;

4) P(4 + B)=P(4) + P(B) — P(4-B).

Kiaccuueckoe onpenesieHue BEPOSITHOCTH
Ecnu cnydailHbli S5KCIEPUMEHT UMEET KOHEUHOE YMCIIO PABHOBO3MOYKHBIX UCXOJOB,

TO BEPOSTHOCTD CIyYalHOTO COOBITHS A ompenensercs mo Gopmyrae

m(A
P(A) =—( )
m(Q)
rame M(A) — 4YKHCIO DJIEMEHTAPHBIX HCXOJOB CIY4YalHOI'O SKCIIEPUMEHTa, IpU

KOTOPBIX Cliy4daiHoe coObiTHe A HacTymaer, M(QQ) — YKCIO BCEX DIIEMEHTAPHBIX

HCXOJIOB CIIy4YallHOTO SKCIIEPUMEHTA.

D®opMyJibl KOMOUHATOPUKH
[Ipun moxacuére ymciaa UCXOIOB MOJIe3HBI (PopMysbl KoMOMHATOpUKHU. [lycTh M3 N

3JIEMEHTOB BoIOMparoT K smeMeHTOB. CKOJBKUMHU CIIOCOOAMH 3TO MOYHO ClIejIaTh?

OTBeT 3aBUCHUT OT ABYX YCIIOBUN:
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1) BoO3BpamaroTCs BHIOMpAaEMBbIE DIIEMEHTHI B MCXOJHOE MHOXKECTBO MM HE
BO3BPALIAIOTCS;

2) YYHUTBHIBaeTCS MOPSIOK BEIOMPAEMBIX 3JIEMEHTOB HJIM HE YYUTHIBACTCA.
Ecnu BbIOMpaeMble 5JEMEHTHl HE BO3BpAIIAIOTCS B HCXOJHOE MHOXKECTBO H
YUUTBHIBACTCS MOPSIIOK BHIOOPA 3JIEMEHTOB (TOBOPSIT, YTO BHIOOPKA O€3 BO3BpAIICHHUS

¥ YHOPSIOYEHHAs), TO YHCIIO CIIOCOOOB BBIOOpa K 3J€MEHTOB M3 N AJIEMEHTOB

k
Ha3BIBAIOT YMCIIOM pa3MelleHHHd u3 N 3eMeHToB 1o K m 0003Ha4aroT An . 910

YHUCJIO BRIUUCIIACTCS 10 hopmyJie
A =n(n-)(n-2)-...-(n—k +1).

Ecin ke BbIOOpKa 0€3 BO3BpalleHWs M HEYNOPSIOYEHHAs, TO YHUCIO CIIOCOOOB

BI)I60pa K 571eMEHTOB U3 N DJIEMEHTOB HA3BIBAIOT YHCIIOM COYETAHUH U3 N DJIEMEHTOB

k
o K 1 0603Haua0T On. DTO YHCTO BHIMUCISETCS 10 dbopmyie

Ck A _n(n-H(n-2)..(n-k+1)
"ok 1.2-3-...-k

0
rae 1<k <n, mpu k = 0 uncio Co=1,

k _ n-k
HNmeeTcst CBOMCTBO: C,=C, .

[Ipumep. B smuke 10 neraneit, u3 koTopblx 6 okpamieHHble. Hayrag B3smua S
nertanel. HallTh BEpOSITHOCTH TOTO, YTO CPEAM B3ATHIX JE€TAJ€H JBE JETallv

OKpalICHHBIE.

Pemienue. CnydailHbIN 3KCHEPUMEHT COCTOMT B TOM, uTO Hayrag u3 10 nmeranei
oepyT 5 nmeraneit. ClI0BO «Hayraay O3HA4aeT, YTO BCE HMCXOJbl 3TOr0 CIy4alHOIO
AKCIEPUMEHTAa PABHOBO3MOXHBI, M TIIOCKOJIbKY YHCIO WX KOHEYHO, TO s
HaxO0XJICHUSI BEPOSTHOCTU CIy4YalHOTO COOBITUA A = {Cpeau MATH B3ATHIX JeTajeH

JABE IC€TaJIN OKpaH_IeHHBIC} HCIIOJIB3YEM KIIACCUUYCCKOC OIIPCACIICHNEC BEPOATHOCTH.

Yucao M(€2) BcexX 3IeMEHTapPHBIX MCXO0B ATOr0 CIIYYaHOTO SKCIIEPUMEHTA PaBHO
yucity crnoco6oB BeiOOpa 5 meraneit u3 10. [Tockonbky BeIOOp 0€3 BO3BpAIllEHUS H

HEYIIOPSAIOYEHHBIH, TO
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10-9-8-7-6
m@)=Cl =" =94 T

CrayyaitHoe coObITHE A HACTymHT, €ciau OyAyT B3SThl JIB€ OKpAIlICHHBIE U TPH
HEeOoKpallleHHble JeTanu. Yucno croco0oB BbIOOpaA ABYX OKpPALIEHHBIX JAeTayed u3 6

2
OKpAIlIEHHBIX PABHO Cs , @ UHACJIO crtocO00B BhIOOpA TPEX HEOKPAIIICHHBIX JIeTAJIeH U3

3
Ci. Croco6m BbIOOpA OKpAILIEHHBIX M HEOKPAIIEHHBIX

m(A)=C:-C;.

4 HEOKpallleHHBIX PaBHO

neTaneil KOMOWHUPYIOTCS APYyr C JPYrOM U, 3HAYUT, YHUCIO

_6-5_
Co=13715 ,ci-ci-4

qu/ITBIBaH, qTo , IIOJIYIUM

m(A) C:.C: 154 5

pay-T(A) _C: C._ 154 5
m@) C, 9.4.7 21
El

Otset: 21,

['eoMeTpuyeckoe orpeaesieHue BEpOSITHOCTH

Ecau cimydailHblil SKCIEPUMEHT HMeEeT OECKOHEUHOE YHCIO PaBHOBO3MOKHBIX

HCXO0JIOB, TO BEPOSATHOCTD CIIy9alfHOTO COOBITHS A ompeneseTcs 1mo GopMmyie

(=)

m(Q)

1

rae M(A) — Mepa MHOXKECTBA 3JIEMEHTAPHBIX HMCXOJIOB, MPH KOTOPBIX CIIy4alHOE
coobiTHe A Hactymaer, M(QQ) — Mepa MHOXECTBa BCEX DJIEMEHTAPHBIX HCXO/0B

CIIy4alHOIO 3KCIIEPUMEHTA.

B kadecTBe Mepbl MHOXKECTBA Ha TNIOCKOCTH BO3bMEM ILIOIIAIb 3TOr0 MHOXKECTBA, B
MPOCTPAHCTBE — O0BEM.

[Tpumep. B npsmoyronsuuke ¢ Bepimaamu O(0;0), A(4;0), B(4;2), C(0;2) nayran
BbIOMpacTCcs Touka. HalTh BEpOATHOCTH TOrO, YTO HAWMEHBINAs W3 KOOpIUHAT

BBIOPAHHOW TOYKH HE MPEBOCXOUT 1.

Pemenue. CinyyaiiHblil SKCIIEPUMEHT COCTOUT B TOM, YTO HayraJ BhIOUPAETCS TOUYKA

B npsimoyroibHuke OABC. TlockonabKy TOYKa BBIOMpAETCsl Hayraja, TO BCE MCXObI
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TaKoro CquaﬁHOFO OKCIICPHMCHTA PaBHOBO3MOKHEI. I[JI}I HaxXO0XKJACHHA BEPOATHOCTHU

CIIy4allHOTO COOBITHS
H={(x; y) € OABC: min {x; y} <1}

HCIIOJIB3YCM TI'COMCTPUYCCKOC OIPCACIICHUC, B KAa4UCCTBC MCPbBI MHOXKCCTBA B3s5B

TUTOIAb STOTO MHOXecTBa (puc. 1).

m(Q) = SOABC =8, y

min {x;y}<lex<lwwm y<1,

m(H) = 5. 1 /// 7/\//%//:

0 1 j2

p(A)=TA) _
CrenoBaTenbHO, m(Q _ Puc. 1

ool ol

N—"

o | U1

OrtBerT:

YcioBHasi BepossTHOCTH. He3aBUCHMOCTB COOBITHI

Ecmu P(A) > 0, TO ycIIOBHOW BEPOSITHOCTBIO CITy4ailHOTO cOOBITUS B mpu ycnoBuw,

P(A-B)
P(A)

qTo CquaﬁHOG cooriTHE A HAaCTYIIMJIO, HAa3bIBACTCSA OTHOIICHHUC u

oGosHauaercst P(B| A).

P(A-B)
13 hopmyist P(B|A) = P(A) noJsrydaercsi popMyia
P(A-B) = P(A)-P(B|A),

KOTOpasi Ha3bIBaeTCsa (POPMYyJION YMHOXKEHUSI BEpOSTHOCTEH. DOpMyITy YMHOKEHUS
BEPOSTHOCTEM MOJXKHO 3amucaTh JUIsi OOJIBIIOTO YHCIA CIIyYalHBIX COOBITHMA,

Hanpumep, Ui TpEX:
P(A-B-C) = P(A-B) P(C| A-B) = P(A)P(B| A)P(C| A-B).

[Ipumep. B smmke 8 OKpallleHHBIX JeTajieid W JBE HEOKpalleHHble. Haiitu

BEPOATHOCTH TOTO, UTO TP HAYTa] B3SThIC IeTaNHU OYyT OKpaIIEHHBIMH.
Pemenue. PaccMoTpuMm citydaiiHble COOBITHS:
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A = {Tpu B3sThIEC ICTAIN OKpAIIICHHBIEC},

Al = {nepBas B3sTas AeTaIb OKpaIICHHAs |,
A2 = {BTOpas B3sTas JeTaJIb OKpaIllCHHAas },
A3 = {TpeThs B3dTas IeTAIb OKpAIIICHHAS } .

[Tockomeky A = Al-A2-A3, 10 P(A) MOXHO BBIYHCIIHTH, HCIONB3YsS (GOPMYITy

YMHOXCHUA BCpOHTHOCTGﬁI
P(A) = P(A1)P(A2| A1)P(A3| A1-A2).

[lo ycnoBuio neramu OepyT Hayraj, MO3TOMY [IJIsSi BBIYMCIICHUSI BEPOSITHOCTEU B

npaBoid 4YacTh (HOPMyJIBI MOJKHO HCIIOJIB30BATh KJIACCUYECKOE OINPEIEIICHUE

P _8_4
BEPOATHOCTH: (A) 105

; TIOCJIE TOTO, KaK B3SUUIM OJIHY OKpAlICHHYIO JeTajb, B

AIIUKE OCTAIOCh 9 peraner, W3 KOTOPBIX 7/ JeTajedl OKpallCHHbIC. 3HAYWT,
7 6_3

P(A2| A1) = 9 u, ananoruuno paccyxast, moiyunm, uro P(A3|A2) = 8 4,

CHGI[OB&TCJIBHO, HCKOMas BCPOATHOCTD

4737
59 4 15
7

Orser: 19,

Cnydaitabie coObITHS A ¥ B Ha3bIBalOTCS HE3aBUCUMBIMH, CCITH
P(A-B) = P(A)P(B).

Cny4aitaeie coOpiTus Al, A2, ..., AN Ha3pIBaIOTCS HE3aBUCHUMBIMH, €CIIH JIJIs
Ail’ . Aik

MPOU3BEICHUS ITUX COOBITHI paBHA MPOU3BEJACHHUIO BEPOATHOCTEH ITHX COOBITHIA.

ar000ro Habopa CoOBITHIA , 1<il<..<ik<n,2<k<n, BeposATHOCTb

N3 storo ONpCACIICHUA CICAYET, YTO BCPOATHOCTL IPOU3BCACHUS Jr000ro 4mciia

HE3aBUCUMBIX CIy4YalHBIX COOBITHN paBHA IPOU3BEICHUIO BEPOSTHOCTEH ITHUX

COOBITHUH.
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[Tpumep. CTpeniku CTpeisioT Mo OJHOMY pa3y B MUllleHb. BeposiTHOCTH MonajjaHus B
MUIIEHb Y TIEPBOTO, BTOPOTO U TPETHETO CTPENiKa COOTBETCTBEHHO paBHbl 0,7; 0,8 u

0,9. Haiit BEepOSITHOCTB TOTO, YTO OyAET TOJBKO JIBa MONaJAaHusl B MUIICHb.
Pemenne. PaccMoTpuM ciiydaitHbie COOBITHS:

A = {TOJIbKO JBa MOMAaJJaHUs B MUIIICHb },

Al = {i-bIif CTpeNoK mona B MHUIICHB },

Bi = {mpoMaxHysicst TOIBKO I-blit cTpenok}, 1 =1, 2, 3.

A=B +B,+B, B=A-A-A, B=A-A-A, B=AAA

CayyaiiHble COOBITHS K , A2, A3 sBIAIOTCS HE3aBUCUMBIMU, TaK KaK CBSI3aHBI C
HE3aBUCHUMBIMU  CIIy4YaWHBIMH  OJKCIEPUMEHTAMH, IOITOMY P(K A2-A3) =
=P(K )P(A2)P(A3). Anamornydo mosydum, uro P(Al- K A3) = P(Al)P(E)P(AiB) 17§
P(Al1-A2. E) = P(Al)P(AZ)P(K ).

[TockonbKy cCymMMa BEpOSITHOCTEH MPOTUBOIMOIOKHBIX CIIydallHbIX COOBITUH paBHa 1,
TO P(E) =0,3; P(K) =0,2u P(K) =0,1. CrieqoBaTeNbHO,
P(A)=03-08-09+0,7-0,2-09+0,7-0,8-0,1=0,378.

Orser: 0,378.

dDopmy.Jia NOJTHOH BepOATHOCTU U opmy.ibl baiieca

[IycTh HacTymiieHHe ciy4ailHOro coObITHSI A BIEYET HACTYIJIEHUE OIHOTO U3
IOMMapHO HECOBMECTHBIX clydaiiHbix coowituii H1, H2,....Hn, u P(Hi) > 0,1 =1,...,

N, Tornaa crnpapeBa GopMyIia MOJHONW BEPOSITHOCTHU:
P(A) = P(H1)P(A|H1) + P(H2)P(A |H2) +... + P(Hn)P(A| Hn),
a Taxxe ¢popmyibl baifeca:

P(H,)P(AH,)
pHilaA)=  PA) i=12, .0,

B KOTOpbIX P(A) Beruucisercs mo Gpopmysie mOJHOH BEPOSITHOCTH.
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[Ipumep. B smuke nsaTh geTasneit, U3roTOBICHHBIX Ha 3aBoje Nel, U deThIpe JeTaid,
M3TOTOBJIEHHBIX Ha 3aBoje Ne2. Kaxxmas nmeranb 3aBoma Nel He mMmeeT AeeKTOB C
BeposiTHOCThIO 0,8 , a kaxmas neranb 3aBoaa No2 — c BepositHocThiO 0,9. Hayran
B3siTas JieTallb He uMmeeT AchekToB. HallTu BEepOSATHOCTH TOTO, UTO B3sTas JI€Talb

U3rOTOBJIEHA Ha 3aBojie Nel.

Pemenne. Paccmotpum ciyyaiinbie cOOBITHS

A = {B3dTas aeTanb HE UMeeT Je(PEeKTOB},

H1 = {B3siTasa neranp u3rorosiieHa Ha 3aBojie Nel },
H?2 = {B3sTas neranp U3rorosiieHa Ha 3aBojie No2}.

Hy}KHO HaWUTU BCPOATHOCTb TOI'O, 4YTO B3dATasd ACTAJIb HM3IOTOBJIICHA HA 3aBOJC Nel

IIpru yCIIOBUH, YTO OHa HC HMCCT I[CCI)CKTOB, T.C. HaWTH YCIIOBHYIO BEPOATHOCTD

P(HL|A).

Cayyqaitasie coobiTust H1 u H2 HecoBMecTHBI M 00pa3yloT MOJNHYIO TPYIIy, T.€. B
CllydallHOM 3KCIepUMeHTe (HayraJ OepyT JeTanb) BCEerJa HACTyHaeT OJHO U3 3TUX
COOBITHH. 3HA4YMT, yciaoBHYH BepostHOCTh P(H1|A) moxkHO HaiiTm mo dopmyiie

baiieca, a BEpOsITHOCTh CITy4ailHOTO COOBITUA A 10 (hOpMyJIe MOJTHON BEPOATHOCTH

P(A):P(Hl)P(A‘H1)+P(HQ)P(A‘Hz)

Hcnonb3ys KJIaCCUYECKOE ONPEAEIICHUE BEPOSTHOCTH, HallIeM

3) 4
P(Hl):§’ P(Hz):§
N3 ycnoBus 3a1aun P(A‘Hl) =08 u P(A‘HZ) - 0’9. CnenoBarenbHO,
> 0,8
P(H,)-P(AH,)) ¢ ™% 10

5 4 38 PR =—— =" =5 =g
P(4)=>-08+--09="" (4) i

9 9 45 45

10
Orser: 19,
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Cay4aiinble BeJIMYMHBL. UNCI0BbIE XaPAKTEPUCTHKH CJIYyYailHBIX BeJIUYHH
CnyyaitHas BenmuunHa X — 3TO (yHKUMS, OINpeAeNieHHass Ha MHOXECTBE

QJICMCHTAPHBIX HMCXOJ0B Q cnyqaﬁHoro OKCIICPUMMCHTA, U IMIPUHUMAIOIIas 3HAYCHUA

BO MHOXKCCTBC I[GﬁCTBHTCJ'IBHBIX YHUCCII.

X=X(0), 0eQ

Ecnu ciyyaiiHast Benn4rHa, UIMEET KOHEYHOE WIIM CYETHOE YHCIIO 3HAYECHUM, TO OHA
Ha3bIBaeTCsl JUCKpeTHOW. YTOOBl 3amaTh 3aKOH pacHpelneieHHs] TUCKPETHOM
CIlyJyailHOH BENWYMHBI X, HYKHO yKa3aTh BCE 3HAYEHHUs XI 3TOW CirydailHOU

BEJIMYMHBI M BepoSITHOCTH pi = P(X = xi) HacTyIUIeHUs CIIy4alHBIX COOBITHI {X =

xi}, 1 =1,2,3, ... Eciu Bce 3T BEpOSATHOCTH 3aJaHbI MPABUIIBHO, TO UX CyMMa
paBHa 1.

[TycTh cnydaitHas BenMYMHA X MMEET KOHEUHOE YMCiIo 3HaueHud x1, X2, ..., XN u
P(X=xi)=pi ,i=1,2,...,Nn, TOorna MaTeMaTHYECKUM OKUIAHHEM CITyIaiHOMN

BeJIMYMHBI X Ha3bIBAeTCs 4Kciao0, o0o3Hauaemoe M(X) u onpenernsiemoe HopmyInoi

M(X)=Xp, +X,P, +..+X,P,

Marematnyeckoe OXHUAAHUE CIyYalHOW BEIMYMHBI X ONPENENeT LIEHTP, OKOJO
KOTOPOTO  PACTOJIOKEHBI  3HAYEHHUS OTOHM BenW4YuHbL. Pa3bpoc  3HadYeHMI
OTHOCHUTEJIBHO 3TOTO LIEHTPA XapaKTEPU3YETCA APYrOM YUCIOBOM XapaKTEPUCTUKOM,

KOTOpasi Ha3bIBACTCS AUCTIEPCUEH U onpeenseTcs: (GopMyoi
D(X)=M((X =M(X)f).

J171st BBIUMCTICHUST AUCTIEPCUM MOXHO HUCTIOIB30BaTh (POPMYITy

D(X)=M(X?)=(M(X))

2 2 2 2
1€ YHUCIO M(X )=X1F)1+X2p2+...+xnpn

HAa3bIBACTCA BTOPHIM MOMEHTOM
CIIy4allHOW BENWYMHBI X. 3HAUNT, TUCIIEPCHS CIIyYalHOW BEJMYHMHBI paBHA PA3HOCTH
BTOPOTO MOMEHTa M KBaJpara MAaTEMATHYECKOTO OXHUIAHUA OTOW CIIy4YauHOU

BCIIMYUHBI.
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[Tpumep. Ha oaHoli rpanu KyOMKa HamMCcaHO YUCIO 3, HA ABYX — YHMCJO 2 U Ha Tpex
— uucno 1. Kybuk Opocunum Tpu pasza. HailTu mMaremartuyeckoe OXUAAHHE U

AUCIICPCHUIO CYMMBI BBIIIABINHUX YHCCII.

Pemenne. Ilycte ciaydaiiHas BennuuHa XI — 3TO YHKCIIO, BBINABIICE MPU I-OM
Opocannn KyOuka, | = 1, 2, 3, a cinydaiiHas BeMYMHA X — 3TO CyMMa BBITIABIIAX

yucen. Torma X=X +X,+ X,

Halinem 3akoH pacnpenencHus CIly4auHOU
BermmunHbl Xi. CiyuaiiHas BenmumHa XI MOXKET NMPUHUMATH 3HaudeHws 1, 2 u 3.

I/ICHOHLSY}I KJIIACCHUYICCKOC OIIPCACIICHUC BCPOATHOCTH, HaﬁﬂeM BCPOATHOCTHU

3 1 2 1 1
p.=P(X,=1)===>, p,=P(X;=2)=-==, p,=P(X,=3)=2
6 2 6 3 6 Cren
OBAaTCJIbHO,
1 1 1 5
M(Xi):X1p1+X2p2+X3p3:l'5+2‘§+3'6:§’
1 1 1 1
M(Xiz)lezpl_'_xzzpz+X§p3:1'5+4‘§+9°6=§

2 , 10 25 5
D(X,)=M(X’)-(M(x,)) 23_525,i=1, 2, 3.

MaremaTudeckoe OXKHUIAaHUC CYMMEI cnyqaﬁHbe BCIIMYUH pPaBHO CYMMC

MaTEMAaTHYCCKUX O)KI/II[aHI/Iﬁ J3THUX CJ'Iy‘IElfIHBIX BCJIMYHWH, IIOOTOMY

M(X)=M(X,)+M(X,)+M(X,)=3-==5

wlo

Cnyuaiinpie BemuuuHbl X1, X2, X3 cBs3aHbI C HE3aBUCUMBIMH DKCIICPUMEHTAMH,
MIO3TOMY 3TH CIIyYalHbIE BEIIMUYUHBI SBJISFOTCS HE3ABUCUMBIMH, a JTUCIIEPCHSI CYMMBI
HE3aBUCHUMBIX CJIyYallHBIX BEJMYMH paBHA CyMME€ AUCIEPCHUH ATUX CIyYalHBIX

BCINYHH. HCHOJIBBYH 9TO CBOMCTBO AUCIICPCHH, ITOJTYUHUM, YTO

D(X)=D(X,)+D(X,)+D(X,)=3-

oo
w o

M(X)=5, D(X)=

w| o

OTtBeT:
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DyHKIMEH pacnpeneneHus ClIydaiHOW BEIMUUHBI X Ha3bIBaeTCs (QYHKITUS
y = F(x) Takas, aro F(X) = P(X < X) o Bcex Y€ R,

CayyvaitHas BenmunHa X Ha3bIBaeTCsl aOCOJIIOTHO HEMPEPHIBHOM, eciii ee (yHKIUsS

pacnpenenenus Yy = F(X) nuddepeHnrpyeMa Bo BCeX TOUKAX 3a HCKIIOYECHUEM, ObITh

_ !/
MOJKCT, KOHCYHOI'O 4YHCJIa TOYCK, IIPpHU ITOM Q)YHKHI/ISI f(X)— F (X) Ha3bIBACTCA

IUIOTHOCTBIO PACIIPCACIICHUS CHY‘I&I?IHOI?I BCJIMYUHBI X.

[Tycth y = f(X) — mIOTHOCTH pacnpeesieHruss aOCOTIOTHO HEMPEPBIBHOW CIydaitHOW

BEJIUYHMHBI X, TOT A

Tf (x)dx =1
1) - :

F(x)= [ (@t

— (pyHKIMS pacnpenenaeHus Ciy4ailHOM BEIMYUHBI X;

M(X)= +fmxf (x)dx
3) 5

YCJI0OBHH, YTO HECOOCTBEHHBIN HHTCTpA CXOOUTCA,

— MAarcMaTH4YCCKOC OXHMAAHUC cnyqaﬁﬂoﬁ BEJIIMUMHBI X IIpu

M(Xz):I:xzf(x)dx

— BTOPOW MOMEHT CJIyYalHOM BEJIIMYMHBI X NPHU YCIIOBUH,

4)

4TO HeCOOCTBCHHBIN MHTETPAT CXOTUTCS;
5) D(X)=M (X 2)_ (M(X))" - JVCTICPCUS CITy9IaliHON BEIMYMHBI X

1

F(x)==
at000€ perieHrue ypaBHEHUS 2 | rae y = F(X) — gyHKIMs pacrpeneneHus
CIIy4YallHOM BENWYMHBl X, SBIAETCA MEAUAHOW CIIyYalhHOM BEJIMYMHBI X U

obo3nauaercs Me(X).

[Tpumep. JlaHa INIOTHOCTH pacIpeaeICHUs

pa

3

-, Xe(-1L0),

1 €(-10)
f(x)=<c , xe(0;c),

0 , x<-1lwumwm x>c
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ciyyaiiHOW BenuuuHbl X. HaliTu Heu3BecTHBIM mapamMerp C , a Takke (YHKIUIO
pacrpeneneHus, MeAnaHy, MaTeMaTUYeCKOe OKUJAHWE W IUCHEPCUI0 CIIy4alHOH
BEJIMYUHBI X.

+ff(x)dx:l

Pemenne. Halinem Hen3BeCTHBIN MapaMeTp C U3 yCIOBUS —

0
+ CX
-1

+00 03 c 3
Lf(x)dx:jzdx+jcdx:zx

-1 0

C:§+C2 ’ 3 2
o 4 4

I
+
o
Il
=
o
Il
-+
N |~

1
c=—
ITockosbKy INIOTHOCTH paclpeesieHHs JOJKHA ObITh HEOTPUIIATEILHOM, TO

Haiinem ynkuuro pacnpenenenus. s 3T0ro pacCMOTPUM HECKOJIBKO CIIy4aeB.

x<-1;  F(x)= ] f(t)dt=[odt=0

1) ;
. X -1 x3 3 X
~1<x<0;  F()=[f(t)dt=[0dt+ [>dt="t] =>(x+1)
s s 54 ~ :
2) . ;
-1 0 X 0 X
OSXSE, F(x):det+j§dt+j1dt=§t Pl 234
2 W a4 92 4| 4
3) 1 0 :
1 0 1
0 2 Py
x> F(x):j§dt+j1dt=§t L L
24 02 4|, 4 4
4) 0
0, x<-1,
“(x+1), -1<x<0,
F(x)=
() 3(2x+3), osxs%,
1, le.
2
<_1 )CZE F(X)z1
Haiinem menuany. Eciun Y=72 ym 2 | To ypaBHeHHe 2 pemenwuii He

F(x)= §(x +1)
nmeer. [Tycrs —1<x<0 rorma 4 ,
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3 1 1
—x+1l)=_- ; x=->¢€|-10
S D)= 5el-50]
I\/Ie(X):—1
CnenoBatesbHO, 3,
5 0 L
M(X) = Ixf(X)dX IX —dX+I Lax=3xe| +ixf 23,120
o 2 8 |, 4 8 16 16
0 % 0 %
M (X?) = jxf(x)dx [xt - Saxs o Tax=t| plxffoti 113
5 4 0 2 4 |, 6 4 48 48

D(X)=M(X*)-(M(X)f ==

2
(5] -0

48 \16 768
c:l; Me(X):—l, M(X):—i, D(X)=~0173,
OTtBeT 3 16
0, x<-1,
“(x+1), -1<x<0,
F(x)=
() l(2x+3), osxs%,
1, le.
2

CnyuaiiHas BenmmuMHa X HMeEET OMHOMMAJIBHOE pacIpeelieHHe C IMapaMeTpaMu

pe(0:1) u NEN ecmu ee smauenus 0, 1, 2, ..., N ¥ BEPOSITHOCTH P(X =k)=P, (k)

BbIUUCHsieTCs o popmyre bepHymu:

k k n—k
R()=Cpa™ k=0,1,2,....n, rieq=1-p .

CnydaitHyro BenWYuMHY X, HMEIONIYI0O OWMHOMHUAIIBHOE paclpe/ielieHue ¢
rapamMeTpaM p U N, MOXHO pacCMaTpyUBaTh KAK YKMCJIO HACTYIUICHUN CIIy4alWHOIO
coOBITUSI A B N HE3aBUCHUMBIX HCIBITAHUIX, B KKIOM U3 KOTOPBIX CIIy4yalHOE

cOOBITHE A HACTYIAET C BEPOSITHOCTBIO P M HE HACTYIAET C BEPOSITHOCThIO =1 — p
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Ecnu cinydaitnas BenuunHa X nMeeT OMHOMUAIBHOE paciipesielieHre ¢ mapaMeTpaMu

pun, raoe O<p< 1, TO TIpU OOJIBIIIOM YHUCJI€ UCTIBITAHWA N ¥ Majoil BEPOSITHOCTU
P U1 BBIYMCIICHUS BEPOSITHOCTH P(X - k) npumensercsa popmyna [lyaccona

A
P(X =k)~ =-.e™

k! A =np

AOcomoTHas norpemrHocTh (Gopmyisl [lyaccona He mpeBOCXOAUT AP Ecmu oo

YUCJIIO HC ABIIACTCA MaJIBIM, TO IJI1 BBIYHMCIICHUA BCpOHTHOCTI/I P(X = k) Hy)KHO
HCIIOJIb30BATh JIOKAJIbHYIO TeopeMy MyaBpa — Jlaruraca, corinacHO KOTOpOu
1 k—n
P(X =k)~ f| <P
Jnpg  { /npg
)
X2
f (X) = T 2
rac 27[ — IIJIOTHOCTbH pacnpeﬂeneHH;I cnyqaﬁﬂoﬁ BCIIMYHNHBI, HMGIOIHeﬁ

CTaHJAPTHOE HOPMAJIBHOE PACIIPEICIICHUE.
NurterpansHas Teopema MyaBpa — Jlamnmaca maet Gopmyny juisi nmpUOTUKEHHOTO

P(k, <x<k,).

BBIYUCJIICHUSA BCPOATHOCTH
P(kl <X< kz )z@(xz ) - cz)(Xl)

2

o K —np _k-np o(x)= 1 fz
2 1 T
rae vhpa - vihpg V2z s — (pynkrus Jlamnaca.
D(— x)=—D(x)

3ameTumM, yTo (QyHKuusa Jlammaca sBIAsS€TCS HEYETHOM, T.e. TUIS

JIF000T0 X.

Oynkuusa Jlanmaca tabynmupoBaHa. Ee 3HaueHMss MOXHO HalWTH B TabuIe,

MIPUBEICHHOW B COOTBETCTBYIOIIEH JIUTEpATYpE.
[Tpumep. Haiiti BeposITHOCTB TOTO, 4TO U3 100 IpOBEPEHHBIX U3AETUI:
a) 90 uznenuit,

0) He Oonee 95 uznenumit
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OKaXXYTCs U3ACIUAMM IICPBOro COpTa, €CJIN KAXKA0C IIPOBEPACMOC U3ACIUC ABIISACTCA

MIEPBOCOPTHBIM C BEPOSITHOCTHIO (,9.

Pemenue. [lycts X — uncno uznenuii nepsoro copta u3 100 npoBepeHHbIX U3IETUH.
CnyuaiiHas BenmuunmHa X HMMeeT OMHOMMAJILHOE pacIpeselieHHe C IMapaMeTpaMu

P=09 , n=100

P(X =90)

a) g HaxoXAEeHUS BEPOSITHOCTH UCIOJIb3yEM JIOKAIBHYIO TEOPEMY

Myagpa-Jlannaca

P(X = k)~ — f(k_”p]

Jnpg { /npg

rne k=90 n=100 P=09 gq=1-p=01

wlk

f(o)=%.izo,133

— P(X =90)~
Crenosarensro, | P~ 9, Jnpg=3 J2r

P(X <95)

0) Jns HaxoXKaeHUs BEpOSTHOCTH WCIIOJIb3YEM MHTETPAIBHYIO TEOPEMY

Myaspa-Jlamnnaca.

P(X <95)=P(0< X <96)~®(x,)-@(x,)

X :wz—so X :96_9():2

e 3 .03 ,

®(-30)=-®(30)~0 @(2)~0,4772
P(X <95)~0,4772

CraenoBaTteibHO,

Ortser: a) 0,133; 0) 0,4772
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Bomnpocel 1J151 TeKylero KOHTPOJIs M0 y4eOHOi TMCUNILIHHE

JIuHeiiHas ajaredopa

MaTtpuusbl 4 onpeneuTe

1. Yro Ha3bIBaeTcs MaTpulei? Kak ycTaHOBUTB pa3Mepbl MATPUILIbI?

2. HasoBure nuHelinble onepanuu Haa MaTpuiiamMu. Kak oHu npousBoasrcs?

3. Kaxkue marpuisl MoxkHO epeMHoskaTh? Kak 3To nemaercs?

4. UYro Ha3biBaeTcs onpezaenuteneM? Kak BBIUUCIAIOTCS ONPENEIUTENN BTOPOTO U
TPETHETO NOPSAIKOB?

5. Uro HazpiBaeTCI MHHOPOM U  QIreOpauvyeckuM  JIONOJHEHHEM UL

IIPOM3BOJIBHOTO 3JICMCHTA a;; OHp@I[CJ'H/ITCJ'ISI?

CucreMbl JIMHEHBIX YPABHEHHU I

Uro HaswiBaercs pemenne CJIAY?

Kakue ciiyuan Moryt nipeacraButhes npu peuieHun CJIIAY?

Kakne CJIAY Ha3bIBalOTCS COBMECTHBIMM, HECOBMECTHLIMHU ?
Hanumure popmyny Kpamepa. B kakom citydae OHU IPUMEHUMBI?
[Ipu kakoMm ycnoBuu CJIAY umeeT eqMHCTBEHHOE pelieHue?

Uto moxkHO ckazath 0 CJIAY, eciu ee onpenenuTens paBeH HYI0?

Jaiite onpeaeneHne 3KBUBAJICHTHBIX (paBHOCUIBHBIX) CIIAY.

© N o O kW N -

HazoBute 3nemeHTapHbIe peoOpa3oBaHus, HE HApyIIAIOUIMEe PaBHOCHIBHOCTU
CJIAY.

9. B uem coctout cymHuocts Metona JKopaana — ['aycca nns pemenus CJIAY?
Kak ocymectBusercs stotr meron? Korna on npumennm?

10. Yro HazpiBaetcs oommM perenue CJIAY?

11. Kaxkue nepeMeHHbIE Ha3bIBAIOTCS 0a3UCHBIMH, a KAKUE CBOOOTHBIMU?

12. Kak naittu yactHoe pemieHue CJIIAY? CkonbKO YacTHBIX PEUIEHUH HMeEeT
CJIAY?

OCHOBBI MATEMATHYECKOI0 AHAJIN3A

DyHKIUA

1. Yro Ha3bIBaeTcs QyHKIMEH?

2. UYro Takoe ecTeCTBeHHasi 00J1acTh onpeaeacHus GyHKIUu?
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3.
4.

Kakast QyHkims Ha3pIBa€TCs YETHOM, HEYETHOM?

Kak naiitu Touku nepecedenus rpaduka GyHKIMHA ¢ OCSIMUA KOOPIUHAT?

Hpene.m)I H HENIPEPbLIBHOCTD

1. Yro Ha3biBaeTcs npeaesnoM QyHKIuu?

2. Kaxum ob6pazom onpezensercss 4ucio e ?

3.  CdopmynupyiTe OCHOBHBIE TEOPEMBI BEIYUCICHUS MPEICIIOB.

4. 3anumure GOpMyJbl COOTBETCTBYIOUIUE MEPBOMY U BTOPOMY 3aMeyaTeIbHbIM
npeaenam.

5. Kakwue npuembl UCTIOJIb3YIOTCS TIPU PACKPBITUU HEOTIPEEICHHOCTEN ?
6. JlaliTe onmpeneeHre HEMPEPHIBHON (HYHKITUH.

7. Urto Ha3pIBaeTCS TOYKOU paspbiBa?

8. Ha kakue nBa Tuna nensitcst Touku paspsiBa? Jlaiite onpesenenue.

9. Kakwue npezenbl Ha3pIBAIOTCS OHOCTOPOHHUMU?

10. Kaxkas Touka Ha3bIBa€TCA TOUKOW YCTPAaHMMOTO pa3pbiBa’?

11. Kaxkas Touka Ha3bIBaeTCA TOUKOM ckauka? UTo Ha3bIBAETCs CKAuKOM?

JAuddepenunanbHoe ucuuciaeHne GyHKIMNA OJHOH NepeMEeHHOMI

e A L o R

L
= o

12.

JlaliTe onpeaeneHue Mpou3BOIHON (DYHKITHH.

[lepeuncnure mpaBuiia HAXOXKAECHUS MPOU3BOAHON QYHKIIUH.
Kakue ¢pynkunn HazpiBaroTcs nuddepeHunpyeMbpiMu?
Kakas pyHkius Ha3bIBaeTCs CI0KHOM?

Kak HaliTu pou3BOIHYIO CIOKHON (QyHKUIHUU?

UTo Ha3bIBAETCS MPOU3BOIHON BTOPOTO MOpsijKa’?

Uto Ha3bIBaeTCS MPOU3BOJHOM N — 20 mopsiaka?

JlaiiTe onpezenenrie BO3pacTaHus U yObIBaHUS (DYHKIIMH.
JlaiiTe onpesenenne SkcTpeMmyma QyHKITHH.

Kak HaifTi HanboJibllIee 1 HAaUMEHbIIIee 3HaUYCHUS PYHKIIMH?
Bremykiocts gynkuuu. Touku neperuoda.

Chopmynupyiite omnpeaenenne acuMOToThl. llepeunciuTe OCHOBHBIC BHJIBI

ACHUMIITOT.

13.

Chopmynupyiite 0OIIyI0 CXeMy HCCIEIOBaHUA (PYHKIIUU JUIsI TTOCTPOCHUS

rpaduxa.
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HNuTerpanbHoe ucuucaeHre (PyHKIMHA OJHOM NepeMeHHOn

1. UYrto nHaspiBaeTCcs mepBooOpazHoi? Ilepeuncnure cBOWCTBA MEpPBOOOpPa3HOM
byHKIUH.

2. Yto Ha3bIBaETCS HEONPECICHHBIM HHTETPAIOM?

3. Kakue cBoiicTBa HEeonpeaeIeHHOTO HHTErpaia Bbl 3HAETE?

4. Tlepeuncnute OCHOBHBIE (DOPMYJIBI HHTCTPUPOBAHUS.

5. Kakme wMeroasl HHTErpupoBaHHMs Bbl 3Haete? B dyem 3akitoyaercss HX
CYIIIHOCTb?

6. Jlaiite onpeneneHue onpeaeIeHHOro MHTerpaia.

7. CdopmynupyiiTe OCHOBHBIE CBOMCTBA ONPEACICHHOIO HHTErpaa.

8. B uem 3akmouaetcs cyts popmyinsl HetoTona — Jleitbnuma?

9. [TIlo xakoii GopMyiie BBIUUCISAETCA IUIOMIA/Ib (PUTYPHI, HAXOASIIEHCS HaJ OChIO
Ox ?

10. [lo xakoii popmyIie BBIYUCISIETCS TIIOMIAAb (PUTYpPHI TpHIIeTatoliei K ocu Oy ?
11. Ilo kakoit ¢opmysie BBIYUCIAETCS TUIONIAAb GUTYPBI, HAXOASIICHCS O/l OChIO
Ox ?

12. Tlo xakoii dopmyse BBIUHCIAETCS TUIOMAAL (PUTYPHI PACIIOIOKEHHON 1O 00¢
CTOPOHBI OCH OX ?

13. Tlo kaxoif (opmyrne BBIYHCIACTCS IUIOMIAAL (UTYPHI, OTPAHMUYEHHOW IBYMSI
MEePECEKAOIINMUCS KPUBBIMU?

Teopusi BeposATHOCTEN M MATEMATHYECKASl CTATUCTUKA

Teopusi BeposiTHOCTE 1 MATEMATHYECKAS CTATUCTUKA

1. DneMeHThl KOMOMHATOPUKH.

2. CnyuaiiHoe, TOCTOBEPHOE W BO3MOXKHOE cOObITHsA. CymMma M TpOM3BEICHHE
COOBITHIA.

3. BeposarHocTh COOBITHS (KIIACCHYECKOE OIPEACICHIE BEPOSTHOCTH).

4. COBMECTHOCTh U HECOBMECTHOCTh COOBITUH. BEpOSATHOCTH MPOTUBOIOIOKHOTO
COOBITHUS; CyMMBI COOBITHH.

5.  VYciioBHas BEpOSITHOCTbD.

6. 3aBucHMBIC U HE 3aBUCUMBIE COOBITHS. BEpOosSTHOCTh MPOU3BEACHUS COOBITHIA.

7. @®opwmyJia MOJTHON BEPOSTHOCTH.
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8. ®opwmyna baiieca.

9. CuyuaiiHble COOBITHS KaK IOJMHOKECTBA MHOKECTBA IPOCTEUIINX UCXOIOB.
10. TlonsTHe AMCKPETHON CIy4yailHOW BETUYMHBI.

11. Psan pacnpenenceHusl.

12. ®yukuMs pacnpeesieHus U ee CBOMCTBa

13. Ywucnoble XapaKTEpUCTUKU (MAaTEMaTUYECKOE OKUIAHHUE, AUCIIEPCHUsi, CPEAHEE
KBa/IpaTUUECKOE OTKJIOHEHHUE).

14. ®opmyna bepnymim.

15. BbuHOMMAaNIBbHBIN 3aKOH pacnpeesiCHusI.

16. Pacnpenenenue [Iyaccona.
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